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Tém tat

Trong bai bdo nay ching t6i dé cp vé vai tro ctia may tinh trong nghién ctru Toan hoc dwdi tic dong

cla cach mang cong nghiép lan thir 4, va gi¢i thiéu vé dw an FAB “Formal Abstract in Mathematics”,

mot dw dn ma Trwong Pai hoc Thang Long da tham gia thwce hién cung véi hai treong dai hoc lén cta

My 1a University of Pittsburgh va Carnegie Mellon University. Chiing toi cling gi¢i thiéu nhitng nét can

ban vé hé chirng minh hinh thirc Lean (ngdn ngir dwoc dung dé viét hinh thirc héa cac dinh ly trong

100 dinh ly phd bién cta todn hoc, & giai doan dau ctia dw 4n) va CNL (Controlled Natural Language,

st dung & giai doan sau ctia dw an).

Tiwr Khoéa: Triru xudt hinh thitc; Chikng minh hinh thitc; Ngén ngir tw nhién cé kiém sodt, Colada, Lean,

1. Toan hoc thoi 4.0 va dw an FAB

1.1. Archimede véi don bdy
Nguoi ta thwong nhic ciu noi ndi tiéng cua
Archimede: “Hay cho t6i mot diém twa, tdi sé ndng

1”

dwoc ca Trai dat!” Noi cach khdc, véi Archimede
thi cai don bay tao sw binh ding veé sttc lwc co bap
gilra ngwoi yéu va nguoi khoé.

Véy thi cai gi c6 thé xem 1a don by cho “strc
lyc” cta tri tué? Khong gi khac hon la may tinh

(tdt nhién véi nhitng chwong trinh ngay cang

manh do con nguwoi tao ra). Ngay v&i nhirng linh
vurc tw duy c6 tinh ca thé cao nhw Toan hoc, may
tinh dang mang dén nhirng thay déi kho hinh
dung. “Nghé lam Toan trong thoi dai 4.0” c6 thé
sé rat khac véi nhirng gi van duoc hi€éu hang ngan
nam nay. Cudc cich mang céng nghiép lan thi 4
khong chi tao ra lan gié méi, ma tham chi la con
bdo trong Toan hoc, va kéo theo n6, khong nhitng
1a htrng khé1i, han hoan, ma ca sy nghi ngo, tranh

cai nira.

*Vién Toan hoc va Khoa hoc &rng dung Thang Long (TIMAS), Trwong Pai hoc Thang Long
” Phong thi nghiém Tri tué nhan tao, Trwong Pai hoc Thang Long

" B0 mén Tin, Khoa Toan - Tin, Trwong Dai hoc Thing Long

" B0 mon Toan, Khoa Toan - Tin, Truwong Pai hoc Thang Long
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Nhitng vin dé cot 16i lai mot 14n niva dwoc dat
ra: thé nao 1a “chan ly Toan hoc”, thé nao la mot
“chtrng minh”? Phan viét ndy nham gi¢i thiéu
vGi ban doc mot s6 van dé xuét hién khi sir dung
may tinh trong chirng minh Toan hoc, va hon nira,
trong viéc thay thé dan lao dong ctia nha Toan hoc.

1.2. Chirng minh Todn hoc

Vao thé ki VI va VII truwéc Cong nguyén, cac
hoc gid Hy Lap da dwa ra cai ma vé sau goi la suy
Iuén logic: d6 1a chudi cac suy ludn - cac phép
tam doan luin - ching budc nguwoi doi thoai chap
nhan khang dinh Q mét khi da dong y mot khang
dinh P truéc d6. Ta biét rang, tir thé ky thir V
trwdc cong nguyén, cac nha tw twéng Hy Lap da
12 nhitng bac thiy vé nghé thuat sip xép ly luan
thanh mot chudi lién tiép cac két ludn logic, diéu
nay dwoc thay ro trong cic tdc phdm cia nhirng
nha nguy bién, cling nhw trong cac doan déi thoai
clia Plato. Ho kham pha ra rang, nhirng ly luan
nay c6 thé 1dy bat cir hoat ddng nao ctia con nguoi
lam d6i twong, dic biét la nhirng cong thirc toan
hoc va hinh hoc, hau hét trong s6 d6 dén tir nén
van minh Ai Cap va Babylon. Nhitng ly luan nay
tré thanh chitng minh két ndi nhirng dinh ly véi
nhau. Nhirng chirng minh d4u tién dwoc tim thiy
trong Analytica Posteriora ctia Aristotle, theo d6,
cac dinh ly dwoc suy ra tir mot chudi 1ap luan
ma nguoi doc hiéu dwoc khéng can gidi thich gi
thém, va mot so tién dé dwgc chap nhan.

Chitng minh todn hoc theo hinh miu cla
Aristotle va Euclid c¢6 hai d3c diém n6i bat 1a bé
qua nhiéu suy ludn logic trung gian va dwa nhiéu
vao tryrc gidc.

B6 qua nhiéu Idp ludn logic trung gian nghia
la trong cac lap luan, nha Toan hoc luén dirng lai
& mirc ma nguoi doc “hiéu dwgc”. Chinh vi thé

ma trong cong viéc cla thay gido Toan, mot phin
lén 1alam cho hoc sinh hiéu dwoc nhitng 1ap luin

logic trung gian da bi b6 qua trong chirng minh.

Mit khéc, cac yéu to truc gidc thwong dwoc
st dung, nhit I1a trong cac chirng minh hinh hoc,
va ca trong nhitng linh viec Toan hoc hién dai nhw
Td po. Cac nha Todn hoc st dung truc gidc dé lam
ngin gon trinh bay chirng minh, va tit nhién khi
can, ho phai c6 14p luén logic chit ché ma khong

vién dén truc giac.

Véi viéc bo qua mdt s6 14p ludn logic va sw
tham gia cda truwc giac, van dé dit ra la: cac dinh
ly Toan hoc c6 ddng tin cdy hay khong? Ching ta
thwong tin va st dung trong cong viéc clia minh
nhitng dinh Iy mé&i, nhirng két qua méi cua Toan
hoc, néu do la két qua ctia nha Todn hoc “c6 uy
tin”, va dang tai trén nhitng tap chi “dang tin cay”.
Tuy nhién, ré rang diéu nay khong dam bdo tuyét
déi cho sy dung dan cta cac dinh 1y d6. Nha Toan
hoc nao ciing c6 thé sai lam khi b6 qua cac lap
ludn logic trung gian, va nguwdi duyét dang cling
vay. Trong bai nay, ching t6i cling sé dwa ra mot
sd vi du vé sai JAm ctia cdc nha Toan hoc.

Véi nhitng dinh ly ma chirng minh twong doéi
ngan, ngwoi ta c6 thé kiém tra tirng dong chirng
minh dé bado ddm nhirng 1ap luin trung gian da bi
b6 qua thwc sw 12 dung dan. Tuy nhién diéu nay
khong dé khi chirng minh dai khoang 100 trang,
hay hon nita. Pac biét, véi nhitng chirng minh cé
sw tro gitip clia may tinh thi tinh ding dan ctia n6
12 diéu khong dé chdp nhan. Dic diém chung cia
nhitng chitrng minh c6 trg gitip cia may tinh la:
bang nhirng 1ap luan toan hoc, ngudi ta dua bai
todn vé viéc kiém tra hiru han trueong hop. Viéc
kiém tra nay dwoc giao cho may tinh. Tuy nhién,
trong nhiéu chirng minh, s htru han trwong hop
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nay 1a qua 1én, dén ndi ngwoi ta khé cé thé tin
hoan toan vao céng viéc ciia may tinh. Sy tranh
lun trong gi¢i toan hoc vé viéc c6 thé xem chirng
minh vé&i sy trer gidp cia may tinh 1a mét chitng
minh hay khong tré nén dac biét sbi noi sau khi
xudt hién chirng minh cda Bai toan 4 mau.

1.3. Bai todn 4 mau va chivrng minh hinh thirc

C6 thé dé dang chirng minh rang, véi moi ban
do tuy y, ta c6 thé dung 5 mau dé t6, mdi nwéc
mdt mau, sao cho hai nwéc cé chung phén bién
gi¢i sé dugc to bang hai mau khac nhau.

Nam 1852, Francis Guthrie dwa ra gia thuyét
rang, cé thé diing 4 mau dé' té bdn do tuy y véi yéu
cdu hai nwéc cé phdn bién gi¢i chung phdi ¢ mau
khdc nhau.

Gia thuyét trén dwgc Cayley phat biéu chinh
thirc vao nam 1878, va noi tiéng véi tén goi Bai
todn 4 mau.

Twr sau khi ra doi, Bai toan 4 mau da nhan
dwoc rat nhiéu “chirng minh”, va réi lai dwoc chi
ra “chirng minh” 1a sai, k€ ca chirng minh cia mot
s6 nha toan hoc noi tiéng. Xin ké ra day vai vi du:

-Nam 1879, Kempe cdng b6 mét chirng minh.
-Nam1880, Tait cdng b6 mdt chirng minh khac.

- Nam 1890, Heawood chi ra cai sai trong
chirng minh ctia Kempe (11 nam sau khi chirng
minh dwoc cong bé).

- Nam 1891, Petersen phat hién chirng minh
cta Tait cling sai!

- Nam 1976, mot sw kién x0n xao gi¢i toan
hoc: Appel va Haken cong b6 chirng minh Gid
thuyét 4 mau, mot chirng minh c6 sw tro gidp cla
may tinh.

C6 thé tom tit chirng minh cua Appel va
Haken nhuw sau. Trwéec tién, ta dwa bai toan 4 mau
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vé bai toan trén do thi. Mdi nwéc dwoc thay boi
mot dinh cia do thi, hai dinh cta d6 thi dwoc noi
b&i mot canh khi va chi khi hai nwéc twong trng
c6 chung mdt phan bién gi¢i. Nhw vay, gia thuyét
4 mau duoc dwa vé gia thuyét sau: c¢é thé dung 4
mau dé'té cdc dinh ciia mot do thi phdng tuy y, sao
cho hai dinh ké luén c6 mau khdc nhau.

Bang nhirng 1ap luan Toan hoc, Appel va
Haken dwa bai toan tong quat trén vé viéc kiém
tra trén 1478 d6 thi cu thé. Phan “lap luin toan
hoc” dai hon 1000 trang, va dé kiém tra 1478 do
thi, cAn phai viét chuwong trinh may tinh.

Liéu c6 thé tin vao mdt chirng minh nhw thé
hay khéng? Phan 1én cac nha todn hoc chwa thira
nhan ring, bai toan 4 mau da dwoc giai.

Nam 1996, Robertson, Sanders, Seymour va
Thomas tién mdt bwdc dai khi cong bd cong trinh
“Mot chirng minh méi cia Pinh Iy bén mau”, trong
d6 phan 14p luin todn hoc con khodng 20 trang,
va viét chwong trinh trén ngon ngitr C dé kiém tra
trén cac 16p do thi cu thé, ma sé lwgng cia chung
tr 1.478 dwogc rat xudng con 633. C6 thé tin vao
chirng minh ctia ho dugc khong? Néu cho riang
20 trang lap ludn todn hoc cé thé kiém tra ky
lwdng thi c6 gi ddm bao chwong trinh may tinh
dworc viét chinh xac? Va c6 gi ddm bao may tinh
chay trong nhiéu gi¢ (hang ngan gi¢) dé€ kiém tra
ma khong gap sai sot?

Trén thuc té, ngwoi ta thy rang, trung binh
ctr mdt dong 1énh thi ngudi 1ap trinh méic 1,5 16i.
No6i chung cac 16i ndy dwoc 1ap trinh vién kiém
tra va stra chita ngay, nhwng trong ban cudi cing
glri di st dung, trung binh cir 100 dong 1énh thi
c6 mot 16i chwa dwoc chita. Thwong thi cac 16i
nho khong dé lai anh hwdng gi 16n trong (ng

dung, va 16i dwoc xem 13 mot phan trong “vin
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ho4 1ap trinh”! Tuy nhién, c6 mdt s& 16i trong lap
trinh dan dén hau qua nghiém trong, nhw vu né
cla tau vii tru Ariane 5 tén hang tram triéu do-la.
Shamir, mot trong ba ngudi sang 1ap hé ma RSA,
c6 1an phat biéu trén New York Times rang, mot
16i nhé vé toan trong con chip str dung rong rai c6
thé din dén sai sot trong mi ho4, va dit an ninh

thwong mai toan cau vao tinh trang nguy hiém.

Nhuw viy, khong thé hoan toan tin vao nhitng
chirng minh cta cac nha todn hoc, vi ho c6 thé
sai. Cling khong thé hoan toan tin vao cac chirng
minh c6 su tro gitp ctia may tinh, vi chwong trinh
c6 thé mic 16i, may tinh c6 thé hoat dong sai!

Lam thé nao dé co thé dat dwgc su tin ciy cao
nhit vao cac két qua toan hoc?

VAin dé trén day din dén sw phat trién manh
mé trong nhirng nam gin day cta ly thuyét chirng
minh va kiém tra tw déng. Xa hon nira, toan hoc
dang dirng triedc mot muc tiéu rat “lang man”: sé
dén luc may tinh c6 thé thay thé con ngui trong
lao dong toan hoc.

biéu khac biét gitra viéc “kiém tra” cia may
va ngwoi la gi? Nguoi phan bién mdt bai bao givi
dén tap chi sé chidp nhan khiu nao dé cta chirng
minh trong bai bao la ding khi thiy n6 “hién
nhién dang”. M&c d6 “hién nhién” nay rat phu
thudc vao trinh dé ctia ngwoi thAm dinh. May
tinh khong nhw vy: “nd” chi chip nhian mot két
luin 1a ding néu moi suy ludn logic déu dwoc
trinh bay, dan dit tir nhitng chan ly diu tién, tic
la cac tién deé.

Dbélam vi dy, ta thir xem may tinh chirng minh
“1+1=2" nhw thé nao:

1+1=1+S5(0)=S(1+0)=S(1)=2,

& day S la ky hiéu “phan tir di lién sau” trong hé

tién dé s6 hoc cia Peano, va cac phép tinh thuc
hién theo cic quy dinh vé quan hé gitra phép
cong va “di lién sau”.

Trong chirng minh trén, khéng c6 lap luan
nao bi bé qua, khéng cé chd nao dwa vao truc
giac. Tiéc rang, cac dinh ly khac khong don gian
nhw “1+1=2", va d€ quay vé dén tin cic tién de,
mot dinh 1y don gian c6 thé can dén hang chuc
ngan dong. Chinh vi thé ma khi nhém Bourbaki
dat cho minh nhiém vu xay dung lai co s& toan
hoc, ho da noéi 1a khéng nhdm muc tiéu dan dén
cac chirng minh hinh thic, vi né doi héi dung
lwong quéa lén cho méi chirng minh.

Ly thuyét chitng minh hinh thirc (formal
proof) c6 muc tiéu nho may tinh lam thay con
nguwoi cai cong viéc nhoc nhan 13 kiém tra tirng
khau chi*rng minh. Van dé la lam sao cho may
tinh “hiéu” dwoc ngbén ngir todn hoc, tir d6 co6
thé kiém tra tirng khau chirng minh xem c6 lap
ludn ndo mau thuin hodc c6 1ap ludn nao da bi bo
trong. Chirng minh hinh thirc 1a mot phén trong
linh vyc rong 16m hon, la ty dong hoa qua trinh
tw duy toan hoc, tir phdt hién gid thuyét dén xdy
duwng ly thuyét.

Thuec ra, y twdng xay dwng toan b toan hoc
nhw mdt ngdn ngit hinh thirc da c6 tir1au, dac biét
la khi Hilbert khé&i xwdéng chli nghia hinh thirc
(formalism) trong toan hoc, v&i muc tiéu dwa
toan hoc vwot qua nhirng khing hoang trong co
s& cua ly thuyét tip hop Cantor. Tham vong cta
Hilbert 1a hinh thitc hod toan bé toan hoc, xuat
phat tlr cac tién dé va cac quy tac logic, va khi dé
dinh ly sé la mot ménh dé “dung ngit phap”. Tuy
nhién, chwong trinh cta Hilbert sup d6 sau khi
xudt hién cong trinh néi tiéng cia Goedel: dinh
Iy vé tinh khéng ddy du (incompleteness theorem,
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con goi la dinh ly bdt toan). Theo dinh ly Goedel,
mot hé tién dé phi mau thuln thi sé khong day
dq, tirc 1a ludn ton tai nhirng ménh dé khong thé
chirng minh hay bac b6 néu chi sir dung nhirng
13p ludn ndi tai ctia hé tién dé dé. Hé qua hién
nhién cua né la khong thé hinh thirc hod toan bd
toan hoc.

Mic du khong thé dat dwoc muc tiéu cudi cuing,
cht nghia hinh thirc cia Hilbert manglai dién mao
m&i cho toan hoc. Cac ly thuyét toan hoc tré nén
chit ché hon, va nhiéu hé chirng minh hinh thirc
ra doi. N6i tiéng nhat 1a cac hé Coq, HOL Light,
Isabelle. Ngwoi ta xdy dung dwoc nhiéu chirng
minh hinh thic cho nhirng dinh 1y néi tiéng cta
todn hoc, nhw Pinh ly vé tinh khong day da cta
Goedel (1986), Luat thuan nghich toan phwong
cia Gauss (1990), Pinh ly co ban cua giai tich
(1996), binh 1y co ban cta dai s6 (2000), Bai toan
bdn mau (2004), Pinh ly diém bit dong Brouwer
(2005), Pinh ly dwong cong Jordan (2005), Pinh
ly thang dw Cauchy (2007), Pinh ly s6 nguyén t6
(2008), Gia thuyét Kepler (2014).

Dbé lam ré mot s6 van dé dit ra d6i voi chirng
minh hinh thirc, ching ta lai s& bat dau bang mot
sw kién ndi tiéng trong toan hoc: chirng minh ctia
Thomas Hales vé Gia thuyét Kepler, va viéc kiém

tra chirng minh do.

Nam 1998, Thomas Hales lam x6n xao gi&i
toan hoc khi chitrng minh Giai thuyét Kepler ton
tai da 400 nam.

Niam 1611 Thomas Harriot hoi Kepler rang
lam cach nao dé xép cac vién dan dai bac hinh
cau sao cho dam bao xép dwoc nhiéu nhat. Kepler
dwa ra giad thuyét: t6t nhat 1a xép nhw cic ba ban
cam ngoai cho, tirc 12 bat dau xép mot 16p qua
cau trong lwéi luc giac, sau d6 dat mét 16p tiép
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theo & di€ém thap nhit ma ban c6 thé dat bén trén

16p dau tién, va c ti€p tuc nhw vay.

Cach xép nay cho mit do stir dung khong gian
t3i wu, khoang —_ ~ 0.7404804898
& V18

Thomas Hales dwa ra mot chirng minh rat
kho kiém tra: chirng minh ctia 6ng bao gom 300
trang 1dp luan toan hoc va chwong trinh tinh toan
khoang 50.000 dong lénh! Nam 1996, 6ng gwi
coéng trinh cia minh dén tap chi Todn hoc uy tin
nhat 1a Annals of Mathematics. Toa soan phai lam
mot viéc chwa tirng cé: nho 12 ngwoi phan bién.
Cac phan bién tién hanh seminar trong 9 ndm troi
dé kiém tra, va khong tim thdy mot sai sét nao.
Tuy nhién ho thira nhin 12 khong thé du strc ki€ém
tra toan b, va dé nghi toa soan ding vi “tin rang
chirng minh hoan toan dung”! Bai bio ctia Hales
dwoc dang nam 2005. Day 1A treong hop hiém
hoi, khi mot bai bao dwgc dang ma nhirng ngudi
phan bién khong dam tin chic 100% chirng minh
trong bai bdo la dung! Tuy nhién, ciing can lwu y
rang, cong trinh chi dwoc ding sau 9 nam, ké tir
khi n6 dworc giri dén toa soan.

Thomas Hales khong bang 1ong véi viéc cong
trinh cia minh chi dwoc “tin 1a ding”, ma chwa
dwoc kiém tra tron ven. Ong quyét dinh nho may
tinh kiém tra, vi chi c6 may tinh mé&i c6 thé tién

hanh céng viéc nhoc nhan do.
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D& kiém tra chitng minh ctia minh vé tinh
dung dan cua giad thuyét Kepler, Hales xay dung
mot dé an 14y tén la Flyspeck, goi y tir ba chir FPK
(Formal Proof of Kepler Conjecture). Dy an nay
két thic vao ndm 2014, va nhw viy, chirtng minh
cua Hales dwoc kiém tra day du.

Tuy nhién, ¢ thé tin dwoc hay khong vao “suw
kiém tra” d6? Noi cach khic, can kiém tra tinh
dung dan cta viéc kiém tra chirtng minh bang may
tinh! Khi xdy dwng dé an ctia minh, Hales dung
hé HOL Light (Lightweight implementation of
Higher Order Logic). HOL Light vira 1a mot hé
tién dé toan hoc, vira 1a mot chwong trinh may
tinh. Phdn quan trong nhat trong HOL Light la
nhitng dong 1énh lién quan cac tién dé va cac quy
tac logic, goi 1a hat nhdn ctia hé théng. M6i mot
10i trong hat nhan c6 thé dan dén sai lJAm tham
hoa ctia cd hé théng. Ching han, mot tién dé dwoc
viét sai c6 thé pha vor tinh phi mau thuln cta hé
thong. Rat may, hat nhan nay chi chiém 500 dong
1énh, va nhw vay c6 thé kiém tra ky ludng dé tin
rang trong hat nhan khong c6 16i. Tuy nhién kinh
nghiém s dung cac hé chirng minh hinh thirc
cho thdy d6i véi mbi hé, ngudi ta tim ra 16i sau
Khoang 10-15 nam st dung.

Mat khac, theo dinh ly Goedel, mdi hé chirng
minh hinh thirc khong thé “tw minh” kiém tra
dwoc chan ly. D& khac phuc diéu do, nguoi ta
dung hé hinh thtrc ndy dé kiém tra tinh diing dan
ctia hé hinh thitrc khac. Gid stt méi hé hinh thic
c6 xac sudt sai lam p, thi khi kiém tra mot hé nao
d6 bang cach sir dung n hé khic, ta c6 thé dwa xac
sult sai lAm dén p”. V&i n du 16n thi xac suit nay
gan bang 0.

Nhitng 14p luan trén day chi ra rang, nhirng
chan Iy toan hoc, néu khong phai la qua phirc tap,

thi du dwoc chirtng minh chi béi cac nha toan hoc,
hay c6 s tro gitip cia may tinh, déu chila chdn ly
twong déi! Piéu nay thwc ra khong dé chip nhan
déi véi nhiéu nha toan hoc truyén théng.

Mot sd nha toan hoc con cuc doan dén mikc
cho rang, néu mot chan 1y toan hoc dwoc chitng
minh ma khéng can dén sy tro gidp cia may tinh
thi d6 chi c6 thé 1a...chan ly tAm thwong! Ho cho
rang chi sau 20, 30 ndm nira thoi, tit ca nhirng gi
ma toan hoc ngay nay lam dworc sé tré thanh qua
dé v&i may tinh! Véi nhitng nha todn hoc theo
quan diém do, Toan hoc cudi cing sé cé s6 phan
nhw mén co vua, khi ma nha vo dich thé giéi ¢

thé bi danh bai dé dang béi mot may danh co'!
1.4. FAB

Cau chuyén vé hanh trinh chi*ng minh gia
thuyét Kepler 1a mdt cau chuyén ca nhan, xuat
phat tr nghich canh cda nha toan hoc Thomas
Hales. Song né ciing 1a cdu chuyén vé cach ma con
nguwdi nhin ra co hoi dé vweot qua nghich canh. Ké
tir sau Flyspeck, Thomas Hales con mudn tiép tuc
phat trién mot tAm nhin rong hon két qua mang
tinh cd nhan nay. Nhw chia sé khi sang tham
Trwong Pai hoc Thang Long, Hales no6i: Luc dé,
téi da quyét dinh bién diy thanh muc tiéu cudc
doi. May tinh biét tinh 1a bdi con ngwdi biét tinh.
Con nguwoi biét ki€ém tra chirng minh, mdy tinh
ciing c6 thé sé 1am dwoc vay. T6i mudn cé thé xay
dung cac phan bién vién do hd tro con ngudi, dé
nhitng tién 1é nhw té6i khéng xay ra nira.

Vé ban chit, cong viéc ciia nha toan hoc la:
trén co s& cac quan sat nhitng sy kién toan hoc
hay nhitng hién twong tw nhién va xa hoi, phat
hién va phong dodn mét s6 két qua cé thé co, tic
la dat ra cac gia thuyét. Budc tiép theo 1a ching
minh hodc bacbo gia thuyét da ditra. P& 1am viéc
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nay, cé nhirng ldc doi hoi xay dwng nhitng khai
niém va ly thuyét méi. Mot chirng minh chinh la
mot chudi suy ludn logic dé tao ra con dwong ndi
tir gia thiét dén két luan, théng qua nhitng dinh
ly da c6 sdn. Xult phat tir cac gia thiét, nha toan
hoc bat dau van dung nhirng kién thirc ma minh
c6 duoc, bo sung thém nhirng kién thirc méi can
thiét, va tir d6ng “hén don” do, tim ra con duong
di can thiét.

Lam thé nao d€ may tinh thywc hién dwgc cong
viéc néu trén cta nha toan hoc? Trwdec tién can
cung cip cho mdy tinh cac kién thirc toan hoc.
Sau d6 khi da c6 dd nhiéu kién thirc, véi kha nang
xt ly tin hiéu 16n, may tinh sé c6 loi thé hon rat
nhiéu so vé&i con nguoi trong viéc phat hién ra
quy luat, tirc 1a dwa ra cac gia thuyét, dong thoi
tim kiém rat nhanh con dwong di tir gia thiét dén

két luan.

Vavéi dinh hwdng trén, dw &n FAB duwgc thanh
14p, viét tat clia Formal Abstracts in Mathematics.
DPayladu an c6 muctiéu hinh thitchod vakiém tra
hinh thirc cac két qua toan hoc, nghia la chuyén
cac chirng minh todn hoc vé mot dang ngon ngir
ma may tinh c6 thé hiéu dwoc, va khi may tinh

hiéu dwoc thi né cé thé kiém tra tw dong.

Song khac Flyspeck st dung ngén ngit hinh
thirc HOL-Light, v&i FAB, Hales chon mot ngén
ngtt khac: Lean. Lean dwgc Microsoft Research
phat hanh vao 2013, 1a mét cong cu chirng minh
hinh thirc con dang phat trién nhwng hira hen.
Khac tén goi cia né (Lean = gon ghé), Lean day
tham vong khi két ndi chirng minh tw dong véi
chirng minh twong tac, 14p trinh phé théng dong
thoi chirng minh dinh 1y, cling déng thoi 1a mét
siéu ngdn ngir khi dung Lean mé rong dwoc chinh
Lean. Xay dwng thw vién Lean con chd yéu c6 su
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tham gia cia nhém nghién ctru dén tir Carnegie
Mellon University & Pittsburgh ma Hales truc
ti€p lién hé. No6i cach khac, dw 4n FAB dwoc nhan
ho tr¢ tir chinh nhitng ngudi sinh ra Lean.

Thang 12 nam 2017, lan dau tién gido sw
Thomas Hales dén lam viéc véi Khoa Toan -
Tin va Vién TIMAS cta Truwdng Pai hoc Thang
Long, bat dau véi ba budi giang vé ly thuyét kiéu
(Type theory) vao ngay 27, 28 va 29. Trong thoi
gian nay gido sw Hales da bay td mong muén
xday dung mot nhom lam viéc & Trwong Pai hoc
Thang Long dé cung cdng tac lam viéc lién quan
dén hinh thtrc héa toan hoc. Y thirc duwoc day l1a
mot linh viee méi mé diy thir thach song ciing 1a
co hoi dé hop tac véi mot gido sw hang dau thé
giGi trong mot dw an ¢é tAm quan trong véi Todn
hoc, mdt nhém gidng vién cda trweong da quyét
dinh tham gia vao cung phat trién tdm nhin cta
Thomas Hales.

Dy an FAB da duwogc quy Alfred P. Sloan
Foundation chinh thirc phé duyét tai trg, ma so
G-2018-10067, bat dau tir ngay 04 thang 4 ndm
2018 dén hét thang 3 nam 2021, véi sy hop tac
ciia cac nhom nghién ciru thudc ba trwong dai
hoc la University of Pittsburgh, Carnegie Mellon
University va Trwong Pai hoc Thang Long, dat
dwéi sw lanh dao cda giao sw Thomas Hales, nha
todn hoc hang dau trong linh vwc chitrng minh
hinh thirc. Nhém FAB ctia Pai hoc Thang Long da
hinh thanh gdém 8 thanh vién:

- 3 giang vién ctia B6 mon Tin (TS. Mai Thay
Nga, NCS. Pham Phuwong Thanh, NCS. Nguyén
Dtrc Thing)

- 2 giang vién ctia B6 mon Toan (TS. Nguyén
Thi Nhung, TS. Ng6 Thi Thanh Nga)

- 3 gidng vién Phong thi nghiém Tri tué nhan
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tao (TS. Nguyén Thi Huyén Chau, ThS. Nguyén

Ptrc Hoan, ThS. Nguyén Thi Tra My)

Nhw vay, dw an nay khong chi la thanh qua
hop tac nghién ctru gitta 3 tredng dai hoc, con la
sw hop tac clda cac phong va bé mon ctia Truong
Pai hoc Thing Long, véi kién thirc va chuyén
mon bd tro 14n nhau trong qué trinh thuc hién.
Trong thoi gian 3 nam, hoat dong ciia nhém FAB
Thang Long trong khuén kho dw dn c6 thé chia
thanh hai giai doan:

Giai doan dau: hwdng téi hinh thirc hdéa mot
s bai todn quan trong trong To4n hoc bang ngon
ngit Lean. Nhom FAB dai hoc Thang Long dam
nhiém hinh thirc héa cac dinh ly chwa dwoc xtr ly
bang Lean trong danh sach 100 dinh Iy toan hoc
kinh dién. P& thuwc hién dwoc muc tiéu nay, can
nghién cru tim hiéu cac kién thirc vé ly thuyét
ki€u, cac kj nang 14p trinh to4n hoc bang ngon
ngt Lean, k§ nang dao pha thw vién Mathlib,
va lap ké hoach phéi hop lam viéc hiéu qua véi
nhom nghién ctru & M§. Trong qua trinh vira hop
tac vira hoc tip nay, c6 thé ké dén mot loat cac
hoi thao va khéa hoc quan trong ma cac thanh
vién cia nhém da dwoc tham gia va dwoc dao tao

truc tiép nhu:

- Trwong hé Ha Noi vé triru xudt hinh thirc,
“ Hanoi summer school on formal abstracts”,
t6 chirc tai Treong Pai hoc Thing Long ndam
2018 tir ngay 05/06 dén ngay 14/06.

- Tiéu ban “Special session on formal
mathematics” (tiéu ban chuyén biét vé Todn
hoc hinh thirc) tai hoi nghi Toan hoc Viét-My,
“Vietnam-USA joint Mathematical Meeting”,
dién ra tai Quy Nhon, Binh Pinh thang 6/2019.

- Ho6i thao vé Lean va triru xuat hinh thic,
“Conference on Lean and Formal Abstract”,

dwoc to chirc & Vién todn hoc, Vién han 1am
khoa hoc Viét Nam tir 17 dén 20/06/2019.

Sau hon mot nam lam viéc, nhém FAB cda
Trwong Pai hoc Thang Long da hinh thirc héa
hon 50 dinh ly trong danh sach phu trach. Cac
két qua lién quan déu trdi qua quy trinh kiém
tra chéo va nghiém thu véi nhém nghién ctru
cia Thomas Hales. Pong thoi, nhém FAB Théng
Long va Hales da cung trao déi thao luan dé rut
ra mot s6 kinh nghiém khi lam viéc véi Lean nhw
sau: Dau tién, mot s dinh ly tam thoi chwa thé
hinh thirc hoa dwoc tai thoi di€m d6, vi thw vién
Mathlib ctia Lean chwa xiy dwng dwoc cac ciu
tric Todn can thiét. Tuy nhién Lean la m6t ngon
nglt ma nguén ma&, cong dong st dung Lean da
tich cuc déng gbép cho thw vién ngdén ngit nay,
va thuw vién Lean da mé rong thém 25% chi sau
gan nira nam. Mat khéc, giai doan dau nay ciing
chi ra rdng d8i véi cac nha Toan hoc néi chung,
lam viéc v&i Lean mot cach truc tiép 1a khong dé
dang. Thomas Hales nhan ra nhu cidu cin mot cau
ndi hay 1a mot giao dién trung gian dé ho tro cac
nha Toan hoc lam viéc véi Lean, dwa trén dé méi
c6 co s& xay dung mot thw vién voi dir liéu da 1on
vé hinh thitc héa toan hoc hd tro nhiéu hon cho
viéc phat trién hoc may vé sau. Tir diy, 6ng dwa
ra tAm nhin cho giai doan tiép theo ctia dw an.

Giai doan hai: Trong lan lam viéc tai Viét
Nam vao thdng 6 ndm 2019, gido sw Hales bat
dau dinh hwéng nhém FAB Thing Long tim hiéu
vé cac ngdn ngilr tw nhién cé ki€ém soat (CNL, viét
tit cia Controlled Natural Language). Muc tiéu
tiép theo ctia Hales la xdy dwng mot ngbén ngir
CNL cung mot bo bién dich twong trng, dich tw
file dang Latex sang ngdn ngir CNL nay. Ngon ngir
va bo bién dich nay goi chung la Colada. Colada
cung luc dwoc xay dung theo tiéu chi dd tinh hinh
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thiec d€ c6 thé xay dung bd dich tw dong sang
Lean. Nhw vay, y twdng & day la dung Colada lam
trung gian gitra Latex - ngdn ngitr rat pho thong
véi cac nha Toan hoc, véi Lean - ngdn ngit hiéu

qua cho viéc hinh thirc hoa.

Trong khung muc tiéu dd, nhém FAB Thang
Long ddm nhiém viéc kiém thtr Colada bang cach
viét cac file dang Latex theo ct phap kha chuyén
sang CNL, tlr d6 phat hién cac diém chwa hop
ly, phan hoi lai cho gido sw Hales dé diéu chinh
Colada. Cac file can chuyén tir Latex sang cd phap
kha chuyé&n CNL la hon 1.000 file nam trong thw
muc Number Theory ctia Planet Math, xem chi tiét
tai https://planetmath.org/numbertheory. Cling
trong giai doan nay, nhém FAB Thang Long da
tham dw hoi thao Phwong phap hinh thirc trong
toan hoc/Cung nhau véi Lean 2020, “Formal
Method in Mathematics/ Lean Together 2020,
dwoc to chirc tai Carnegie Mellon University,
Pittsburgh, Pennsylvania, My thang 1 nam 2020.
Qua hoi thao nay, cac thanh vién nghe bao cao
vé phién ban méi nhat cia Lean (Lean 4), cac
két qua vé hinh thirc hda toan hoc khong chi viét
trén Lean ma ca trén Coq (mot trgr ly chirng minh
hinh thirc khac). Cling trong mot budi trinh bay
chuyén biét vé dw an FAB tai hoi thao, gido sw
Hales da trinh bay y twdng tio bao vé CNL, dé
ra mdt gidi phap kha thi hon cho hinh thirc hoa
toan hoc. Ttr thang 2 ndm 2020 trong bdi canh
thé gid¢i va dic biét 1a nwéc My chiu anh hwdng
nang né cda dai dich Covid-19, nhiéu nghién ctru
cta du an ciing phan nao bi anh hwdng. Mac diu
vay nhom cling dong gép cho dw an Colada cac
két qua gia tri, déong thoi dw an ciling da gia han
thoi gian ndp hoan thién bao cdo tong két dé tai
vao thang 6 nam 2022.

Sau day trong phan 2, ching tdi sé trinh bay
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téng quan vé céng cu Lean va viéc hinh thirc hoa
todn hoc. Ké do6, sang phan 3, ching téi liét ké
nhitng cin nhic cda dw 4n vé mot 1¢p ngdn ngir
trung gian CNL giita Lean va cac nha toan hoc.
Cudi cung & phan 4, chung tbi dic ta chi tiét hon
vé CNL nay va cac két qua thu dworc.

2. Lean va viéc xay dwng co s& dir liéu toan

2.1. Gi&i thiéu vé Lean

Dw an Lean dwoc Leonardo de Moura tai
Microsoft Research dé xuit vao nam 2013. Trai
qua 8 nam phat trién, hién tai phién ban mai
nhAt1a Lean 4, day 1a mot dw an dai han van dang
dwoc ti€p tuc trién khai. Lean 12 mdt phan mém
ma nguén m¢& dwoc dwa ra thi treong dwdi gidy
phép Apache phién ban 2.0, nh¢ dé cho phép
nguoi dung cé thé tw do sir dung va phét trién
cac thw vién toan hoc va thw vién ma.

Ngoai cach cai dit trén may tinh réi chay trén
phin mém di cai dit, Lean c6 thé sir dung truc
tiép trén mang, khi nay mét phién ban tip lénh
Java ctia Lean, mot thw vién tiéu chuin cac dinh
nghia va dinh ly cling nhw mot cong cu soan thao
dwoc tai xuéng dudng din cta ban va thuc thi
lénh & dé. Pay la cach nhanh chdéng va thuan tién
dé thit nghiém v&i hé thdng nay. Nhwng phién
ban goc trén may sé nhanh hon va linh hoat hon
so v&i phién ban mang, cac ché do dic biét trong
Visual Studio Code (viét tit1a VS code) va Emacs
cung cap ho tro manh mé cho viéc viét va go 16i
cac chirng minh, dac biét phu hop cho lam viéc

chuyén sau vaéi Lean.

Lean cung cip cac API (viét tit ciia Application
Programming Interface), phwong thirc trung gian
két noi cac thw vién va cac rng dung khac nhau,
dé tich hop vao cac cong cu chirng minh todn hoc
khac, vi du nhw Coq [17] va Matita [1]. Lean cé
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thé dwgc st dung nhw mot bd kiém tra cac chirng
minh, cic dinh nghia va cac dinh ly dwoc kiém
tra song song st dung phan 16i trén may chu. Khi
dwoc sit dung nhw moét tro Iy chirng minh (proof
assistant), Lean cung cip bd soan thao hiéu qua
c6 thé xtr ly cac logic bac cao. Lean ciing cho phép
nguwoi dung cung cip cac dinh nghia va cac dinh ly
bang cac ki€u khai bdo twong tw cac tro ly chirng
minh khac nhuw Isabell [14], HOL-Light [2] va Coq.

Dic diém néi bat ciia Lean 1a dwoc tao ra tir
mot hat nhan nhoé gon nhwng hiéu nang cao, c6 bo
dich chay rit nhanh. Lean 1a ngon ngit lap trinh
ham, lai c6 kiéu phu thudc (dependent type) nén
day 1a mot ngdn ngir rat manh dé hinh thirc héa
cac ciu tric toan hoc mot cach chinh xac nhw né

von cé.

2.2. Cdc két qua vé Lean ctia nhém Formal
Abstract Thang Long
e Tim hiéu vé thw vién Mathlib

bé xay dung mét chirng minh toan hoc hinh
thirc, nguwoi ta phai xay dwng cac dinh nghia, cac
tién dé, cac két qua dang bo dé, dinh ly, hé qua
cung v&i chirng minh hinh thic cia ching. Cac
két qua nay, néu dwoc dinh nghia dua tét, cé thé

dwoc chdp nhin thém vao thw vién chung cta

Lean - thw vién mathlib.

Mathlib 1d mot co sé dir liéu vé toan hoc hinh
thirc dwoc cai dat trong tro ly chirng minh Lean.
Mathlib dworc chia ra theo cac Iinh vyc trong toan
hoc nhw Pai s6 dai cwong (General Algebra), Dai
sO tuyén tinh (Linear Algebra), T6 p6 (Topology),
Giai tich (Analysis), Hinh hoc (Geometry), v.v.
Mbi chu dé toan hoc duoc dwa vao mot thu muc,
cac chu dé 1én lai chia tiép thanh cac cha dé nho
theo phan cip ciy, Hinh 1 1a hinh &nh mét phan
ciy thw muc trong ma nguon ctia mathlib.

Thu vién mathlib dwgc cong khai trén github
[18]. Mathlib dwgc nhém phat trién & CMU kiém
duyét, va van tiép tuc dwoc giri vé cac déng gop
nho cong dong ma mé Lean. Mathlib dwoc cong
déng cac lap trinh vién phat trién rat nhanh, vao
thang 5 nam 2020 thw vién Mathlibdac6 170.000
dong code, tdng 25% so v&i 5 thang trudc, voi
42.000 cac khai bao.

bé doc hiéu dwoc ma ngudn nay doi hoi kién
thirc vé ngdn ngir 14p trinh Lean 1an hiéu biét sdu
sac cac khai niém vé toan hoc, diéu nay yéu cau
suw két hop chat ché gitra cac giang vién Toan va
Tin dé b6 tro kién thirc trong qua trinh tim hiéu
va khai thac thw vién Mathlib.

2 master ~  mathlib / src / Go to file

shingtaklam1324 chore(category_theory/abelian/diagram_lemmas/four): Make the diagram ... « e1bes2a 1hourago (D History
M algebra feat(category_theory): left-derived functors (#7487) yesterday
B algebraic_ geometry refactor(algebraic_geometry/structure_sheaf): Enclose definitions in ... 13 days ago
B algebraic_topology feat(algebraic_topology/simplex_category): epi and mones in the simpl... 5 days ago
B analysis refactor(measure_theory/simple_fune_dense): generalize approxi yesterday
M category_theory chore(category_theory/abelian/diagram_lemmas/four): Make the diagram ... 1 hour ago
B combinatorics feat(data/nat/choose/bounds): exponential bounds on binomial coeffici... 2 days ago
B computability chore(order/lattice): rename le_sup_left_of le (#7856) 19 days ago
I control lint(*): split long lines (#6918) 3 months ago
m data feat(data/finset/basic): sdiff val, disjoint_to_finset_iff_disjoint (¥... 3 hours ago
B deprecated feat(algebra/ring/basic): define non-unital, non-associative rings (#... 27 days ago
B dynamics chore(topology/basic): rename compact_lcc to is_compact_lee (#7979) 16 days ago

Hinh 1. Ciy thw muc mi nguon trong thw vién Mathlib

153



Todn hoc thoi 4.0 va dw dn “Formal Abstract in Mathematics” (FAB)

e Hinh thirc héa cac dinh ly trong 100 dinh
ly phé bién
100 dinh Iy ph6 bién nhat trong toan hoc [19]
lién quan dén nhiéu chu dé toan hoc khac nhau
nhw dai s6, giai tich, Iy thuyét tap hop, ly thuyét

XAC suat, v.v..

Quy trinh hinh thirc héa cac dinh ly nay nhw
sau: Phan tich ndi dung dinh ly, phan loai va lién
két cac khai niém dwoc dung, tir d6 tim kiém
trong thw vién mathlib déi twong ma ta can dung.
Néu khéng cd, can tw xy dwng do6i twong do trén
co s& nhitng két qua trong mathlib.

Nhom FAB cta Pai hoc Thiang Long da hinh
thirc héa duwgc hon 50 dinh 1y trong s6 100 dinh
ly pho bién nay, qua trinh viét mai tao ra file .lean

va dong thoi tao tai liéu trwc tuyén twong ng
cho ma la file .rst.

Vi du vé ma nguon xay dwng cho dinh ly s6
hoan hao (Perfect Number Theorem) nhw doan
code trong hinh dwéi. Trong dong 1 ching ta
khai bdo viéc sit dung thw vién s6 nguyén to
trong Mathlib, dong 2 dinh nghia ham kiém tra
mot s6 c6 phai 1a s6 chdn hay khong. Tir dong
7 dén dong 11 la xdy duwng ham trad vé cac wéc
sO cia mot s6 ty nhién N. Tir dong 14 dén dong
16 la ham tinh téng cac phan ti trong mot danh
sach. Dong 19 dinh nghia ham kiém tra mot sé cé
phai 1a s6 hoan hao hay khong. Tir dong 22 dén
dong 27 1a xay dung dinh ly s6 hoan hdo dwa trén

viéc goi cAc ham da xay dung trwéc do.

definition isEvenin:N ): Prop =2 | n

open nat

==create a List of divisor

def list_divisor : N =N - List N

|x & =11
|% 1 3= [1]

|x (suce n} := if {succ n)|x then succ n:: (list_divisor x n)
else (Llist_divisor x n)

==calcul the sum of list's elements

def sum List:list N = N
I[):=0
[faz:l):= a + sum_List 1

=--check perfect number

definition isPerfectMumber(p:N):bool := sum_List{list_divisor p (p-1))=p

-=perfect number theorem

theorem Perfect_Number_Theorem: Ya: N, [isEvenim)) a
= 3 p:N, {nat.prime p} & (m = 2*(p-1)= (3*p-1)) A nat.prime (2%p - 1)

begin
admit,

isPerfectNumber(m}

Hinh 2. M nguon cta dinh ly sd hoan hao
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3. Twr Lean dén CNL
3.1. Tai sao cdn chuyén hwdérng?

Nhuw da néi & phan 1, cic thé manh cua Lean
cung sw phat trién cia cdng dong ma mo Lean da
dan dén dw 4an FAB lua chon dung ngdn ngit nay
cho hinh thirc hoa co s& dit liéu toan hoc. Nhung
bén canh d6, van con nhiéu kho khan.

Ngoén ngit hinh thirc cho chirng minh ty dong
da phat trién nhanh chéng hon 20 ndm qua, cac
két qua ctia n6 da dwoc chap nhan trong cac xuit
ban & cac tap chi 1én vé toan (sw hinh thic hoa
dinh ly Feit-Thompson va gia thuyét Kepler), da
déng gop vao thanh céng cuia cac dy dn kiém dinh
cong nghiép (dw an trinh bién dich CompCert va
vi nhan SeL4), dong thoi tré thanh cha dé dwoc
quan tAm thwong xuyén trén cic dién dan cta
cong dong lam toan phé thong (mathoverflow,
reddit). Tuy nhién, s& van con rat 1au cho dén khi
ngon ngir nay dat mirc dd phd bién dai chung.

Ly do dau tién: Cac ngbén ngir hinh thirc rat
khé dé thanh thao. Twa nhw cdc doan ma clia mot
chwong trinh may tinh dwoc phép dat & nhiéu file
mién 13 c6 cach tham chiéu, khong c6 rang budc
hién nhién nao vé pham vi cia cac thong tin ngtr
canh trong mot hé thong tro ly chirng minh kiéu

Lean. Do d6, cac thong tin ngit canh nay ciing c6

[VERSION 1]
(V. packing V
==> (7c.

thé trai rong qua nhiéu file va khong dé theo dai.
Tuy nhién diéu nay cling dan dwoc cai thién nho
giao dién mo ra ctra s6 tim kiém chéo trong cac
moi tredng phat trién Lean.

Th& hai, difm manh cta Lean va ciing la
diém lam nhiéu nha To4n hoc mé&i tim hiéu dau
dau 1a: Trong Lean, cai hién nhién chang con 1a
hién nhién nita. Kevin Buzzard phat buc khi ¢
gang dé€ Lean chdp nhan nhirng sy that kiéu nhw
1 khac 2. Con Thomas Hales thi dua rang néu
khong dang 1a sinh vién Stanford hay Carnegie
Mellon University dinh viét khoa ludn vé Lean,
hodc sinh vién Imperial College London dwgc
Kevin Buzzard huwéng danthi dung Lean s& 1a mot
thach thirc.

Song, r6 rang dy an cta Hales sé cin nhiéu
hon mét doi ngli cac chuyén gia, va chi thanh
cong khi thu hit mét cdng dong nhirng nha toan
hoc cung dong gop.

Vay can phai lam thé nao?

Hales nghi t&i mét ciu néi gitra ngdn ngir
toan hoc tw nhién va ngon ngit hinh thirc, hay
nhw cach 6ng mo ta “mot dang chit dan dé dén
véi Lean”.

DAu tién hay xem xét 3 phién ban biéu dién

cla cung mot phat biéu todn hoc dwdi day:

Ir. &1 <=1

==> &(CARD(V INTER ball(vec 0,r))) <=
pi * r pow 3 / sqrt(&18) + ¢ * r pow 2))

Hinh 3. Version HOL Light
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Phién ban 1 1a phat biéu gia thuyét Kepler biét béi trinh tro ly chirng minh HOL Light. Dé thy, phat

biéu nay hoan toan kho hiéu véi cdc nha todn hoc binh thuong. N6 st dung cac ky tw ascii dé biéu dién

khai niém toan hoc theo mét cach hoi ky di: vi du nhw ky tw ! dé biéu dién lwong tir moi, ? cho lwong

tlr ton tai, ...

[VERSION 2]

(V V. packing V

=FecVr &l <r
= &(CARD(V N ball(vec 0,7))) <

7 %121/ (&18) + ¢ x r?))

Hinh 4. Version HOL Light cai tién

Phién ban 2 thay c4c ky tw trén bang nhirng ky tw gan giii toan hoc hon, tuy nhién van 1a mot cong

thirc thiéu tw nhién. Mot nha toan hoc hién nhién biét s6 nguyén 18 cling 1a mdt s6 thwe ma chang can

phai ép kiéu twong minh.

[VERSION 3]

For every packing V, there exists a real number ¢ such that for all real
numbers r > 1, the number of points of V' in the open ball B(0,r) is

at most
T %73

VI8

+c *x7r°.

2

Hinh 5. Version CNL

Sau chét, phién ban 3 t6 ra dé doc nhit. N6
khong lam dung sw biéu twong hoa, mit khac van
tan dung dwoc cac ky phap cong thirc gon gang va
sang ro cua Toan hoc. Mot didc diém quan trong
12 tuy dé hi€u hon nhiéu, phién ban nay khong hé
kém tinh hinh thitc so v&i phién ban 1. Pay chinh
12 minh hoa cho ch4t d4n ma Hales mudn hwéng
tédi - mot ngdn ngir hinh thirc ma cé dang vé tw
nhién. Dy 4n Colada ra doi, 1a mot sw két hop gitra
cac dac trung ngbén ngit cia Forthel, Latex, va
Lean, v&i muc dich 1a tao ra mot CNL - Controlled
Natural Language - ngon ngit tw nhién cé kiém
soat, két ndi dwoc Lean v&i cdc nha toan hoc.
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Hay Ian lwot xem xét cac co s& dé hién thuc
hoa y twdng nay:

3.2. Ngon ngir tw nhién trong Todn hoc

Co s& dau tién la dwa trén quan sat cach cac

nha toan hoc dung ngdn ngit ty nhién.

Ngon ngtt tw nhién von khéng phai mot ngén
ngit c6 tinh hinh thitc manh mé. Tuy nhién, ngon
ngit tw nhién cda toan hoc la ngdn ngit tw nhién
dung cho mét muc dich cu thé, & mot nganh dac
trung béi sw triru twgng chdt ché. Ngon ngit nay,
do d6, mang s&n mdt sé thuan loi nhat dinh doi
v&i viéc hinh thirc hoa.



Ha Huy Khodi, Nguyén Thi Huyén Chau, Nguyén Thi Tra My, Mai Thuy Nga, ...

DPau tién thi né chi 1a mét tip con cua ngbén
ngit tw nhién. Quan trong hon, né c6 do bat bién
ngit nghia 16n. Mot khé khan trong chuyén doi
ngon ngir doi sdng sang ngdn ngit hinh thirc nam
& xac sudt 16m 1a moi thay ddi vé tir vung hay thir
tw t0 hop thi lai kéo theo mdt/nhiéu thay déi vé
ngit nghia, sy chénh 1éch déi khi vi té ma lai quan
trong, vi du nhw cac sic thai cdm xdc cta phat
biéu. Trong khi d6, tuy vé hinh thirc, ngébn ngir
Toan dang st dung lai ng6n ngir tw nhién, vé mat
noi dung, ta lai chi cdn quan tdm dén khia canh
Toan hoc. V&i Toan hoc, c6 nhirng tir ngir 1a quan
trong, c6 nhirng tir ngtt chi la “chen vao cho du”,
c6 nhirng khac biét ci phap bién déi ndi dung,
va c6 nhirng khac biét coi nhw twong dwong. Hé
qua 13, so v&i ngdn ngir tw nhién, ngdén ngit Toan
on dinh ngitr nghia hon. Cac biéu dién khac nhau
cla cung mot y twdng c6 thé chi xuit phat tir thoi
quen ca nhan, hon la mot chi y Toan hoc. Biéu d6
ciling nghia 1a ton tai kha nidng quy chuin ching
vé mdt dang chung ma khéng gy mat mat théng
tin. Cac nha toan hoc da phin déu hiéu dwoc cac
sw khac nhau nay khéng may khé khian, diéu nay
néi Ién trong cong dong lam Toan da chia sé sdn
mot vai quy tic théng nhit cach hiéu, ca khi chwa
phéat biéu twong minh. Néu dang chudn hoa phan
anh dwoc cac quy tdc ngdm nay, c6 thé tin rang né
sé tw dong hiéu dwoc boi da s6 cac nha toan hoc.

T nhitng diéu trén, cd thé nghi téi thiét ké
mot tAp con chuin hoa cho todn hoc, c6 tir vung
va cd phap chat ché hon ngon ngit hién tai, nhung
van bdo lwu cac wu diém tréi chdy va dé doc clia

ngbn ngit tw nhién.
3.3. Tai sao lai la CNL?

Ciling khong phai chi dén bay gio ngwdi ta maéi
nghi téi y twdng két hop ngdn ngit tw nhién va

ngon ngit hinh thirc. Nam 1970, Victor Krushskov
- nha Toan hoc X6 Viét cha dé clia nganh cong
nghé théng tin dong thoi la nha tién phong trong
nganh diéu khién hoc ctia nwéc Nga, cling da dé
xudt y twdng két hop ngdn ngir tw nhién va hinh
thirc, khi 4y phuc vu mét chwong trinh chirng

minh tw dong cia Nga tén la Evidence Algorithm.

Tai sao mot nha toan hoc chon phan ra chudi
chirng minh cda 6ng ta thanh moét lwgc do bao
gbm cac bo dé dat chinh xac & cdc méc nay ma
khong phai & méc kia? Biéu dy khong ludn la mot
sap x&p ngau nhién, cling khong phai mot quy luat
tong quat, ma phan anh linh tinh cd nhin nao dé
vé cach mdi ngudi giai quyét van dé trong thé gidi
thwc. Nhwng ngon ngit hinh thiec bat lwc trong
mo ta nhirng sw thit kiéu 4y, cac cht y mang tinh
biéu twong sé& bién mAit hoan toan trong chudi
logic sinh ttr may tinh. M6t ngdn ngit két hop gitra
hinh thirc va tw nhién c6 thé lwu giir cac théng tin

khong twdng minh song c6 ich nhw thé.

Y twdng ndy ndm trong hiém hoi nhitng diéu
Tay Au va Pong Au dong y bat chap Chién tranh
lanh. Cac phién ban ngén ngit lai cho tiéng Anh
lan lwot ra doi, trong d6 c6 ForTheL - Formal
Theory Language, ngdn ngit 16i cho bd chirng
minh SAD - System for Automated Deduction.

SAD dwoc dé xuat vao 1980, nhwng 2008 méi
dwoc cai dat trong ludn an tot nghiép cia mot nha
toan hoc tré ngwoi Uckraine la Andrei Paskevich.
T buédc ngoat nay, vao 2017, SAD lai dugc
mé& rong dé két hop voi ngén ngir chirng minh
Isabelle, nam trong duw 4n Naproche-Isabelle tai

dai hoc Bonn ctia gido sw Peter Koepke.

Va Koepke, 2 nam sau, 1a ngwoi Hales da gap
dé ban vé CNL.
Bang cach di tir Controlled Natural Language
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(CNL), tam dich 1a ngdn ngit tw nhién cé kiém
soat, Hales muén hwéng dén thiét ké mot ngoén
ngit 14p trinh nhén tao c6 thé dung cho giao tiép
todn hoc, dwoc thiét ké c6 chu y véi ca phap
va ngir nghia chinh xadc ma may tinh c6 thé doc
dwoc, nhung lai dya trén mot ngdén ngit tw nhién
duy nhit (tiéng Anh), ma c6 thé dé dang st dung
mot cach rong rai, it nhit la béi nhirng ngudi lam
toan ma st dung thong thao ngdén ngit tw nhién.

Thomas Hales da quyét dinh lwa chon CNL
véi nhitng ly do sau day:

- Tiép can ngdn ngir Todn hoc tir goc dé6 ngodn
ngit hoc truyén théng la mot linh vy gdn nhw
bi b6 ng6 nén két qua con rat so khai. Tuy dwa
trén ngdén ngit tw nhién, cac nha ngén ngir hoc
gan nhw phai téng hop va xay dung lai bo tir
vung va cd phap dac trung cho Toan.

- Tiép can kiéu hoc may cling chwa cho thiy két
qua kha quan. Tri tué nhan tao va cac phwong
phap xir 1y ngdn ngit tw nhién van con can
nhiéu thoi gian dé c6 thé doc hiéu cac phat
bi€u toan hoc theo ngitr nghia nhw né dwoc
viét hién nay. ( day, ta gdp kich ban kiéu con
ran cin dudi. Ching ta cAn hoc may dé hinh
thirc hod tw dong nhiéu xuit ban toan hoc.
Mit kh4c, lai can sin nhiéu xuat ban da dwoc
hinh thirc hoa dé c6 tip dir liéu da lén cho

hoc may thanh céng.

- Nhuw phan tich trong 3.1, cAc nha toan hoc van
con chwa st dung rong rai cac tro ly chirng
minh, b&i mat nhiéu thoi gian dé thanh thao
cac ngon ngir nay. Dén diy ching ta thiy, ton
tai mot khoang cach lén gitra ngdén ngir toan
va ng6on ngit hinh thirc.

- CNLIlai cho phép rut ngan khodng cach nay. S&
dé dang hon néu ching ta xult phat tir ngdn
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ngit Toan hoc dé xdy dwng mot diém gitra ndi
vGi Lean, thay vi lam ngwoc lai. Thi nhat, diéu
nay dat wu tién la ngwdi dung - cac nha toan
hoc twong lai sé st dung tro ly chirng minh.
Ngén ngtr CNL can thod man cic yéu cau thyc
tién tir nhirng nguoi dung nay trwdc, sau do
md&i tinh chinh cho phu hop véinén tang toan
cta Lean. Thi hai, ti€p cin nay ciing gidm bét
do6 phirc tap thuat todn, béi bat dau tir phia dé
dang tong quat hoa va kiém thir hon.

3.4. Tai sao la Forthel?

Trong s6 cac ngdn ngir CNL, Forthel to ra la
rng vién hira hen 1a ciu ndi gitta cdc nha toan
hoc va Lean, dau tién bdi né dwa trén cac ciu
tric ngdn ngitr kha don gian song lai van cho ra
két qua dé hiéu. Cac nha toan hoc khong cin mot
dao tao dic biét nao déu co thé doc hiéu cac van
ban Forthel. Forthel tiéng Nga c6 nghia 1a “meo”,
va trong Forthel c6 rat nhiéu meo hiru ich. Vi du
nhw ngwoi dung c6 thé tw dinh nghia thém cac

~ N

“thanh ngit”, c6 thé thém cac tir dong nghia, tw
dong bo qua cac mao tly, va cac tlr goi la “chen
thém” (filler) cling sé dwoc nhay qua khong dich,
v.v. Nhitng meo (trick) nay gitp Forthel vira linh
hoat va trong sang nhw ngoén ngit tw nhién, vira
khong qua da nghia nhw ngon ngir tw nhién.

Ké do, cti phap cia Forthel tuy khong phi ngir
canh, nhwng gan nhw phi ngit canh. Cac luit sinh
cua Forthel, do d6, dwoc trinh bay theo ct phap
BNF (Backus — Naur Form) ctia mot ngén ngiv phi
nglt canh. Trong khoa hoc may tinh, ngén ngit
phi ngitt canh biéu dién béi BNF da dwoc nghién
clru phat trién nhiéu ly thuyét xdy dung chwong
trinh dich. C4 phap cta Forthel ciing dong thoi
dd phd quat va cho phép mé rong tap luat sinh
khi cin thiét, dé dap &ng cac yéu ciu dich sang

ngon ngit madi cling nhw 1a cac yéu ciu lam giau
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nodi dung biéu dién toan hoc vé sau. Cudi cling va
quan trong nhat, néu ForTheL tuy chi xt ly logic
bAc nhit, van c6 thé 1a dau vao cho mot ngdn ngir
xt Iy logic bac cao nhw Isabelle, hoan toan cé co
s& dé tin rang nd c6 thé lam diéu twong tw v&i
mot ngdn ngit bac cao khac la Lean.

Vi nhitng ly do trén, Forthel phu hop lam
khudn mau d€ mé rong thanh mot ngdn ngir CNL
riéng c6 kha nang dap rng cac quy tic cla Gii
tich Quy nap (Calculus of Indutive Constructions)
- v6n la nén tang todn hoc cta Lean.

4. Colada - m§t CNL ciu ndi giira Latex va Lean
4.1. Gic'i thiéu chung

Colada 1a mot hé thong kiém soat ngdén ngtr
tw nhién CNL cta toan hoc cho phép bién dich
sang trg’ ly chirng minh Lean. Tén goi nay dwoc
viét tat tir COntrolled LAnguage DAta, va duoc
truyén cam hirng tir ly cocktail Pina Colada, theo
nhu chia sé cia gido sw Hales. Thiét ké ctia ngoén
ngtt nay phat trién tir nhirng CNL da c6 sén, dic
biét nhw 12 Forthel-Naproche-SAD (goi tat la
Forthel). Nhitng chwong trinh dwoc viét bang
Colada s& duoc soan thao bang LATEX va cho két
qua dau ra 1a mot tai liéu da dwoc kiém tra kiéu
bang Lean. Hé théng hién nay van dang trong
giai doan hoan thién, didc biét 1a phan bién dich
sang Lean.

Muc tiéu mu6n hwéng dén la mot ngdén ngir
cho phép thu hep khoang cach giita cong viéc
hinh thttc hod va cach viét van ban todn hoc hién
tai. Viéc viét tai liéu bang Colada sé twong tuw
nhw soan thao trén Latex. Viéc dich tai liéu bang
ngdn ngit nay sé twong tw nhw dich bo ki ty todn
hoc trong Latex, c6 thé sé c6 thém mot s6 quy
wée don gidn. Va Giai tich Quy nap (Calculus of
Inductive Construction - CiC) la co s& logic va

toan hoc cua hé théng giong nhw trong Lean. Do
do, cac chwong trinh dwoc viét bang Colada sé
dwoc bién dich sang CiC.

Thiét ké chung. Bwéc dau, ngoén ngir Colada
c6 thé dwoc xem nhw sw két hop cia cic ca phap
cda Latex, Ly thuyét kiéu va Forthel, dwoc két noi
v&i nhau biang mot hé théng ngir nghia chung
la CiC. Ttr géc nhin don gidn hon, chwong trinh
viét bang Colada cling chinh 1a céc tai liéu soan
thao bang Latex v&i hé théng ngit nghia xac dinh
truére. Ngon ngir nay dwoc thiét k€ nhw mot ngén
ngit ma trong do6 cac dinh nghia va dinh ly toan
hoc duoc dién dat mot cach chinh xac ma dé doc.
Dé doc & day dwoc hiéu 1a nhitng ngwoi lam toan
thuan tuy, khong nhat thiét phai biét st dung cac
ngon ngtr 1ap trinh tin hoc, ¢ thé doc hiéu va st
dung dwoc. Nguoi doc sé dwoce canh bao khi noi
dung dwogc viét chinh xac theo dinh dang ma may
tinh doc dwoc nhwng khong dam bao tinh chinh
xac vé logic toan hoc. Ngén ngit nay con bao gom
cac cu phap cho chi*rng minh toan hoc, ngudi doc
sé duwgc canh bao Kkhi bai chitrng minh ctia minh
dwoc viét bang Colada khong thé dwoc hinh thirc
hod trong mot trg’ ly chirng minh nhw Lean.

Co s& toan hoc. Ngir nghia ctia Colada dwa
chu yéu trén ly thuyét ki€u hon 1a ly thuyét tap
hop. Py 1a 2 cach khac nhau dé xay dwng phan
1é6n todn hoc thanh mot hé théng toan dién. Ly
thuyét ki€u kha giong ly thuyét tp hop nhwng c6
mot s6 khac biét quan trong. Ta ¢ biéu do Venn
12 cach biéu dién phd bién cho tap hop, n6 mo ta
tap hop 1a mot sw tu tip cla cac phan tr va cac
tap hop co6 thé giao nhau bat ki. Mot kiéu cling
c6 thé dwoc mo ta nhw 14 sw tu tip cda cac phin
tl, tuy nhién cac kiéu ludn luén roi nhau (day
chinh la sy khac biét co ban va quan trong so véi
tap hop). Khé khian chinh khi ¢6 gdng str dung ly
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thuyét tp hop lam hé thong co s& trén may tinh
la sy giao nhau cta cac tap hop. Cac doi twgng
sé& bi dinh nghia chong 14n 1én nhau néu theo ly
thuyét tap hop, giy can tré cho viéc xi Iy thong
tin va tinh toan. Trong khi d6 ly thuyét kiéu vi
tinh chat roi nhau cta cac kiéu lai cho phép t6
chirc dir liéu mot cach mach lac, rd rang va c6 trat
tw. Tuy nhién, day ciing chinh la thach thitc cho
ngudi thiét ké vi ta van cin mot chut giao nhau
cua cac kiéu. Vi du ta khong mudn s tw nhién
0 va s6 thwc 0 1a hai do6i twong hoan toan tach
biét nhau nhu trong ly thuyét kiéu. Tém lai, bang
viéc str dung ly thuyét kiéu, ta sé cé cac ddi twong
duogc xac dinh bang mot ki€u duy nhit va bat ki
d6i twong nao cling déu phai c6 kiéu, ngay ca doi

twong kiéu!

Co’ s& phan mém. Phuong ngit dwoc dung
c6 thé dwoc xem nhw 1a sy két hop cua ba loai
cui phap khac nhau: ci phap cta Forthel, ci phap
cua Latex va ct phap cuia Lean. Cau truc tir vung
cta Colada dwoc dinh nghia trong sedlex, mot
cong cu tao tir vieng cho Ocaml. Va & day menhir
dwoc st dung lam cong cu phan tich ca phap
dwa trén Ocaml cho trinh phéan tich LR(1) (trinh
phéan tich cd phap kiéu LR c6 nhin trudc mot ky
tw [12]). Mac du phwong ngir cia Colada khong
phai LR(1), diéu nay ngan can menhir tw dong
tao trinh phan tich cd phap, thi phan mém van sé&
kiém tra dwoc 16i ngtr phap. Bd ngir phap duwoc
xdy dung bao gobm 350 danh ngir va khoang 700
quy tac, cung v&i 150 tir khoad phu thudc ngir
canh, va chwa ké dén nhirng ngir phap do nguoi
dung tw dinh nghia mé& réng khi viét chwong
trinh. Sy phttc tap nay 1a can thiét dé c6 thé dién
dat dwoc cac phat biéu cling nhw cong thirc toan
hoc phé bién, cuing cu phéap cua ly thuyét ki€u va
CiC. Colada gitr hau hét tinh ndng cta Forthel,
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chang han nhw cach xt Iy tir ddng nghia, cum
danh tlr, ddng tlr va tinh tl, cing co ché mé rong
ngit phap. Ngoai ra c6 thém tinh ning b6 sung
nhw phan tich mirc d§ wu tién toan ti (véi mirc
do wu tién do nguwoi dung chi dinh), xac dinh
pham vi, ci phdp macro Latex, va ly thuyét kiéu
phu thudc bao gém ki€u quy nap, cdu tric va
ham lambda. Trinh phan tich ct phap cda Colada
dwoc trién khai trong Ocaml, xdy dung nén thw
vién t6 hop phan tich ci phap ma John Harrison
da dung dé phan tich ca phap cho HOL Light. Tuy
nhién trinh phan tich cti phap nay van dang trong
giai doan hoan thién. Vi du, n6 van khong c6 kha
nang chuyén doi cay ct phdp cia mot van ban da
phan tich cu phap sang dang biéu dién ma Lean
c6 thé doc dwoc (day 1a mot muc tiéu Ién caa dw
an). Colada luén lam cho ngit phap tré nén phtrc
tap bang viéc st dung két qua dich phu hop dai
nhit tir bd quy tac. P& tranh diéu nay, ngwoi dung
c6 thé chén thém dau ngoic don va néu mot ki
hiéu dwoc gan cho nhiéu nghia thi khi d6 nghia
dwoc str dung gan nhit sé dwoc ap dung.

4.2. Céng viéc ctia nhém FAB Thdng Long

Nam trong dw 4n Formal Abstracts clia gido
sw Thomas Hale giai doan 2, nhém ching t6i
bt dau cdng viéc bang viéc tim hiéu vé CNL, ly
thuyét ki€u va Forthel, cing véi ngbén ngir 1ap
trinh Ocaml. Tr d6 ching t6i hoc cach st dung
Colada va dwa ra nhirng phan hoi vé hé thong
t&i doi ngll thiét k€ nham muc tiéu hoan thién va
phat trién phan mém.

Nhiém vu d4u tién la viét lai phan ndi dung Ly
thuyét sé (Number Theory) trong thw vién Planet
Math sang Colada v&i khoang hon 1.000 file. Thw
vién toan hoc PlanetMath la mdt cdng dong truc
tuyén nham muc dich gidp kién thirc todn hoc
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dé ti€p can hon. Noi dung ctia PlanetMath giéng
nhw mot bach khoa toan thw vé todn hoc véi cac
muc dwgc phan chia va sdp x€p theo cac linh vuc
cu thé cia toan hoc. Bai viét dwoc cac thanh vién
trong nhém déng gop va phé duyét . Sdn phdm
cudi cung sé la mot thw vién bao gom cac file
dinh dang Latex dwgc viét theo ngon ngir Colada
va da dwoc phan tich ct phap thanh cong. No6i
dung can dich bao gom céc ki hiéu, dinh nghia,
va dinh ly. Nhan xét va chitng minh sé& chwa dugc

dich tai giai doan nay. Tuy nhién, nhan xét va

O planetmath

PlanetMath
\ & http:/fplanetmath.org
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20_Group_theory_and_generalizations
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Hinh 6. Trang web ctia PlanetMath

Cong cu lam viéc. Trang web github cua dy
an la formalabstracts/CNL-CIC. Pay la noi lwu
trit toan bo cac thw vién ctia trinh bién dich cling
nhw thw vién cac quy tac ngir phap cta Colada
va cac tai liéu huéng dan (Hinh 8). D& quan ly

chirng minh van dwoc viét vao trong file va dé
gitra cic muc ‘remark’ dé€ trinh bién dich bé qua
phén nay khi bién dich file. Muc tiéu chinh la c6
dwoc nhitng tai liéu dugc viét bang Colada ma
c6 thé doc dwoc nhu file goc trong PlanetMath.
Trir nhitng dinh nghia mé& rong, file Colada sé cé
d6 dai twong ty nhu file géc. Bat ki van dé nao
lién quan dén kha nang dich ndi dung cia Colada
hay nhitng dinh nghia mé réng va do dai cua file
dich déu can dwoc thao ludn va tim ra gidi phap
tot nhat.

(] (sonw] =

@ planetmath / 11_Number_theory
¥ 14stars ¥ 9 forks

e star L Netifications.
1% Pull requests @ Actions

<> Code @ lIssues [T Projects

¥ master - Go tofile

B holtzermanm7 Merge pull request #3 from randomer64/p... = onFeb 22,2019 12

/A Sorry, we had to truncate this directory to 1,000 files. 76 entries were omitted from the list.

[ .gitignore 6 years ago
[ 11-00-AbelianNumberField.tex 5 years ago
[ 11-00-ArtinsConjectureOnPrimitiveRoots.tex 5 years ago
[ 11-00-BibliographyForNumberTheory.tex & years ago
[  11-00-ComputationOfPowersUsingFermatsLittleTheorem.tex 5 years ago
[ 11-00-ConverseOfWilsonsTheorem.tex 5 years ago
[ 11-00-Coprime.tex & years ago
M 11.00_FrrmllanOFlarEarmatThanram tav & uaare ann

Hinh 7. Phan Ly thuyét s6 can phai dich
sang Colada

cac file két qua cua PlanetMath, ching tdi chia sé
mot thw muc chung trong thw vién cda Colada.
Bang cach sdp xép nhu vy, ta c6 thé két ndi vian
ban soan thao v&i bo dich va thw vién ngit phap
mdt cach dé dang.
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& formalabstracts / CHL-CIC

A controlled natural language for calculus of inductive constructions, based on Forthel.

B WIT License
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Hinh 8. Trang github ctia dw an CNL-CIC

95 +
+ \begin{theorem}
Q7 +
$gcd \ a\ n =1%
98 + \end{theorem}
99 +
100 + \begin{remark}
101 + \begin{proof}

Cach thirc lam viéc. D€ tranh viéc dich trung
1ap cac ndi dung ctia ly thuyét sd, chung tdi chia
nhau dich cac file khac nhau. Soan thdo van ban
Latex dwogc thwe hién trén rng dung Visual Code
va sau do thuc hién bién dich sang Colada. Sau
khi da duoc phan tich ngit phap bang Colada va
dam bao file bién dich tot, chiing t6i sé tai két
qua 1én thw muc chung trén github va yéu cau
xét duyét d€ dugc tron voi thw vién cé san.

Két qua. Hon 30 file ndi dung cda Ly thuyét
s6 da dwoc dich thanh céng va trong dé c6 8
file da dwoc tron cung thw vién chinh thic cta
Colada. Cac phan héi dwoc dwa ra lién tuc va kip
thoi d€ hoan thién phan mém.

Assume that $a, n$ are positive integers and $\phi(n)s is Euler's function.
then s$a~{\phi (n)} \equiv 1 \mad n%.

102 + We will make use of Lagrange's Theorem: Let $G$ be a finite group and let $H$ be a
subgroup of %$G%. Then the order of $H$ divides the order of $Gs%.

+

104 + Let sG=(\Ints/nm\Ints)™\times$ and let $HS be the multiplicative subgroup of $Gs
generated by $a$ (so $H=\{ 1, a ,a™2,\ldots \}$). The fact that $\gcdla,n)=1%$ ensur
that $a\in G$. Notice that the order of $H$, $h=|H|$ is also the order of $as, i.e.
the smallest natural number $n>1% such that $a”n$ is the identity in $G3%, i.e.

$a~h\equiv 1 \mod n%$. Also,

recall that the order of $6=(\Ints/n\Ints)~\times$ is

$\phi(n)$, where $\phi$ is the Euler $\phi%$ function.

Hinh 9. Pinh ly dwoc dich bang Colada

Kho khan. Do hé théng méi & buwdc dau xay
dung nén viéc st dung phan mém chid yéu nham
muc dich kiém nghiém hoat dong cta hé thong.
Chinh vi viy qua trinh viét chwong trinh dich gép
rit nhiéu khé khan nhw thiéu tai liéu hudéng dan
chi tiét, thiéu thong tin vé cadc ham, thiéu quy tic
ngit phap, v.v.. Vi vira phai két hop viéc soan thao
chwong trinh dich véi phan hoi téi nhém thiét ké
dé cip nhit thw vién nén mat rat nhiéu thoi gian

dé c6 thé hoan thanh mot chwong trinh hoan
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chinh. Hé théng van con bwéc dau so khai nén
van chwa thé hiéu dwoc nhitng quan hé toan hoc
phtrc tap. Hon nita, do mdi thanh vién lam viéc
trén nhirng file doc lap v&i nhau nén c6 nhitng
khai niém dwoc dinh nghia st dung macro cé gia
tri dia phwong sé bi trung lap nhiéu lan, diéu nay
doi hoi phai c6 mot hé théng sap x€p chit ché dé
c6 thé quy chudn. Dy dn con mét ching duwong
dai dé co6 thé cham t&i nhitng muc tiéu dé ra.



Ha Huy Khodi, Nguyén Thi Huyén Chau, Nguyén Thi Tra My, Mai Thuy Nga, ...

5. Loi két

Trong cudn “Cai bong ctia tw duy”, Penrose cé
ndéi dai y: cho dén nay, bat ky mot tri thirc nao
clia nhan loai cling phai nam trong mét bd 6c
cu thé nao d6 (n6i ndm na, néu “nhén loai” biét
diéu gi do6 thi c6 nghia la it nhat mot nguoi biét
diéu do!). Tuy nhién, bd 6c clia mbi ca nhan déu
c6 gidi han cua nd. Nhw viy, néu nhan loai cé y
dinh vwot qua moi gi¢i han cua tri thirc thi chi
con cach dwa vao mdy tinh. Sé dén ngay tri thirc
nhan loai dwoc lwu gitr trong hé thdng may tinh,
va thinh thoang may sé cho ta nhitng tri thitc ma
ta khong thé biét ching tlr dau ra, tirc la khong
biét ching dwoc “chitrng minh” nhw thé nao.

That khoé chap nhén cai ngady ma may tinh cho
ta cac ly thuyét todn hoc méi, cac két qua méi, ma
chi “nd” biét cadch chirng minh.

Tuy nhién, cadc nha Toan hoc sé biét cach tim
cho dirng khong thé thay thé dwgc ciia minh trong
con bio 4.0, véi nhirng may tinh biét tw duy.

Voevodsky (1966-2017),
Nga dwoc giadi thuwdng Fields nam 2002, dé ra

nha toan hoc

mot chwong trinh lé6n dwoc goi la “Univalent
Foundations of Mathematics”, v&i tham vong xay
dung lai toan bd co s& toan hoc theo ngén ngir
hinh thirc. Khac véi cong viéc cia Bourbaki, dw
an cua Voevodsky khi hoan thanh sé gitp kiém
tra tw dong cac chirng minh toan hoc. Theo 6ng,
dén ngay d6, khi nha toan hoc giri mot cong trinh
mé&i dén toa soan, anh ta sé phai gii thém mot
chwong trinh kiém tra tw dong. Nhw vay, ngudi
phan bién khong cin kiém tra tinh ding din cta
bai bdo nira, ma chi nhin xét vé tim quan trong
ma thdi. Tiéc rang Voevodsky da ra di qua sé'm, khi

dw 4n day tham vong ctia dng van con dang dé.

Nhwng nhin vao du 4n FAB véi y twdng tao bao

cla gido sw Hales & giai doan sau cia dy 4n vé viéc
st dung CNL cuing v&i bo chuyén ddi tir vin ban
toan hoc viét duéi dang Latex va bang ngdn ngir
tiéng Anh sang CNL, roi tir CNL lai chuyén sang
Lean dé kiém tra chirng minh, chiing ta c6 thé hi
vong vé mot twong lai khéng xa sé c6 chwong trinh
kiém tra tw dong bang may tinh, véi dau vao chi la
cac van ban Latex. Khi d6 sé khong can con nguoi
lam cong viéc nham chan la kiém tra cac bai bao
cla cac nha toan hoc giri dén mot tap chi nao do6
nita, ma chi can bién d6i ddi chut file Latex cla tac
gi4, may tinh c6 thé kiém tra tinh ding dan cua cac
chirng minh mét cach chat ché. Pwong nhién dé
thuc hién dwoc diéu doé cin tiép tuc c6 mot du an
dai hoi nira, phat trién tiép nhirng gi ma FAB da m&
ra, ching toi hi vong sé con dwoc tiép tuc tham gia

va déng gép cho hwéng phat trién méi nay.

Nho sw dong vién ho tro, va tao diéu kién cta
Ban lanh dao Truwdng Pai hoc Thiang Long cling
nhw Ban lanh dao Khoa Toan - Tin va Vién Timas,
c6 thé no6i dw 4n “Formal Abstract in Mathematics”
da dwoec trién khai thanh cdng, mic du két qua dat
dwoc con khiém tén so véi ky vong, nhwng da danh
d4u l4n diu tién Nha treong c6 hop dong ky két
hop tac nghién cru khoa hoc v&i mot trwong dai
hoc 16 & My va da thu vé nhitng ngoai héi dau tién
tlr nghién ctru khoa hoc. Chuing tdi cling gt 1oi cdm
on chan thanh t&i PGS. TSKH. Ta Thi Hoai An, Vién
Toan hoc, Vién Han 1am Khoa hoc va Cong nghé Viét
Nam, nguti di két noi gido sw Hales v&i Trwong
Pai hoc Thang Long; va TS. Tran Nam Trung, Vién
Toan hoc, Vién Han 1am Khoa hoc va Cong nghé Viét
Nam, nguwoi da chuén bi cho nhém nhitng bwée di

d4u tién 1am quen véi Lean.
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