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Abstract. Let IK be a complete ultrametric algebraically closed field and
let f be an entire function in IK whose order of growth is finite. We show
that the type of growth is finite if and only if so is the cotype. We give
bounds for the cotype of growth and also for the lower cotype of growth.
We show that the type of growth of f is equal to its lower type if and only
if its cotype is equal to its lower cotype and when these are realised, then
the cotype is the product of the type by the order of growth and the order
of growth (if > 0), is then equal to the lower order of growth.

If an entire function h has an order of growth strictly inferior to the lower
order of an entire function f, then h is a small function with respect to f.
A similar comparison is made with the type of growth. Conversely, if h is
a small function with respect to f, then f+h and f have same order, same
type and same cotype of growth. Links are showed with the Nevanlinna
Theory.

Suppose that IK is of characteristic 0. Given a meromorphic function f =
I, if f admits primitives and if the type or the cotype of h is finite, then
f assumes all values infinitely many times.

A counter-example is constructed where the lower order of growth is equal
to the order of growth but the lower type of growth is not equal to the
type of growth and where the the cotype is not equal to the product of the
type by the order of growth.

In complex analysis, a claim was made for complex meromorphic functions
stating that if the lower order of growth equals the order, then the lower
type equals the type but we contest the proof.

I. Introduction and main results

Notations and definitions: Let IK be a complete ultrametric algebraically
closed field whose absolute value is denoted | . | and let |IK| = { |z|, = € IK}.

Key words and phrases: p-adic entire functions, order and type of growth.
2020 Mathematics Subject Classification: 12J25; 30D35; 30G06.



82 Alain Escassut

Given r > 0, we denote by d(0,r) the disk {z € K | |z| < r}, by d(0,r~) the
disk {z € IK | |z| < r} and by C(0,r) the circle {z € K | |z| =r} .

Let A(IK) be the IK-algebra of entire functions with coefficients in IK and
let M(IK) be the field of meromorphic functions %, g, h € A(K).

Let f € M(IK). For each r > 0, | f(x)] is known to have a limit |f|(r) when
|| tends to r while being different from r and then | f|(r) = sup{| f(2)| | |z| < r}
6], [5)

We denote by s(r, f) the number of zeros of f in d(0, ), each counted with
its multiplicity and we denote by t(r, f) the number of poles of f in d(0,r),
each counted with its multiplicity.

We denote by Log the Neperian logarithm and by e the number such that
Log(e) = 1. Let f € A(IK). As in complex analysis [11], we define

Log(Log(|f](r)])

p(f) = limsup

r—-+00 Log(r) ,
o Log(Log(f1(r)])
P = lq}gl-s}gg Log(r)
and if 0 < p(f) < o0, we put
_ Log(IfI()

a(f,r) T
o(f) =limsupo(f,r),

r—-+oo
o(f) =liminfo(f,7),
. . _ s(r.f)
Moreover, assuming again 0 < p(f) < 400, here we put ¥(f,r) = PO
,

Y (f) = limsup s(r, /)

r—-4o0o rP(f) ’

and 1Z(f) = lim inf s, f)

r—+00 frﬂ(f)

p(f) is called the order of growth, p(f) is called the lower order of growth, o(f)
is called the type of growth, (f) is called the lower type of growth, ¥(f) is

called the cotype of growth, ¥(f) is called the lower cotype of growth.

A value b € |IK| is called a quasi-exceptional value of a meromorphic func-
tion f € M(IK) if f — b has finitely many zeros.

Theorem 1 is easy:

Theorem 1: Let f, g € A(K). Then p(fg) = max(p(f),p(9)) and p(f") =
p(f) ¥n € IN. Moreover p(f + g) < max(p(f), p(9))-
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Corollary 1.1:  The set of functions f € A(IK) of order < t is a multiplicative
semi-group and (adding 0), an additive group.

We will now state the following Theorem 2:

Theorem 2: Let f € A(K) be such that 0 < p(f) < 4o00. Then o(f) < 400
if anf only if ¥(f) < +oo. Suppose that these hypotheses are satisfied. Then

p($)o(f) < 0(F) < p(f) (o) = 5(5)

and

o(5) (500 - XY < i) < ).

Further, the hypotheses o(f) = o(f) and ¥(f) = {/Jv(f) are equivalent and if
they are satisfied, then ¥(f) = p(f)o(f).

Definition: A function f € A(IK) is said to be regular if p(f) = p(f) [11]
and f is said to be clean if 0 < p(f) < 4+o00 and o(f) = o(f).

Corollary 2.1: Let f € A(IK) be clean. Then ¢(f) = p(f)o(f).

Remark 1: 1In[3] asin [0], it was proved that p(f)o(f) < ¥(f) < p(f) (ea(f)—
a( f)) and that each hypothesis

W) ol =5,
b) () =),

implies ¥ (f) = p(f)o(f), but it was not proved that the two hypotheses are
equivalent.

Remark 2: The equality ¥(f) = p(f)o(f) holds because o(f,r) was defined
with help of the Neperian logarithm.

Let us recall here the following Theorem A from [9] and [3]:
Theorem A: Let f(z) = anx" € A(K) be such that 0 < p(f) < 4o0.
n=0

Then eo(f)p(f) = limsup (n{/[b,[?()).

n—-+oo

Now Corollary 2.2 is an immediate consequence of Theorem 2 and Theorem A:
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Corollary 2.2: Let f(z) = Z bz € A(IK) be such that 0 < p(f) < +o0.
n=0

Then
p(fa(f) < o(f) <limsup (n{/[ba]?) = p(f)7(f)

n—-+4oo
and if f is clean, then

eY(f) = lim SuPnﬂJr;o(JS;L V |bn|p(f)).

Theorem 3:  Let f, g € A(K) be such that p(g) < p(f) < +oo and

max(o(f),0(g)) < +oo. Then, o(fg) < o(f)+olg). If p(f) > plg) then
o(fg) = o(f). If f is clean and such that p(f) > p(g), then fg is clean. If f
and g are clean and if p(f) = p(g), then fg is clean, and o(fg) = o(f) + o(g)

and ¢(fg) = ¢(f) +¢(9)-

Corollary 3.1:  The set of clean functions f € A(K) is a multiplicative semi-
group. The set C(t,.) of clean functions f € A(IK) of order t is a submulti-
plicative semi-group and o and 1 are semi-group morphisms from C(t,.) into
(RF, +).

Corollary 2.1 suggests a question:

Question 1:  Let f(z) = ana:" € A(K) be such that 0 < p(f) < +oc.
n=0

Do we have

imsu n /b, [P(f)
p(F)o() = v ) = NPt (Y TOnI"T)

when [ is not clean? The answer is presented through a counter-example at
the end of the article.

Theorem 4 is easy:

Theorem 4: Let f € A(K) be such that 0 < p(f) < 400 and o(f) > 0.
Then f is reqular.

Corollary 4.1: Let f € A(IK) be clean, such that 0 < p(f) < +oo and
o(f) > 0. Then f is regular.

Now, from Theorem 2, we will deduce the following Theorem 5:
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Theorem 5: Suppose that IK is of characteristic 0. Let f € M(IK) \ K(z),
admitting primitives, be of the form % with g, h € A(IK) and be such that
0 < p(h) < 400 and YP(h) < +oo0. Then f has no quasi-exceptional value.

By Theorem 2 we deduce immediately this corollary:

Corollary 5.1:  Suppose that IK is of characteristic 0. Let f € M(IK)\K(x),
admitting primitives, be of the form % with g, h € A(K) and be such that
0 < p(h) < 400 and o(h) < +00. Then f has no quasi-exceptional value.

Corollary 5.2:  Suppose that K is of characteristic 0. Let f € M(IK)\IK(x),
be of the form i with g, h € A(IK) and be such that 0 < p(h) < +oo and
o(h) < +oo. If f has a quasi-exceptional value, then it has a non-zero residue.

Corollary 5.3: Suppose that K is of characteristic 0. Let f € M(IK)\IK(z),
be of the form % with g, h € A(IK) and be such that 0 < p(h) < +o0o and

o(h) < +o00. Then f' has no quasi-exceptional value.

Let us recall the definition of small functions, applied to entire functions.

Definition: Let f, h € A(IK). The function A is said to be a small function

, oo Log(h[(r))
with respect to f if lim —————=
r=-+oo Log(|f|(r))

for meromorphic functions that we will not use here.)

= 0. (A more general definition is given

Given three functions f, g, h € A(K), f and g are said to share h, ignoring
multiplicity, if the equality f (x) = h(x) is equivalent to the equality g(x) = h(x).

Now we can state Theorem 6:
Theorem 6: Let f, h € A(IK) be such that 0 < p(f) < +oo and p(h) < p(f).

Then h is a small function with respect to f.

Corollary 6.1: Let f, h € A(IK), be such that f is regular and 0 < p(f) <
+oo and p(h) < p(f). Then h is a small function with respect to f.

Theorem 7: Let f, h € A(K) be such that p(h) = p(f), 0 < p(f) < 400
and o(h) =0 < a(f). Then h is a small function with respect to f.

Corollary 7.1: Let f, h € A(K) be such that p(h) = p(f) and such that
0 < p(f) < +oo. If f is clean, and if o(h) = 0 < o(f), then h is a small
function with respect to f.
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Moreover, we notice that when r is big enough, in each disk d(0,r), the
number of zeros of f + h equals this of f, therefore ¢(f + h) = ¥ (f).

In [5] the following Theorem B was given and it will be useful now. It is
also a consequence of results of [10].

Theorem B: Suppose that IK is of characteristic 0. Let f, g € A(IK) share
3 small functions hy, hs, hs € A(IK), ignoring multiplicity. Then f = g.

Now Corollary 7.2 is an immediate consequence of Theorem 6 and Theorem
B.

Corollary 7.2: Suppose that IK is of characteristic 0. Let f, g € A(K)
share hi, he, hs € A(IK), ignoring multiplicity, such that maxi<;j<3(p(h;)) <
min(3(), 7(9))- Then | = g.

And by Theorem 7, we have Corollary 7.3:

Corollary 7.3:  Suppose that IK is of characteristic 0. Let f, g € A(IK) share
hi, he, hs € A(IK), ignoring multiplicity, such that p(h;) = p(f) = p(g), j =
1,2,3, o(hj) =0, j=1,2,3 and 0 < min(c(f),c(g)). Then f =g.

Corollary 7.4: Suppose that K is of characteristic 0. Let f, g € A(IK) be
clean and share hi,ha,hs € A(IK), ignoring multiplicity, such that p(h;) =
o) = plg), 5= 1,2,3, o(h;) = 0, j = 1,2,3 and 0 < min(o(f), o(g)). Then
f=9

Theorem 8: Suppose that IK is of characteristic 0. Let f € A(K) and
let h € A(IK) satisfy, for a certain R > 0, |h|(r) < |f|(r) ¥r > R. Then

p(f+h)=p(f), o(f +h) =o(f) and $(f + h) = ¢(f).

Corollary 8.1: Suppose that IK is of characteristic 0. Let f € A(IK) and
let h € A(IK) be a small function with respect to f. Then p(f + h) = p(f),

o(f+h)=0o(f) and Y(f +h) = ¥(f).

Theorem 9: Suppose that K is of characteristic 0. Let f € A(IK) be such
that 0 < p(f) < +oo. Then p(f) = p(f), o(f') = o(f). Moreover, if f is
clean, then Y(f') > o (f) and if ' is clean, then ¥(f") < ¥(f).

Corollary 9.1:  Suppose that K is of characteristic 0. Let f € A(IK) be such
that 0 < p(f) < 4+oo. If f and f' are clean, then ¥(f') = ¥(f).
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By Theorem 9, we can immediately derive Question 2:

Question 2: Suppose that IK is of characteristic 0. Let f € A(IK) be such
that 0 < p(f) < +o00. Do we have Y(f') =(f)?

In [3], the first statement of Theorem C is proved.The second statement is
easy:

Theorem C: Suppose that IK has residue characteristic 0. Then for every
f € A(IK) such that 0 < p(f) < 400, we have V(f") = (f). Moreover, if f is
clean, so is f'.

Question 2, in the general case, then seems natural, as suggested in [2] and
[3]. However, by Theorems 2 and 7, we can write Corollary 9.2:

Corollary 9.2: Suppose that IK is of characteristic 0. Let f € A(IK) be such
that 0 < p(f) < 4+o00. Then,

[W(f) = (oo < p(Nl(e = Da(f) = a(f)]-

In order to prove Theorem 10, we need to recall the second Main Nevanlinna
Theorem for p-adic entire functions (for example Theorem C.4.24 in [6]) and
first, we will need the counter functions of zeros for an entire function.

Here we will choose a presentation that avoids assuming that all functions
we consider admit no zero and no pole at the origin.

Question 3: If an entire function f € A(IK) is clean, is f’ clean too?

Definitions: Let f € A(IK). We denote by Z(r, f) the counting function of
zeros of f in d(0,r) defined in the following way.

Let wo(f) be the order of multiplicity of 0 if it is a zero of f and let wo(f) =0
else.
Let (a,), (1 < n < g(r)) be the finite sequence of zeros of f such that
0 < |an| <, of respective order s,,.
q(r)
We set Z(r, f) = max(wo(f), O)Logr—i—z $n(Logr — Loglay|) and so, Z(r, f)
n=1
is called the counting function of zeros of f in d(0,r), counting multiplicity.

In order to define the counting function of zeros of f ignoring multiplicity,
we put @o(f) =0 if wo(f) =0 and wo(f) =1 if we(f) > 1.
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Now, we denote by Z(r, f) the counting function of zeros of f ignoring
multiplicity:
q(r)
Z(r, f) = Wo(f)Logr + Z Logr — Log|a,|) and so, Z(r, f) is called the count-

ing function of zeros off in d(0,r) ignoring multiplicity.

And we denote by Z°(f’,r) the counting function of the zeros of f’ that are
zeros of f — a, for any n < ¢(r).

Theorem N: Suppose that IK is of characteristic 0. Let f € A(IK) and let
ai,...,aq € IK. Then

(¢ = 1) Log(|fI(r Z —a;) = Z°(f',r) = Log(r) + O().

Theorem 10: Suppose that K is of characteristic 0. Let f € A(IK) be such
that 0 < p(f) < +o0 and let ay, ...,aq € IK. Then

M-

(g — 1Do(f) <limsup (rﬁif

r—400

7(7’,][' - ai) - Zo(flvr))'

I
A

i

Corollary 10.1: Suppose that K is of characteristic 0 and let f € A(IK) be
clean. Let ay,...,aq € IK. Then

(¢ —1)o(f) < liminf Z(r, f —a;) — 2°(f, r))

/
—

>

-

r—+oo \re(f —
and
q
O/ ¢/
(g Do) < timnf (40 > 70f ) = 2(f',7)).

We will now answer the question 1.

Theorem 11: Suppose that IK is of characteristic 0. There exist regular
non-clean functions f € A(IK) such that (f) > p(f)o(f).
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I1. Proofs of theorems

Proof. of Theorem 1: All conclusions are easy except that p(fg) = max(p(f), p(g)).

It is clear that p(fg) > max(p(f), p(g)), since |fg|(r) = |£|(r}lgl(r). Now, let
t = max(p(f), p(g). Then there exists a function w defined in R, of limit 0 at

0o, such that Log(%&%l(r))) <t +w(r) and M <t +w(r). Hence,

og(r)
we have
Log(|f|(r)) < '+, Log(|g|(r)) < r'+e()
hence
Log(|£1(r)) + Log(lgl(r)) < 26+
therefore

Log(Log(|£1(r) + Log(g|(r) ) < Log(2) + (¢ +w(r))Log(r)

hence,
Log(Log(11(r)) + Log(sl(r))) < Log(2) + (¢ +(r)) Log(r)
hence Log(Log(|f|(r)1gl()) _ Log(2)
og(Log r).|g|(r 0g
Log(r) < Tog(ry T T
and hence

<t.

o sup Z09(L00(71(r) 191(+)))
r——4o0 LOg(’f‘)

Consequently, p(fg) < max(p(f), p(g)), which ends the proof.

In the proof of Theorem 2, we will use the following Lemma 1 that is classical

[6]:

Lemma 1: Let f(x) € A(K)) be such that f(0) # 0, let r €]0, R and let
a;, 1 < j <q be the zeros of f in d(0,r), of respective multiplicity m;. Then

Log(|(f|(r)) = Log(|f(0)]) + Z m;j(Log(r) — Log|aj])-

Proof. of Theorem 2:  Without loss of generality we can assume that
f(0) = 1. Let u = p(f). Let (an)new be the sequence of zeros of f with
|an| < lant1], n € IN and for each n € IN, let w,, be the multiplicity order of
ay. For every r > 0, let k(r) be the integer such that |a,| < r Vn < k(r)
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and |a,| > 7 ¥n > E(r). Then by Lemma 1, Log(|f|(r)) is of the form

k(r) k(r) I I
Z wp(Log(r) — Log(|ax|)) hence, we have o (f,r) = 2n= n ng((f)) %9(lan])) .
r
n=0
s(r, f)
In the same way, for any r > 0 and n € IN, we put ¢, = |a,|, ¥(f,r) = O
r

We first show the inequality p(f)o(f) < ¥(f). By definition of o(f,r) w
can derive

k(re™) —
wy (Log(r) — Log(re™®)
o(fr)= >, ( - )
n=0
k(re™) _
wn (Log(re) — Log(c.)) wa(Log(r) — Log(ca)
+ Y - + Y - :
n=0 " k(re—)<n<k(r) "
hence
n(Log(r) — Log(re=*))
a(fr) < Z —
n=0
k(re™®) _
wn(Log(re~) — Log(ca) w,
+ Z ru + « Z 7’7’
n=0 k(re=«)<n<k(r)

because Log(r) — Log(c,,) < a Vn € [k(re=*), k(r)] N IN. Consequently,

k(re™<) k(re™<) _
w wp, (Log(re=®) — Log(cy,)
drnca Y ey s ettt ) - Leote)
n=0 n=0
Wnp,
k(re=«)<n<k(r)
therefore
k(r) k(re™
W, wn Log ~) — Log(cy)
Hsay Uy z ppe
n=0 n=0
hence
k(re™)
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Thus we have
(1) o(f,r) <e “o(fre™) +ayp(f,r).

Suppose first that o(f) < +oo. We check that we can pass to supe-
rior limits on both sides, so we obtain o(f) < e “*o(f) + ay)(f) therefore

1 — g~ u
a(f)u < ¢(f). That holds for every o > 0, hence by de I'Hopital’s

theorem, we can derive

(2) () =z p(f)o(f).

Now by (1), we have

G(f? T)(l - eiua) < O“Z)((T? f)a

hence passing to inferior limits on both sides, we deduce

o(f)—e"a(f) _ =

- <¥(f)
hence
u(E(f) — o) _ g
therefore when au = 1, we obtain
3) o1& - 2y < i)

We will now show the inequality

O(f) < p(f)lea(f) = a(f))-

Let us fix a > 0. We can write

k(re™ )

o(f,r)= Z wp(Log(r) — Log(re~=?))

n=0 ru
k(re™) —a
w;(Log(re”®) — Log(cn)) w;(Log(r) — Log(c;))
+ 2 . + :
j=0 " k(re=«)<j<k(r) "
hence

k(re™) k(re™®

) w; og(re~®) — Log(c
o(fr)za Y E4 Y w;(Log(re™*) — Log(cn))
7=0

,ru
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hence
k(e ™) k(re”®) -
_ Wn, _ wn(Log(re O() — Log(cn))
4 > ux ua
Wl 2 ae Z (re-o)u e Z (re—a)u
n=0 =0
and hence
(5) g(f7 ’I“) > ae—“aw(f’ Te_a) +€_ua0'(f, re_a).

Therefore, we can deduce

ae” " y(f) < limsup (o(/,r) = e "o (f,re ™))

rvboo
and therefore

(6) ae " P(f) < o(f) — e "G (f)).

That holds for every a > 0 and hence, when ua = 1, by (6) we obtain
(7) G(f) < p(f)(ea(f) = 3(f))

which is the left hand inequality of the general conclusion.
Particularly, we notice that when o(f) < +oo, then ¥(f) < +o00. Now, on

(4) we can also take the inferior limit on both sides and we deduce

F(f) > ae " Y (f) + e "F(f)

therefore B
ae " MP(f) < a(f)(1—e ™).

Then when ua tends to 0 we have

(8) () < p(f)a(f).

Now, suppose that o(f) = +o0o. We can find an increasing sequence r,, of
limit 400 such that

o(f,rn) =sup{o(f,r) | r <rn}, n € IN. Consider (1) when min(e, ua) > 1.
Then o(f,rne”®) < o(f,7)n, hence of course

(1 —e™Mo(f,rne”) < (1 —e o (f,rn)

and hence o(f, ) — e "a(f,rpe=®) > (1 — e~")o(f, ), therefore (1 —
e "N (f,rn) < W(f,rn), which proves that ¥(f) = +oo.
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Thus, o(f) < +oo is equivalent to ¥(f) < 4+o00. Consequently, Relations
(2), (3), (5), (7), (8) still apply and hence hold as soon as o(f) < 400 or

P(f) < +o0.
Now suppose that zz(f) = 9(f). Then we have
p(f)o(f) <o(f) < p(f)a(f)
therefore o(f) = &(f), since p(f) > 0.

Conversely, suppose that o(f) = d(f). Then by (6) we have

el — 1)
" .

() <o)

That holds for every o > 0 and then, ¥(f) < uo(f), i.e. ¥(f) < p(f)o(f),
hence by (2) we have, v(f) = p(f)o(f).
But now, by (1), we see that

ay(f,r) = o(f,r) —e "o (f,re”)
hence, passing to the inferior limit,
a(f) 2 o(f)(1—e") Ya >0
therefore O(f) > p(f)o(f). But we just showed that 1(f) = p(f)o(f), hence
e(f) =o(f)
Proof of Theorem 3 Let s = p(f) >t = p(g). Then p(fg) = s, hence

Log((fgl(r) _ . Log(F|(r)Isl(r))

r—+o0 T

o(fg) = limsup

r—+00

Now, if s > t, then

(Log(lfl(r)) n Log(\gl(r)))

o(fg) = limsup

r——+o00 r e
L L
< lim sup Log(l£](r)) + limsup w =o(f) +0o(g).
r——+o00 rs r—+o00 r
Then we notice that when ¢t < s, we have
L L
oy LA Log(Uf10)
r—-+o00 rs r——+o0 rd

Particularly, if f is clean we have limits instead of limitsup as long as f is
concerned. Consequently, if ¢ < s, then fg is clean.
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Now, suppose that f and g are clean and that s =¢. Then
Log(|fI(r)) + Log(lg|(r)) _ .~ Log(fI(r)) + Log(|g|(r))

lim sup ; = n
r—+o0 r r—-+o00 r

=a(f)+o(9).
Thus fg is clean. And by Theorem 1 and Theorem 2, we have (fg) =
p(f9)a(fg) = p(f)(o(f) +a(g)) = ¢(f) +P(9).

Remark: A similar proof applies to complex entire functions.

Proof of Theorem 4. By hypothesis, there exist a > 0 and R > 0 such that

W > a Vr > Rhence Log(Log(|f|(r))) > Log(a)+p(f)Log(r) Vr > R

therefore
Log(Log(|f](r))) . Log(a)
Log(r) ~ Log(r)

and hence 3(f) > p(f) ie. p(f) = p(f).

+o(f)vr=R

In order to prove Theorem 5, we must recall the following Theorem D which
is Theorem 1 in [1] and Corollary D.1 which is Theorem 4 in [7] and derives
from Theorem D.

Theorem D: Suppose that IK is of characteristic 0. Let f € M(IK) be
transcendental, admitting a primitive F. If there there exists ¢ > 0 and u > 0
such that the number of multiple poles of F', taking multiplicity into account,
o(r, F), satisfy ¢(r, F) < cr®, then f has no quasi-exceptional value.

Corollary D.1: Suppose that IK is of characteristic 0. Let f € M(IK) be
transcendental, admitting primtiives. If Log(t(r, f)) < O(Log(r)), then f has
no quasi-exceptional value.

Proof of Theorem 5. Let f = % admit primitives and be such that ¥ (h) <

+00. Then s(r,h) < (1(h) + 1)r?") when r is big enough. Consequently,
t(r, f) = s(r, h) < (¢(h) + 1)r?(M). Therefore by Corollary D.1, f has infinitely
many zeros. The same applies to f — b for every b € IK, which ends the proof.

Proof of Corollary 5.2. Indeed, a meromorphic function having no residue
different from zero admits primitives [6].

gh—h'g

Proof of Corollary 5.3. Let f = % with o(h) < +00. Then f' = W2

and o(h?) = 20(h). Thus one can apply Corollary 3.1 to f'.
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Proof of Theorem 6. By hypothesis, there exists A > 0 and R > 0 such that

Log(Log(|R[(r)))
Log(r)

+22<p(f)¥r>R

and hence there exists R’ > R such that
Log(Log(|h|(r))) + ALog(r) < Log(Log(| f|(r))) Vr > R’

therefore 7* Log(|h| (1)) < Log(|f|(r)), which proves that
Log(|h[(r))

im = 0, what ends the proof.
r=+oo Log(| f|(r))

Proof of Theorem 7. By hypothesis, we have

- Log([hl())
r=+oo Log(| f|(r))
hence Log(|h|(r)) is of the form (Log(| f|(r))(6(r)), with TEI-POO 6(r) = 0. There-

fore, |h|(r) < |f|(r)) when r is big enough and hence |f + h|(r) = |f|(r),
therefore p(f + h) = p(f). Then

log(f[ + h[(r))

Tp(f+h)

=0

e EOD

lim sup msu oD

hence o(f + h) = o(f).

Now, there exists R > 0 such that |f + h|(r) = | f|(r)Vr > R. Consequently
the number of zeros of f + h in each disk d(0,r) equals the number of zeros
of f in d(0,r), for every r > R. Consequently, since p(f + h) = p(f), we have

P(f +h) =9(f)

Proof of Theorem 8. By hypothesis, we have |h|(r) < |f|(r) when r is big
enough and hence

(1) [f +hl(r) = 1£1(r)

therefore p(f + h) = p(f). Consequently, o(f + h) = o(f).

Moreover, by (1) we notice that when r is big enough, by classical results
6], in each disk d(0,r), the number of zeros of f + h equals this of f, therefore

P(f +h) =o(f)
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Proof of Theorem 9. The statements p(f') = p(f) and a(f) = o(f) are
given in [2] and [3]. Now, suppose that o(f) = a(f). Set f(x Z ant

Theorems 2 and C,

e(f) = ep(f)o(f) = limsupn {/]an e,

n—-+oo

1
But we know that — < |n| < 1 Vn € IN, hence lirf Y|n+ 1| =1, therefore
n n—-+o00o

ev(f) = limsupn {/|(n+ Dansa /9 = ea(F)p(f') < ev(f).

n—-+oo

Similarly, if o(f’) = o(f'), then we can see that ¥(f) > ¥ ().

In order to prove Theorem 10, we need to recall. the second main Nevan-
linna Theorem for p-adic entire functions (for example Theorem C.4.24 in [6]).

Theorem N: Suppose that K is of characteristic 0. Let f € A(IK) and let
ai,...,aq € IK. Then

Z(r, f —ai) = Z°(f',r) = Log(r) + O(1).

'MQ

s
Il
-

(¢ = 1)Log(|f](r)) <

L
Proof of Theorem 10. We have o(f,r) = %}J}(r))’ hence by Theorem N,
T

q
PO ol0) <300S 0 = 2" ) = Loalr) + 00
The conclusion is then obvious.

In the proof of Theorem 11, we will use the following basic lemmas:

Lemma 2 Let f1, fa be two functions from IRy to R4 such that

lim fi(x) = lim fo(z)=+oo

r—+00

and

fil) f1(@)
i B e

=a > 0.
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Then
L Log(fi(a))

AP Tog(f(a)) &

Lemma 3: Leta, 8 € Ry andlet g(x) = e (ax— ). Then ¢’ has a unique

B
B B -0+ 7) - . B
zero at 1+— and g(1+=) = ae a’. Moreover, g is increasing in [0, 1+ =]
a a a

and is decreasing in [1 + é, +oo[ and tends to 0 when x tends to +oo.
o

Now let us recall that the definition of a divisor in IK.

Defintion: =~ We call divisor in IK a sequence (ay,, v, )neN Where (ap)neN is
a sequence in K such that lir_irrl |an| = 400 and each v, belongs to INx* [6].
n—-—+0o0

The following Lemma 4 is classical (see for example Corollary B.18.5 of [6]).

Lemma 4: Given a divisor (ay,, v, )nenN in IK, there exist functions admitting
each a, as a zero of order v, and no other zero and two such functions are
proportional.

Proof of Theorem 11. We begin the definition of positive increasing se-
quences (Tm)meN, (Qm)men In IN*, (Bm)men, where rg = 1, ro,, € |K|, 2r9,, <
Q< 2r9m + 1, We put ¢ = am — am—1, Vm = Log(rym), Bo = 0 and
B = Bm—1+ gm(Log(ram)).

In [0, +00[, we define g (v) = e™¥(agv — Bx) up to the rank m and suppose
that the function g, satisfies 1 < gg(vor) < 1+ ﬁ and 1 < gg(vopye) <
1+ W Vk=1,....,m—1and gx_1(var) = gr(var).

Br Br

By Lemma 3, g is increasing in [—,1 + —] from 0 to a maximum equal

Qg Qg
Br
1+ —
to age @ and is decreasing to 0 when v tends to +oco0. Hence g takes the

value 1 at a unique point Aoy in [@,1 + &] and at a unique point Aggyo €
Qg

o
1+ %,—i—oo[. We then have gp(Aog) = e 25 (apdar — Bi) and gr(Aokta) =

e~ 2k+2 (o Aog 12 — fBm) hence

A2k A2k42

e + By ekt 4 By

Aok = — and Aggyo = — > vo4+1 and we can take the value
k k

Tar+2 € |IK| close enough to e*2++2 such that, putting 7940 = €2+, we then
have
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1
1< =1 <l+———
< gr(Var+2) +rp <1+ AEk+ 1)
and
(1) 1< gr(var) = 14y < 1+ —
1% = — -
< 9k(V2k Ye < e

We notice that rogio > ropy1 hence vopyo > vopy1. Next the function griq
is defined in the same way in [vogyo, Vog+a] a8 gr11(V) = e ¥ (ag+1V — Brt1)-
And we can check that gr11(vort2) = gk (Vak12)-

Then by Lemma 3, g,, has a maximum at

(2) Vom+1 = 1+ Bﬂv

m

Bm+41
and gm41(Vam+43) = Qpyre®m+t > 1,

Berl
Qm 41
hence vo,,13 > Vam42. Consequently, the sequence (1, )nen and is strictly in-

creasing. This way, the sequences are now defined for all m € IN. Recall that

Bm +e?m(1+x
qm = Oy — Ol — 1. We pUt ®m = V2om+1—"V2m- Then, Vom = n ( m)

and g,,+1 has a maximum at v, 13 = 1+

A
and hence by (1) and (2) we obtain
Vam 1 1 1
3) @, —1- 0t g rem(Aym) g Tem( At Ym)
¥m Qm 2T2m + Nm

where (9 )men s a positive sequences bounded by 1 and the sequence (yy,),
1
by (1), satisfies 0 < y,,, < W Then

11 55
2 8(m)2 "~ 32

(4) O >

We can now define by induction the sequences (71,), (¥m), (gm), (Ym), (Om)
and then liIJIrl rn, = +00. Consequently by (3) and (4),
—+00

n

1
li = —.
(5) im O, 5

m——+00
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We now obtain

(14 Bm
gm(V2m+1) = e_V27YL+1 (amVQerl - Bm) = ame (1+am,)
and hence, by (2),
2T9m m 3
(6) gm(V2m+1) — M — 26 O + Cm
T2m+1

where ((m)men is a positive sequence of limit 0, since

lim rop41 = 4o00.
m——+oo

We can now define a function g in [0, +oo] as g(v) = gn(v) when v €
[Log(ram), Log(ram2)[-
So, by (5) we have

(7) lm  g(vamsr) = \%

m——+00
Thus, we can check that

(8) limsup g(v) = limsup g(vam+1) < 2.

v——+o00 m——+o0

Now, by Lemma 4 we can consider the entire function f admitting g, zeros
on each circle C(0,72,,) and no other zero. Let (a;m)1<j<q,,) be the zeros of
f on the circle C(0,ra.y,).

Then, when 2m < r < 79,12, the counting functions of zeros of f (counting
multiplicity) is of the form

m gk

Z(f, 1) =YD (ax(Log(r) — Log(raw)))

k=1j=1

= Z qx(Log(r) — Log(rax)))
k=1

and hence, putting a,, = Y jo;qx and By = Y, qxT2k, the function g
appears as the quotient of the counting function of zeros of f (counting mul-

L
tiplicity) by e” when we put v = Log(r) . So, we have M = g(v)
whenever Log(r) = v € [Vam, Vam+2] and therefore by (1) we can see that
L
tim inf 22U

r—+00 r
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and

Log(|£](r))

oE

= m_Jg(ami)| =

(9) lim sup

r—+00

Moreover, by (9) and Lemma 2, we have

Log(Log(|f](r)))

li =1
5o Log(r)
hence p(f) = 1.
L 2
Further, since lim sup M = — and
r—+00 r €
e Log([fI(r) 1 _ 2 PN s
l}r_r}igT =1 we can see that o(f) = = and o(f) = 1. Thus, f is

not clean though it is regular.

More precisely, by construction, for every r € [rom,, ram+2[, we have ¢(f,r) =
2”% and hence ¥(f,ray,) is of the form 2+ y,,, where (Ym)men IS a se-
quence of limit 0. Therefore ¢(f) > 2, while p(f) = 1. This shows that f
does not satisty the relation ¥(f) = p(f)o(f) and hence, this is is not always
satisfied when a function f is not clean.

ITI. Remarks

Remark 1: Of course, by Theorem 2 we know that the function f built in the
proof of Theorem 11 satisfies ¢(f) > ¢ (f). But we can directly verify this: on
one hand 9 (f) = 2 and on the other hand, we can see that ¥ (f, ram41) = . Gm
and hence by (5), ¥(f) < %.
Next, f must satisfy Theorem 2: p(f)o(f) < ¥(f) < p(f)(ea(f) —a(f)).
Let us check. We have seen that ¥(f) =2, p(f) =1, o(f) = %, a(f)=1.

Then, p(f)(ea(f) —a(f)) = 2v/e —1 > 2. That is O’kay.

2m+1

Remark 2: By Corollary 4.1, we see that a clean entire function such that
o(f) > 0 is regular. The converse is not true, as shows Theorem 11.

In complex analysis, given an entire function f, we put

M(f,7) = sup{|f(2)loc; [2loc =7}
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where | . | is the archimedean modulus on €. In [4] the authors claimed that
if a complex entire function f satisfies

Log(Log(M(f,1)) _ . . Log(Log(M(f.1)))

lims
ot Log(r) r—+oo Log(r)
then
Log(M Log(M
bmoup LO9OIU)) o Log(M (£.r)
r—+00 P r—+00 P
Log(Log(M
where p = lim o9(Log( (f,r))). In the field IK, we just checked that such
o0 Log(r)

a theorem does not hold. Actually, the proof of [1] is put in doubt by the
following argument held in Lemma 2 of [4]:

since

T = 400,

[ e 1),

. (6$p(TA))t75+1

”thenﬁ

it €2P(Log(M (1)

ro4o0  (exp(r))t—¢ = too

exp(rA(t —e+1)) ‘

Suppose for example that in [rg, +oo[, M (r, f) is equivalent to
r

t— 1 1
Then czp(rA(t — e + 1)) is equivalent to — and hence
exp(rA(t —e)) r
“+o0
/ exp(LogA(J\{Ezﬁ))dr — oo,
ro  (exp(r?))
but

=0.

enp(Log(M(r. )
P (eap(r)
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