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Abstract. In this paper, we introduce a new algorithm for solving strongly
monotone variational inequality problem, where the constraint set is the
solution set of the split variational inequality and fixed point problem. Our
method uses dynamic step sizes selected based on information of the pre-
vious step, which gives strong convergence result without the prior knowl-
edge of the given bounded linear operator’s norm. In addition, using our
method, we do not require any information of the Lipschitz and strongly
monotone constants of the mappings. Several corollaries of our main re-
sult are also presented. Finally, a numerical example has been given to
illustrate the effectiveness of our proposed algorithm.

1. Introduction

Consider two real Hilbert spaces, denoted as H1 and H,, with a bounded
linear operator A : Hy — Ho. Let C be a nonempty closed convex subset of
‘H,. Additionally, let F' : Hy — Hy and T : Hy —> Ho be given mappings.
The Split Variational Inequality and Fixed Point Problem (SVIFPP) aim to
find a solution z* in the space H; for which the image A(x*), under the operator
A, serves as a fixed point for another mapping in Hs.

To be more specific, the SVIFPP can be formulated as follows:

(1.1) Findz* € C: (F(z*),z —2*) >0 Vz € C
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such that
(1.2) T(A(z")) = A(z™).

A particular instance of the SVIFPP, denoted by equations (1.1)-(1.2) with
F =0 and T = Py, corresponds to the Split Feasibility Problem (SFP). In
short, the SFP can be stated as follows:

(1.3) Find z* € C such that A(z*) € Q,

where C' and @) are two nonempty closed convex subsets of real Hilbert spaces
‘H, and Ho, respectively. Recently, it has been demonstrated that the SFP can
serve as a practical model in intensity-modulated radiation therapy [10, 11,
13] and in various other real-world applications. To solve the SFP and their
generalizations, numerous iterative projection methods have been developed.
For more details, see [1-9, 12-16, 18, 21, 23, 24] and the references therein.

To find a specific solution to the SVIFPP, Hai et al. [14] investigated the
following variational inequality problem

(14) Find z* € Qgvirpp such that <S(£C*), T — $*> >0Vzx € QSVIFPPa

where S : H; — H; is n-strongly monotone and k-Lipschitz continuous on
Hi, F : Hy — H; is pseudomonotone on C' and L-Lipschitz continuous on
Hy, T : Ho — Hs is y-demicontractive and demi-closed at zero, Qgyirpp =
{z* € Sol(C,F) : A(z*) € Fix(T)} defines the solution set of the SVIFPP.
As detailed in [14], the authors recommended the subgradient extragradient
method to solve problem (1.4) (refer to Algorithm 1 in [14])

20 € Hi,
u = A(z"),
v =T(u"),
(1.5) Yy =a" 4 0, A* (v —u"),

2" = Po(y" — pnF(y™)),
t" = P, (y" — unF'(2")),
"t =t — e, S(t")

where C,, = {w € H1 : (y" — p  F(y") — 2", w — 2") < 0}, {6} C [4,6] C

1—7 1 .
<O,W), {,LLn} C [a,b] C (O, Z), {sn} C (0,1), nh~>nclo€n = 0 and
Zan = oo. In [14], the authors proved that the sequence {z™}, generated
n=0

by (1.5), converges strongly to the unique solution z* of the variational in-
equality problem (1.4), assuming the solution set Qgyvippp of the SVIFPP is
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nonempty.

In extragradient methods, performing two projections onto the constrained
set C per iteration can hinder the algorithm’s efficiency. To overcome this chal-
lenge, Tseng’s extragradient method [20] reduces the computational burden by
performing only one projection onto C' in each iteration. The formulation of
Tseng’s extragradient method is outlined as follows:

20 e H,
(1.6) y" = Po(a™ — pF(a™)),
2"t =y — u(F(y™) — F(a™)),

1
where F'is L-Lipschitz continuous, and pu € (07 f) It is important to highlight

that the main drawback of Algorithms (1.5) and (1.6) is the need to know the
Lipschitz constants of the operator F', or at the very least, to have estimates
of this parameter.

In this paper, motivated by the previously discussed works, we propose a
novel algorithm designed to solve the variational inequality problem over the
solution set of the split variational inequality and fixed point problem (1.4).
The main contribution of the algorithm is the replacement of the subgradient
extragradient method in Algorithm (1.5) with a modified version of Tseng’s
extragradient methods, which use self-adaptive step sizes. By implementing
this modification, the need for the Lipschitz constant of the cost operator F' is
removed, resulting in a faster convergence rate. Additionally, our method does
not require any prior information regarding the norm of the operator A.

The paper is structured as follows. Section 2 presents key definitions and
preliminary results, which are utilized in Section 3, where the algorithm is
introduced, its strong convergence is established, and several corollaries are
discussed. In the final section, a numerical example is provided to compare the
performance of the proposed algorithm with that of Hai et al. [14].

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. It is
well-known that for all point @ € H, there exists a unique point Po(z) € C
such that

(2.1) [ = Po(z)| = min{[lz —y|| : y € C}.

The mapping Pc : H — C defined by (2.1) is called the metric projection of
‘H onto C. Notably, Po is nonexpansive. Additionally, the following inequality
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holds for all for all x € H and y € C":
(x — Po(),y — Pc(z)) < 0.

Definition 2.1. Let Hq and Ho be two Hilbert spaces and let A : Hy — Ho
be a bounded linear operator. An operator A* : Ho — Hi with the property
(A(z),y) = (x, A*(y)) for allx € H1 and y € Ha, is called an adjoint operator.

The adjoint operator of a bounded linear operator A between Hilbert spaces
‘H1, Ho always exists and is uniquely determined. Additionally, A* is a bounded
linear operator and the equality |A*|| = || 4| holds true.

Definition 2.2 (see [17]). A mapping S : H — H is said to be
(i) m-strongly monotone on H if there exists n > 0 such that
(S(@) = S(y),x —y) > nllz —y|* Yo,y € H;
(i) k-Lipschitz continuous on H if
15(z) = Sl < kllz —yl Yo,y € H.
Definition 2.3. A mapping T : H — H is said to be

(i) v-demicontractive if Fix(T) # (0 and there exists a constant v € [0,1)
such that

IT(x) — ac*||2 < |z — :1c*||2 + )T (z) — ac||2 Vo € H,Va* € Fix(T);

(i) demi-closed at zero if, for every sequence {x™} in H, the following impli-
cation holds

" —x Fix(T
ILm 1T (@) — 2] = 0 =z € Fix(T).

The subsequent lemmas are essential for establishing the main result in our
paper.

Lemma 2.1 (see [16]). Let C be a nonempty closed convezr subset of a real
Hilbert space H. Let F': H — H be a mapping such that lim sup(F(z"),y —

n—oo
y")y <(F(T),y —7) for every sequences {z™}, {y"} in H converging weakly to
T and g, respectively. Assume that p, > a >0 for all n, {x™} is a sequence in
H satisfying ™ — T and lim |2 —y"|| = 0, where y* = Po(z™ — punF(2™))
n—oo

for alln. Then T € Sol(C, F).
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Lemma 2.2 (see [22]). Let {u,} be a sequence of nonnegative real numbers,
{an} be a sequence in (0,1) such that Zan = oo and {v,} be a sequence of

n=
real numbers with limsup v,, < 0. Suppose that
n—oo

Unt+1 < (1 — ap)u, + apv, Yo > 0.

Then lim wu, = 0.
n—oo

Lemma 2.3 (see [19]). Let {a,} be a sequence of nonnegative real numbers
such that for any integer m, there exists an integer p such that p > m and
ap < apt1.- Let ng be an integer such that an, < an,4+1 and define, for all
integer n > ng, by

7(n) = max{k € N:ng <k <n,ar < ags1}.

Then {T(n)}n>n, 18 a nondecreasing sequence satisfying lim 7(n) = oo and
- n— oo

the following inequalities are satisfied:

Qr(n) < Ar(n)+1; an < Ar(n)+1 Vn > ng.

3. The algorithm and convergence analysis

In this section, we propose an algorithm with strong convergence for solving
the problem (1.4). We specify the following assumptions related to the map-
pings S, F' and T involved in the formulation of the problem (1.4).

(A1): S:Hi —> H; is n-strongly monotone and x-Lipschitz continuous on
Hi.

(A2): F :Hy — H; is pseudomonotone on C and L-Lipschitz continuous
on 7‘[1.

(Ay): limsup(F(z"),y — y") < (F(z),y —7) for every sequence {z"}, {y"}
in Hq convz;ég;g weakly to T and g, respectively.

(Ag): T : Hy —> Ho is y-demicontractive and demi-closed at zero.

The algorithm is presented as follows.

Algorithm 3.1.
Step 0. Choose yp > 0, p € (0,1), {pn} C [a,0] C (0,1 —7), {e,} C (0,1)

oo
such that lim ¢, =0 and Z Ep = OCO.
n—oo

n=0
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Step 1. Let 2° € H;. Set n := 0.
Step 2. Compute u™ = A(z™), v = T'(u™) and

yn g —|—5nA*(’Un _un)7
where the step size J,, is chosen in such a way that

pn”vn — un||2 :

———  if A*(v" —u") £0,

b= A —ump AT

0 if A*(v™ —u™) =0.
Step 3. Compute

2" =Po(y" — pF(y")),

" =2" = pn(F(z") — F(y")),

where

: plly™ — 2" o i
fing1 = mm{M@W—F@wWW} if F(y") # F(2"),
i if F(y") = F(z").

Step 4. Compute
" =" — e, S(t).

Step 5. Set n:=n+ 1, and go to Step 2.

The strong convergence of the sequence generated through Algorithm 3.1
is established by the following theorem.

Theorem 3.1. Assuming that conditions (A1), (A2), (As) and (A4) hold,
the sequence {x™} generated by Algorithm 3.1 converges strongly to the unique
solution of problem (1.4), provided that the solution set Qsyirpp of the SVIFPP
18 nonempty.

Proof. Since Qgvirpp # 0, the problem (1.4) has a unique solution, denoted
by a*. In particular, 2* € Qgyirpp, which implies that «* € Sol(C, F') and
A(z*) € Fix(T). The proof of the theorem is divided into several steps.

Step 1. For all n > 0, we show that

2
(3.1) (1= 25 )™ = 212 < Dy = |2 = e — a2
Mn+1

Given that z" = Po(y™ — pu, F(y™)) and z* € C, by utilizing the properties of
the projection mapping, we have

(" —pnF(y") — 2" 2" = 2") <0
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or, equivalently
(3.2) —(y" =22 =2t < —pn(F(y"), 2" — 7).
By applying the equality
Iyl = Il + yl* = ll=[I* — 2(z,y) Yo,y € Ha
and taking (3.2) into consideration, we derive
2" =& * = 1l(y" = ") + (2" = 2")? = [ly" = 2"|* = 2(y" — 2", 2" — &)
(3.3) <Ny — a2 — Iy — 22 - 2 (P ("), 2" — ).

Since z* € Sol(C, F), it follows that (F(z*),z — 2*) > 0 for all z € C. By
applying the pseudomonotonicity of F' on C, we deduce that (F(z),z—z*) >0
for all z € C'. Taking z = 2" € C, we obtain

(3.4) (F(2"),z" —a*) > 0.
From the definition of fi,,41, it follows that
n n ILL n n
(3.5) IF (") = F(") < —Ily" = 2"]].
Hn41

Indeed, if F(y™) = F(2"), then the inequality (3.5) is satisfied. Otherwise, we
derive the following

il

i :min{ iy = ="l }< plly™ — =
1E (™) = FEII] = @) = FEI

which implies (3.5).
From (3.3), (3.4) and (3.5), we obtain
[#" = 2| = [lz" — 2" — pn(F (") = F(y™))II?
= |27 = 2 |® = 2pa(F(2") = F(y"), 2" — 2%)
+ ol F") = )|
<ly™ =22 = lly" = 2"[* = 2pa(F(2"), 2" — 2)
+up|F(=") = Fy™)|)?
<y =22 = " = 2" + pa | F ") = Fy™)|?
2
<y = a2 = (1 2 )y = 2
lun-‘rl

As a result, we get

2
(1= 1252V = =2 < lly™ = a2 — [ — 2| ¥ > 0.
n+1
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Step 2. For all n > 0, we have

1
(3.6) (" — " A" — ")) < RATATES
Thanks to the y-demicontractivity of T, we get
<mn _ x*,A*(Un _ un>>
= (A(z" — z%),v" —u")

= (0" = A(2"),v" —u") = [l — u"||?
(" = A" = fJu" = A@)[?) = 0" = u"|]?]

(u") = A)? = [lu™ = A@)]?) = [l — u"[|?]

IN

AT (™) = a"|? = [lo" — "]

I
N =N =N =
— — —
—_—
N

1- Yin n
[0 — ™2
Step 3. We show that
(3.7) pnt1 < fny i > min (ﬁyuo) Vn >0, lim p, =p* > min (H,uo) .
L n—oo L
Since F' is L-Lipschitz continuous on H;, we have
I1F(") = F(z")Il < Lljy™ = 2.
Thus, when F(y™) # F(z"), it follows that

plly™ = ="
I1F(y") = F(z")]]

> B
=L

By induction, we obtain
fn = Min (%,Mo) Vn > 0.
From the definition of p,,41, it is clear that p,1 < p, for all n > 0. Therefore,

together with the fact that u, > min (%, uo) for all n > 0, it follows that the

sequence {u,} has a limit, denoted by u*, and we conclude that lim u, =
n—oo

" 2 min (7.0)
p* 2 min 7o)
Step 4. We show that, for all n > 0
2

T
A
(JA[+1)2

b n * 12 n * (|2
e (AT B A )

uM? < ly™ — 2"
(3.8)
ly" — 2| <
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We now consider two distinct cases.
Case 1. A*(v" —u™) = 0. From (3.6), we deduce that ||[v™ — u"|| = 0. Since
0n, = 0, it follows that y™ = ™. Therefore, (3.8) holds.
Case 2. A*(v" —u™) # 0. It follows from (3.6) that
ly™ =" = ll(2" — 2%) + 6, A% (0" — u™)|?
= [l = 2|2 + 0, A" (0" — u")|P + 200 (2" — 2*, A (0" — ™))
< o™ = 2| + 65| AT (" — u™)|P = 6n (1 = ) [lo" —u”?

=|jz" — x*”2 _ pallv™ — u"[* ) 1—v—pn
[A* (v — um)[]? Pn
2 n nl|4
prlv —ut|* 11—y —b
3.9 < lz™ —2*|)? — =2 : Vn > 0.
( ) = ”17 z || ||A*(’Un — un)||2 b n =
By applying (3.9), we get
ly™ —2™[|* = 0% A" (o™ —u™)|®
2 n n||4
_ Pn”'l) —u || * n nan2
= A —ama 4@ )l
2 n n||4
pn”U —u ||
(3.10) S il
[A* (v — um)[?
b n * n *
< g e =2 P = " =27 |FF) vn >0,

On the other hand
(3.11) [[A*(v" —u™)[| < [JA*[[[lo" —u"[| = [|A[[v" —u™|| < ([JA[[+D)[[v" —u™]|.

By using (3.10) and (3.11) together, we obtain

2 n n|(|4 2
no_ a2 > anU —u || a n_ ™2 Vi > 0.
lv* =="I" 2 G e e = qap oz v Yz

Therefore, the inequalities in (3.8) are proven.

2 2
Now, choose ¢ € (0, —Z) From lim ¢, =0and lim (1—u2 bn ) =1—p®>
K

n—oo n—00 2

Hn+1

0, there exists ng € N such that

> My >1—H2

[T 2

(3.12) en<eVn>ng, 1—pu >0 Vn > ng.

Step 5. For all n > ng, we show that

n n * * ETLT n *
(3.13) [t" — e S(™) — 2* + £, S(x*)|| < (1—T)Ht — 2,
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where 7 =1 — /1 —e(2n —ex?) € (0,1].
Given the k-Lipschitz continuity and 7-strong monotonicity of S on Hi, we
deduce

[t" — &*—e(S(t™) — S(=*))|?

= [[t" — 2*||? = 2e(t" — &%, S(t") — S(x*)) + 2[5 (") — S(=¥)|?

<t — 2 |? = 2en||t" — 2*|)? + 267t — 2¥|?

= [1—e(2n—er®)]|t" — 2™

From (3.12) and the inequality above, it follows that
[t"—en,S(™) — ™ + &, 5(z™)]]
n En n * n *

- H(1_ 7)@ — )+—[t o — (St — S(z ))]H
< (1= )l =)+ e — ot = =(S(E") — S
(1 - 7) ¢ — 2*|| + ?\/1 (@ —erd)||t" — z*|
[1 - 7(1 - 5&2))} [
(1 - —) [It" — 2*|| Vn > no.

Step 6. The sequences {2"}, {y™}, {t"} and {S(t")} are bounded.
From inequality (3.13), we obtain

2 — 2t = " — aS(E") — 2"+ eS(a") — nS(a)|
St —enSE") —a® +enS(@")| + enl|S(z7)]|
(3.14) < (1= D) =2l +2all @) ¥ = mo.
Using (3.1), (3.8) and (3.12), we get
(3.15) 11" — || < lly" = 27| < [|l2" — 27| Vn = no.
By applying (3.14) and (3.15), we derive
EnT

o+ =2 < (1= =7 )" = 2] + allS(a) |

n n S(x
:(1_2)”9&.” Q;H_,_ET MVnzno.
g T

In particular,

S
”mn—&-l_x*HSmaX{Hxn_x H 5” ( )H} nZno,
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and thus, by induction, we have

ellS(= )H}

la™ — || SmaX{Hx"U —z", Vn > ng.

Therefore, the sequence {2} is bounded and this is true for the sequences
{y"}, {t"} and {S(t")} as well, thanks to (3.15) and the Lipschitz continuity
of S.

Step 7. We prove that {«™} converges strongly to z*.

Based on (3.13), we deduce, for every n > ng, that

2"t =2 ||* < fla" T =2 |? + )15 ()P
= ||lz" — 2" 4+ £,8(@")||* — 2(e,S(z*), 2" — z*)
= |t" — e, S(t") — a* + e, S(x)||* — 26, (S(x*), 2" Tt — 2*)
<[(1-=D)e - e H} — 2e,(S(a*), 2" — 2*)
€
(3.16) (1 - E”J) 147 — 2|2 — 26, (S(z*), 2™+ — ).
We will consider two cases.
Case 1. Let us consider the case where there exists n, such that {||z" —z*||} is

decreasing for n > n.. Asaresult, the limit of {||z"—z*||} exists. Consequently,
from (3.15) and (3.16), we deduce, for all n > ng, that

g e e e
< la™ =2 = 1t — 2|
< (™ = 2|7 = lla™*" = 2*|?) - 2en(S ("), &" " — %),

Given that ||2™ — z*|| has a limit, with lim &, = 0, and the sequence {z"} is
o0

n—
bounded, the above inequalities yield that

(3.17) Jim ([l — 2" = [1t" — =*[|*) =0,
(3.18) lim ([|l2" — "% — [t — 2*[|*) = 0

It follows from (3.1), (3.12) and (3.17) that
(3.19) nl;rrgo|\y — 2" =0.
From (3.17) and (3.18), we have

(3.20) Tim (" 2" | ~ g~ 2*[?) = 0



12 Tran Viet Anh

Consequently, from (3.8) and (3.20), we get

(3.21) lim |ly" —z"| =0,

n—0o0

. n_.n N ny _ ,n —
(3.22) nh_}n;(} [lo™ — u™| :nlgr;o IT(u") —u"|| = 0.

Applying the triangle inequality along with the L-Lipschitz continuity of F' on
H1, we have

[a" =" < fla” = ™[l + ly™ = 2" + [|2" = 7|
= lla™ =y" |+ lly™ = 2" + [un (F(z") = F(y™))||
<l =y 1+ lly™ = 2"+ paLllz" — 3"
<2 ="+ (L + poL)lly™ = 2"
Therefore, using (3.19) and (3.21), it follows that
(3.23) nlgrolo |l —t"]| = 0.
Now, we prove that

(3.24) limsup(S(z*),z* — 2" ) <0.

n— oo

Choose a subsequence {z"} from {z"} such that

limsup(S(z*),z* — ") = lim (S(2*),2* — ™).
n— 00 v—00

As {z"} is bounded, we can assume without loss of generality that =" — .
Hence

(3.25) 1i£solip<5(w*), ¥ — 2"ty = (S(z%), 2" —T).

Using the weak convergence 2™ — T and (3.21), we infer 3™ — Z. From
(3.19), we have lim [|y™ — z™| = 0. Since z™ = Po(y™ — pn, F(y™)),
V—r 00

Y™ = T, Ly, > min (%,po) > 0. By Lemma 2.1, we obtain T € Sol(C, F).
From 2™ — Z, we imply v = A(z") — A(T). Together with (3.22) and the
demiclosedness of T, it follows that A(Z) € Fix(T). Taking into account that
T € Sol(C, F), we conclude that T € Qgvippp. Consequently, (S(z*),T — z*) >
0, and combined with (3.25), this gives (3.24).

By applying (3.15) and (3.16), we get

(3.26) &+ — 2*|? < (1 - E"J) 2™ — 2|2 + 2256, Wi > ng,
€ 3
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where
2e(S(x*), x* — ™ +1)

T

Using (3.24), we conclude that limsupb,, < 0. Since €, < ¢ ¥n > ngy and

n—oo

&i} . C (0,1). As a result, from (3.26),
n>ng

0 <7 < 1, it follows that { -

o0
Z en = 00, limsupb, < 0 and Lemma 2.2, we deduce that lim |z" —z*||? =
n—oo

n—o00
n=0

0, which implies 2™ — z* as n — oo.

Case 2. Assume that for every integer m, there exists an integer n such that
n >m and [|z" — z*| < |J2"*! — 2*||. By applying Lemma 2.3, we can define
a nondecreasing sequence {7(n)},>n of N such that nhﬁnolo 7(n) = oo and the

following inequalities hold
(3.27) [l2™™ —2*|| < [l2TF — 27|, ||z — 2¥|| < [l27F — 27| V> N.

Select n, > N such that 7(n) > ng for all n > n,. Using (3.27) and (3.14), we
get

27" — ¥ || < [|la7tIH — |
< (1= TOD) ) — 2 4 e IS
<7 — 2| + er (1S (@) Y > n.,
which together with (3.15) implies, for all n > n,, that

0< [ly™™ —a*|| = [lt7 — a7

(328) T(n * T(n * *
<™ — | = [ = 2| < ery IS @)
Then, it follows from (3.28) and lim &, = 0 that
n— oo

lim [y — || = 7™ —a*])) =0,
(3.29) nee

lim (o™ —a*|| — [ —2*])) = 0.

n—oo

Using (3.29) and the fact that the sequences {z"}, {y"} and {¢"} are bounded,

we derive
lim ([ly™™ = 2*||? = [¢7™) — 2*|?) = 0,
n— oo

lim ([|l27™ —2*[|? — |7 —27||*) = 0.

n—oo

Applying the same reasoning as in the first case, it follows that

(3.30) lim [Jz™™ — 7™ =0, limsup(S(z*),z* —2"™) < 0.
n—oo

n—oo
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‘We now observe that
a7 a7 = ) — T e S|
<7 — 2T 4 ey ISE)I,

which, in combination with (3.30), lim &,, = 0 and the boundedness of {S(t7("))},
n—oo
implies

(3.31) lim [z"™+ — 2™ = 0.

n—oo

Using (3.31) along with the Cauchy-Schwarz inequality, we get
(3.32) lim (S(z*), ™™ — g7+ = 0
n—oo

By combining (3.32) and (3.30), we conclude that
lim sup (S (z*), z* — x™(M+1)
n—oo

= lim sup [<S(x*), ¥ — 3;7'(")> + <S($*), x"’(n) _ xT(n)+1>]

n—oQ

(3.33) = limsup(S(z*),z* — z"™) < 0.

n—oo

Also, from (3.16) and (3.15), we get
(3.34) [2" — 2|2 < (17EH?T)Hx"f:c*||2+2€n<S(:c*),:E*fx"H) Vi > ng,

Since 7(n) > ng holds for all n > n,, we can conclude from (3.34) and (3.27)
that for all n > n.

* Er(n)T T(n * * * T(n
om0+ — |2 < (1= D) ) — 0|2 4 26, (S(a), 2" — 27
87’ T * * * T(n
< (1= T a0 2 4 22, (S(), 07 — 27,

As a result, since €,(,,) > 0

2
HxT(n)-&-l _ l‘*||2 < £<S($*),.’L‘* _ Z‘T(n)+1> Vn > n,.
T
By combining this inequality with (3.27), given that n, > N, we have
2e

(S(z*),z* — z™™*Y) ¥n > n,.
-

(3.35) lz™ — 2*||* <
Taking the limit in (3.35) as n — oo and applying (3.33), we arrive at

limsup ||lz" — z*||* < 0.
n—oo

Therefore, it follows that x™ — z* as n — oco. This completes the proof of
Theorem 3.1. |
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Remark 3.1. We highlight the advantages of Algorithm 3.1 compared to
the algorithm of Hai et al. in [14, Algorithm 1].

i) In Algorithm 3.1, unlike the result in [14, Algorithm 1], the step size is
selected in such a way that its implementation does not require any prior
knowledge of the norms of the given bounded linear operators.

i) Algorithm 1 in [14] requires computing or estimating the Lipschitz con-
stant of the mapping F', which is generally a challenging task in practice.
In contrast, our Algorithm 3.1 removes this restriction.

When F' is set to zero and T is defined as Pg, the SVIFPP described by
equations (1.1)-(1.2) reduces to the SFP given in (1.3). Consequently, utilizing
the results from Algorithm 1 and Theorem 3.1, we derive the following result for
solving the variational inequality problem over the solution set of the SFP. It
is important to note that the proposed algorithm requires only two projections
per iteration, and notably, its implementation does not rely on any information
about the norm of the operator A.

Algorithm 3.2.
Step 0. Choose {p,} C [a,b] C (0,1), {e,} C (0,1) such that le e, =0 and
n—oo

o

S ey =

n=0

Step 1. Let 2° € H;. Set n := 0.

Step 2. Compute u™ = A(z™), v = Pg(u™) and

yn — " +(5nA*(’Un _ un>7

where the stepsize d,, is chosen in such a way that
pullv"™ —u”|?

O = 4 |A* (™ —un)[]?

0 if A*(v™ —u™) =0.

if A* (0" — um) £ 0,

Step 3. Compute 2" = Px(y™).
Step 4. Compute
"t =" — g, S(2").

Step 5. Set n:=n+ 1, and go to Step 2.

Corollary 3.1. Let C and Q be two nonempty closed convex subsets of two
real Hilbert spaces Hi and Ha, respectively, and let S : H1 — H1 be a strongly
monotone and Lipschitz continuous mapping. Suppose that the solution set
Qspp = {z* € C : A(x*) € Q} of the SFP is nonempty. Then the sequence
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{z™} generated by Algorithm 3.2 converges strongly to x* € Qgpp, which is the
unique solution of the variational inequality problem

(3.36) (S(z™),x —a*) > 0V € Qgpp,
provided that the solution set Qgpp of the SFP is nonempty.

Assume the following conditions to be satisfied:

(B1): S:H — H is strongly monotone and Lipschitz continuous on #.

(B2): F : H — H is pseudomonotone on C and Lipschitz continuous on
H.

(By): limsup(F(z"),y — y") < (F(7),y — ) for every sequence {2"}, {y"}

n— oo
in H converging weakly to T and ¥, respectively.

When H; = Hy := H, and both T and A are the identity mappings in H,
the SVIFPP reduces to the variational inequality problem (1.1). Consequently,
by applying Algorithm 3.1 and utilizing Theorem 3.1, we obtain the following
result for solving the variational inequality problem over the solution set of an-
other VIP. It is important to emphasize that the proposed algorithm requires
only one projection onto the feasible set at each iteration, and its implemen-
tation does not require any information about the Lipschitz constants of the
mappings S and F, nor the modulus of strong monotonicity of S.

Algorithm 3.3.
Step 0. Choose g > 0, p € (0,1) and {e,} C (0,1) such that lim e, = 0,

n— o0
Y = oo
n=0
Step 1. Let 2% € H. Set n :=0.
Step 2. Compute
y" = Po(@" — pF(z")),
2=y = (Fy") — F(a")),
where
. plz"™ —y"|| } .
min y Hn lf F(In) 7é F(yn)a
fnt1 = { |1F(zm) — F(y™)||
fin if F(a") = F(y").

Step 3. Compute
"t =" — g, 8(2").

Step 4. Set n:=n+ 1, and go to Step 2.

Corollary 3.2. Under the assumption that conditions (By), (B2) and (Bs3)
hold, the sequence {x"} generated by Algorithm 3.3 converges strongly to a
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point x* € Sol(C, F'), which is the unique solution of the variational inequality
(3.37) (S(z*),z —x*) > 0Vzx € Sol(C, F),
provided that Sol(C, F) # 0.

4. Numerical illustrations

In this section, we present numerical experiments to demonstrate the effec-
tiveness of the proposed algorithm. The Python scripts were run on a 2017
MacBook Pro, featuring a 2.3 GHz Intel Core i5 processor, an Intel Iris Plus
Graphics 640 with 1536 MB of memory, and 8 GB of 2133 MHz LPDDRS3
RAM. The experiments were conducted using Python version 3.11.

Example 4.1. ([14]) Let RX be endowed with the standard Euclidean norm

|| = (23 + 23+ + a:%()% for all z = (21, 29,...,2x)" € RE. We consider
the SVIFPP with the mapping F' : R* — R* defined by F(z) = (sin ||z||+2)a®
for all z € R*, where a” = (12, 4,4, —4)T € R*. Additionally, let C be the set
defined as

C = {(x1,29,23,74)" € R*: 1221 — day + 423 — 424 > 9}

and the bounded linear operator 4 : R* — R? defined by A(z) = Mx for all

xz € R*, where
1 01 1
M= (0 11 —1)

Assume that T : R? — R? is defined by, for all y = (y1,2)" € R?

T(y) _ (yhyQ)T if U S Oa
(—le,yg)T if y1 > 0.

1
Then T is g—demicontractive and Fix(T) = (—o0,0] x R.

Consider the mapping S : R* — R* be defined by S(z) = x for all x € R%.
This mapping S is strongly monotone with n = 1 and Lipschitz continuous
with x = 1 on R*. In this situation, the problem (1.4) becomes the problem of
finding the minimum-norm solution of the SVIFPP.

The solution set Qgyippp of the SVIFPP is given by

QSVIFPP = {(1‘1,$2,(E3,.’L‘4)T S SOI(C’7 F) : A($1,$275L‘3,LL‘4) c FlX(T)}
= {(I1,$2,$3,$4)T eR*: 122 — oo +4x5 —day = 9,21 + x5 + 24 < 0}.
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1 1 INT
and the minimum-norm solution z* of the SVIFPP is z* = (7, ——,0,—=) .

We now provide a comparison between Algorithm 3.1 and Algorithm 1 in
1 1 I\T
[14]. Given that the exact solution of the problem is z* = (57 T 0, —5) , we
using ||z™ — z*|| < ¢ as the stopping condition. Both algorithms use the same
initial point z°, obtained by randomly generating values within the interval
[—10,10]. The parameters for each algorithm are chosen as follows:

1
e Algorithm 3.1: pug =2, p = 0.1, pln =1-10"2 and in TR
n -+ n -+
Algorithm 1in [14]: 6, = —/ ;= _"T°  hde, = ——.
* Algorithm 1in [14]: 0 = £557——075, #in = Go0, 605 24 o = 703

Table 1. A comparison of Algorithm 3.1 and Algorithm 1 in [14] using
various tolerances € and the stopping criterion ||z™ — z*|| < e

e=10"3 e=10""
Iter(n) CPU time(s) Iter(n) CPU time(s)
Algorithm 3.1 4274 0.8088 89639 9.6047
Algorithm 1 in [14] 28470 2.1334 295407 18.5596

Table 1 shows that our Algorithm 3.1 outperforms Algorithm 1 in [14] in
terms of both the number of iterations and CPU time.

Example 4.2. We consider the mapping S : R? — R3 defined by S(z) =
(4a1 416,429 — 4, 425+ 3)T for all x = (21, 20, 23)T € R3. It is straightforward
to verify that S is both strongly monotone and Lipschitz continuous on R3.
Define the sets C' = {(21, 72, 73)T € R® 1 21 — 29 + 2w3 = 4}, Q = {(u1,u2)T €
R? : 3u; — ug = 10} and let the bounded linear operator A : R®> — R? be
defined by A(z) = Mx, where

1 -4 2
M(2 -9 —4>'

The solution set Qgpp of the SFP is given by

xr1 — Lo + 21‘3 =4
Qspp =
3(x1 — 4xo + 2x3) — (221 — 922 — da3) = 10

. T — To+ 2x3 =4
)y — 325+ 1023 = 10,

which can be expressed in parametric form as:

Qspp = {(2t +1,4t = 3,1)" : t € R}.
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Assume that o* = (2t* + 1,4t* — 3,t*)T € Qgpp satisfies the variational in-
equality

(S(z*),z —x*) >0 YV € Qgpp.
Given that S(z*) = (8t* +20,16t* —16,4t* +3), v — ™ = (2t — 2t*, 4¢ — 4¢*, t —
t*)T, the inequality becomes

(8t* 4 20)(2t — 2t™) + (16t* — 16) (4t — 4¢*) + (4t* + 3)(t — ¢*) > 0 Vt € R.

This expression simplifies to 21(4¢* —1)(¢t—t*) > 0 for all t € R. This inequality

holds if and only if t* = T Therefore, the unique solution to the variational
3 I\NT

2 -2, 7) .

2 4

We select an initial point 2z € R?, where each component of z° is randomly

1
generated within the closed interval [—10,10]. With ¢, = nio and the stop-
n

inequality problem (3.36) is z* = (

ping criterion ||z — z*|| < €, we compute approximate solutions to the exact
3

solution z* = (5, -2, Z) for various tolerance levels €, as presented in Table

Table 2. Approximate solutions corresponding to various tolerance levels
€, obtained using Algorithm 3.2 with the stopping criterion ||z" — z*|| < ¢

€ Iter(n)  CPU time(s) ™

e=10"2 19392 1.2879 (1.491653, —1.996977, 0.254602) 7
e=10"3 194115 10.8199 (1.499165, —1.999698, 0.250460) "
e=10"% 1941349 109.1283 (1.499917, —1.999970, 0.250046) T

Example 4.3. We consider the set C C R? defined by
C={x=(z1,22,23)" € R®: 221 — 25 + 523 > 6}

Next, define the mapping F : R® — R? by F(x) = (sin ||z|| + 6) f° for all z €
R3, where 0 = (2,—1,5)T € R3. It is easy to verify that F is pseudomonotone
and Lipschitz continuous on R3. Furthermore, the solution set Sol(C, F') of the
variational inequality problem VIP(C, F) is given by

Sol(C, F) = {z = (xl,mg,wg)T e R?: 22 — a9 + Hay = 6}.

Now, consider the mapping S : R?® — R3 defined by S(z) = z for all
x € R3. This mapping is strongly monotone with modulus n = 1 and Lip-
schitz continuous with constant L = 1 on R3. In this setting, Problem (3.37)
reduces to finding the minimum-norm solution of the variational inequality
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problem VIP(C,F). The resulting minimum-norm solution is given by z* =
Psoic,r)(0) = (0.4,-0.2, 1)

We select an initial point z° € R3, where each component of z° is ran-
domly generated within the closed interval [—10,10]. With parameters g =

4, p =07 ¢, =

0

1
5 in Algorithm 3.3 and using the stopping criterion

|z7 ! — 2™|| < e. With the tolerance ¢ = 107, an approximate solution is
obtained after 84027 iterations (with time 6.109 seconds), given by

284927 — (0.400055, —0.199997, 0.999936)7 ,

which serves as a good approximation to the exact solution z* = (0.4, —0.2, 1)
5. Conclusion

We propose a new algorithm for solving the strongly monotone variational
inequality problem over the solution set of split variational inequality and fixed
point problem in real Hilbert spaces. By placing suitable conditions on the
parameters, we prove a strong convergence theorem for the algorithm, which
avoids the need to compute or estimate the norms of the bounded linear op-
erators. Importantly, the algorithm does not require prior knowledge of the
Lipschitz or strongly monotone constants of the mappings. Additionally, we
derive several corollaries from our main result and demonstrate the algorithm’s
performance with a basic numerical example.
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