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Abstract. In this paper, we prove that a non-autonomous stochastic dif-
ferential equation generates a continuous random dynamical system. The
flow then possesses a random pullback attractor under the dissipativity
condition(s) of the drift and smallness of diffusion part.

1. Introduction

This work is a follow up part of [7], [14] to study the the asymptotic quali-
tative behavior of the differential equation

(11) dyt = f(ta yt)dt + g(t7yt)dBi{{7t € Ra Yo S Rd'
in which B¥ is a fractional Brownian motion with Hurst parameter H bigger

1 . .
than ok f and g are some continuous functions on R x R?.

When dealing with qualitative properties of (1.1), one important problem
is the generation of random dynamical system, RDS in short ([1]). The concept
of RDS is a combining idea of randomness and dynamical system. Theory
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of RDS is the frame work to study the system’s asymptotic for instance the
random attractors, random manifolds, Lyapunov spectrum,...In general cases,
when f, g are functions of (¢,y) € R x R?, the system generates a stochastic
two-parameter flow X (to, ¢, yo,w) by mean of its Cauchy operators [4], the flow
induces a random dynamical system (RDS) in case f, g are time independent.

In [22, 23], a nonautonomous ordinary differential equations dy(t) = f(t, y:)dt
is considered. By introducing the space "hull” of f, the solution can be viewed
as a dynamical system. Motivated by these results, we establish conditions on
f, g to construct appropriate spaces for f,g which admit needed probability
structures. The flow is then defined on the product spaces and possesses group
property. Equation (1.1) then generates a RDS in the sense of Bebutov flow
[22].

One another topic in this paper is study the existence of random pullback
attractor of the system, see for instant [5] or [8], [10] for recent results estab-
lished for stochastic differential equations driven by Hoélder noises. We show
in Section 3 that the generated RDS possesses a random pullback random at-
tractor under dissipative assumption of f and point out that the attractor is
singleton if dissipativity is strict and g is small in some sense.

2. Preliminaries

We briefly recall some notions used in the sequence.

e Let C([a,b],R"), » > 1, denote the space of all continuous paths z :
[a,b] — R" equipped with supremum norm ||-||o [a,p) given by |7l [a,5] =
SUDy¢[q,b] [T¢]-

e For 0 < a < 1, let x is a Holder continuous function with exponent « on
[a,b]. The semi norm a— Holder of z is defined as

Iz - i
a—Hol,[a,b] a<s<t<p (t—5)*

e For given p > 1, denote by CP~V*([a,b],R") C C([a,b],R") the space
consists of all continuous paths x of finite p—variation, i.e.

. 1/p
H|x”|p—var,[a,b] = ( sup Z |1'ti+1 — T, p) < OQ.

a=to<t1<-<tp=bi_—{
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The p—variation norm of x is defined by
[2llp—varfapl = |Zal + 2], —var, 0 -

Then (CP~V*([a, b],R"), || - ||p—var,[a,5]) is & (nonseparable) Banach space
[11, Theorem 5.25, p. 92].

Young integral
Assume y € CI7V([a, b], R¥*™) and x € CP~V¥([a, b], R™) with % + % > 1,

the Young integral f; yidx; is defined as the limitation of the Darboux sum

b
dzy = i (x4, — x4,),
/a (R |H1\r30 Z Y, (e, — T,

t; €I1

where the limit is taken over all the finite partitions Il = {a =tg < t; < --+ <
t, = b} of [a,b] with |II| := max |t;11 —t;] (see [24]). The integral satisfies ([11,

Theorem 6.8, p. 116])

b
1—1_1,_
‘ / yudxu - ya(xb - xa) < (1 -2 q) ! ”|yH|q7var,[a,b} |||x|”p7var,[a,b] .
a

Fractional Brownian motions
A m-dimensional fractional Brownian motion index H, BH = (BtH), teR,isa
vector consists of m independent one dimensional fractional Brownian motions
index H which are centered continuous Gaussian processes with covariance
function

1
Ry (s,t) = 5(\t|2H + |s]2H — |t — s]*), s,t € R.

For each p > 1 denote by C%P~V2([a, b], R™) the closure of set of smooth paths
in CP~v*([a, b], R™) and ) the spaces of all continuous functions w : R — R™
vanish at 0 such that the restriction of w on [a,b] is in COP~Var([a, b], R™) for
all [a,b]. Then Q is a separable metric space with the metric (see [2])

||w1 - Wz Hp—var,[—n,n]
1+ ”wl - WQHp—var,[fmn]

(2.1) d(wh,w?) = f: 27"

Follow [13], one can construct a canonical space for B on Q for some
p > 1/H with Borel o—algebra F and the law P of BH. Tt is proved in [13]
that together with Wiener shift (6;) defined as

Or(w)() i=w(t+-) —w(t), weQ,
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the space (2, F,P, (6;)) forms an ergodic dynamical system. From now on, we
always work on the canonical space of B¥. We keep the old notation B¥ and
identify B (w) = w(+),w € Q. Moreover, since we consider the case H > 1/2,
p can be choosen in (1/H,2), the integral w.r.t. Bf can be defined by Young
sense [24].

Finally, recall from [15, Proposition 2.1] that there exists random variable

¢(w) and k > 0 satisfying Ee"s” < 0o such that for some constant D, for almost
all w

’HB'H(W)”’p—var,[O,l] < Df(w)

It follows that for all k > 0, E | BZ(@)|>_. o < oo

3. Generation of random dynamical system

3.1. Bebutov flow

In this section we show that (1.1) generates a random dynamical system
(RDS) in an extended space. A RDS on R? over a metric dynamical system
(see for instant [1]) (2%, F*,P*, (0;)) is a measurable mapping

0 :RY xR x Q" = RY, (t,2,w) — ¢(t,w)
satisfying
(1) p(0,w) = Id for all w € QF,

(i1) @(t + s,w) = p(t,0%w) o p(s,w) for all s,t € RT, w € Q*.

If, in addition, © — @(t,w)x is continuous for all ¢, w then ¢ is called
continuous.

Recall from [22] that on C := C(R x R4 R%) the shift mapping S = (S;)ser
is defined as

Sth = S(t, h) = ht, Yh € C7

hy is called a translate of h given by hy(s,z) = h(t + s,z), (s,7) € R x R%,

Observe that if y is a solution to

(31) dyt = f(tvyt)dt + g(tvyt)dwt7t S R7 Yo € Rda
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where w is a realization of B¥, then

(32) Ys+t
s+t

s+t
- F )t + / ot ya)deo
0 0

s s s+t s+t
- / Fluty ya)du + / 9ty ), + / £y ya)du + / o, ya)deon
0 0 s s

t t
Ys + / sz(uv ys-‘ru)du + / Ssg(u7 ys-i-u)deswu-
0 0

Then y,4. is the solution of (3.1) with coefficients S, f, Sgg. This suggested
using Krylov-Bogoliubov theorem [18, Chapter VI, §9] to construct probability
structures on hull of f and g in appropriate metric spaces. To do this we
consider (1.1) under the conditions as follows.

Assumptions

(Hy) f(t,z) is uniformly continuous on R x K for each K compact in R?,
and there exists Cy, fo > 0 such that for all z,y € R, s,t € R

(@) [f(t,2) = F(t, )| < Crle =yl
(i2) |£(£,0)] < fo.

(H3) g(t,x) is bounded by |/g|lcc and differentiable in x with d,¢g being
locally Lipschitz in 2 uniformly in ¢. Moreover, there exists C, > 0 and § €
(1 —1/p,1) such that the following properties hold for all z,y € R%, s,¢t € R

{@ l9(t,x) — g(t,y)] < Cylz —yl,
(i1) lg(t, x) — g(s,2)| + |9u9(t, ) — Dug(s, )| < Cylt — s/,

Under these conditions, system (1.1) possesses a unique solution y; =
y(t,z0,w), t € R for each realization w of B. Moreover, for all [a,b] C R,

(3-3) [1Yllp—var,fa) < M (b= a) [[ya] + 1] Aw, [a, b])

where M is a constant depend on b — a and A(w, [a,b]) is a polynomial of
lll (see [4],[8]).

p—var,[a,b]

3.1.1. Hull of f

In a similar manner of (2.1), define the metric dy in C - space of all continu-
ous functions on R by replacing the p—variation norm |- ||,—var,[a,5) Dy supreme
norm || - ||o,[a,5- For given f, the hull of f, denoted by ’Hﬁo the closure of the
sets {S-f|7 € R} in (C, dp),

—
H =[S e’y ",
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According to [22, Theorem 1, 14] S defines a dynamical system on C. Moreover,
by the assumptions, f is bounded and uniformly continuous on R x K for each
K compact in RY, 7-[50 is compact in C. We derive required properties for ’Hf;o.

Note that, similar results apply for C10 = (C10(R x R4, R%), p)-the space of
continuous functions h with d,h € C with metric

(3.4) p(h, k) = do(h, k) + do(Orh, O:k).
3.1.2. Hullof g

Next, we construct similar space for g. Firstly, consider the subspace
CHLO(R x RER™) € CHO(R x R4 R¥*™) containing functions A which is
of local a—Holder w.r.t. ¢ for each z € R% and moreover for each compact set
K in R?

sup [[2(+ @) || o po1, (0,5 < 00, V[a, ] C R<.
zeK

We consider the following metric on C%10(R x R, R4*™) which is denoted by
di

(3.5) di(ht, h?) = i 1 |[B' = A2 |aa 0k,
. 1 5 . —~ on ] + ||h1 _ h2||a,1,O;Kn’
where
It = llapoxixee = B = k[l omrxke + ”’hl - h2ma,K1sz
B =Rl oscicis = sup | =B+ sup [0,k = oA
K1xK? K1x K2
Iz~ h2|||a,K1xK2 = sup [|n'(-2) - h2(.7x)|”a—H01,K1
z€K?

with K, K? are compact sets in R, R? respectively.

Proposition 3.1. (C*O(R x R? R4*™) dy) is a complete metric space.

Proof. See in the Appendix.

Next, we fix 1 — % < Bo < BB, denoted by (CP0:19 dy) the space (CHi10(R x
R, RP>™), dy). Put HY the closure of {S-g[r € R} in CPi10, je.

Bo;1,0
HY = {Sglrery < .

The similar results hold for hull of ¢ as stated below.

Lemma 3.1. All g* € Hgl satisfies (Hg) and moreover, ’Hgl is a compact set
m (Cﬁ0;1707 dl)
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Proof. See in the Appendix.

Since CP10 is not separable, in the following we directly prove that S
defines a dynamical system on Hgl.

Lemma 3.2. S defines a dynamical system on ”Hfll.

Proof. Due to [22, Theorem 12], S defined a dynamical system on C10(R x
R? R¥*™). We just need to check that for fixed (to, h°) € R x HY,ifte R he

Hgl such that |t—tg|,d1(h, h°) — 0 then mht(~,x) — hgo(-,x)”’ﬂLHol,[mb]XK -0
for each a,b, each K compact in R?. Namely, by choosing appropriate [a’, V']
we have

|”ht - hgo ”’ﬁLHol,[a,b]xK
< |||ht - h?mﬂo—Hol,[a,b]xK + |||ht0 - hgo HBO—HOI,[a,b]xK
Bo/B -
=< |||h B ho|”,8“—Hol,[a/,b’]><K +2 H|h0 Mﬁo—Hol,[a/,b/]xK 'Hh? o hgo ”ioﬁ%]ﬁxl(

— 0, as|t—to| — 0, dy(h,h%) = 0.

This shows the continuity of S on HJ . Since HJj is compact, S is measurable
w.r.t. the oc—algebra generated by d;. The proof is completed.

3.2. Generation of RDS

Since ’deo, ’Hgl are compact sets with appropriate metrics constructed above,
we deduce from Krylov-Bogoliubov theorem [18, Chapter VI, §9] that there
are probability measures P/, P9 on measurable space (HZ;O, BY), (Hgl ,B9) with
Borel o—algebras B, B9, that are invariant under the shifts mapping S. De-
note by Q the Catersian product ’Hf;o X Hgl x £ with the product Borel o—field
denoted by B and the product measure P = Pf x P9 x P and consider the
product dynamical system 6 : R x  — € given by

O(t, f,5.w) = (Sif, Si§.0ww), (f,G,w) € Q.
It is evident that (Q,B,P,f) forms a metric dynamical system.
Proposition 3.2. For each @ = (f,g,w) € Q, equation
(3.6) dys = f(t,y)dt + g(t,ys)dws, yo € RY, t € RT

possesses a unique solution y(t,yo,w). The solution is continuous w.r.t. the
initial condition yo and satisfies (3.3).



84 Phan Thanh Hong

Proof. It is easy to check that all elements in 7—[50 satisfies (Hy). As stated in
Lemma 3.1, g satisfies (Hz). The statement is evident due to [4].

Theorem 3.3. System
(3.7) dyy = f(t,y)dt + g(t,ye)dBf
generates a continuous random dynamical system over (Q, B, P,0).
Proof. For each @ = (f,g,w) € Q, consider (3.6). Define
o* :RY x RY x Q —» R?

where ®*(t, @)y is the value of the of the solution of (3.6) at the time t € R™
with the initial time s = 0 and initial value yo, i.e. y(¢,y0, ). From (3.2), ®*
satisfies cocycle property

*(t + 5,0)y0 = P*(t,050) 0 B*(5,0)yo-

Next, to complete the proof we prove that the solution is continuous w.r.t.
w as an element in the product of separable metric spaces ’HZ;O,’HZI,Q. The
measurability of the solution is obtained thank to [3, Lemma III. 14]. Namely,
we fix t, 29 and [0, T] contains ¢ and consider ! = (f!, g%, w!), ©? = (f?, g%, w?)
in Q. Put y} = y(t,yo, o), y? := y(t, yo,0?) then we have

t t
W = o+ / (s, yl)ds + / g (5,5} dw!
0 0

t t
yr = xo+/ fQ(S,yf)dSJr/ 9°(s,y2)dw?.
0 0

Therefore, z; := y} — y? satisfies the equation
o= Y- yp

= [t - Pl + [

t t
o (s, = [ (sl
0

t

+ / P (5,9Y) — P(s,92))ds + / F (s ud) — F2(s.)]ds
n / 6" (5, yh)d(w! — w?) + / [0 (5, 1) — (5, 41 do?

t
+ / [9°(s,y2) — g% (s,y2)]dw?.
0
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Fixing @', due to (3.3) one can find R depends on w! such that ||y(-, v, ©) || p—var, [0, 1]
< R for all @ lies in the neighbor of @' of radius 1. We choose a upper bound

for the norms of f?, ¢*,w® on K := [0,T] x B(0, R) and reuse the notation R for
convenient. We will show that z is near 0 when || f* — 2| %, [l9" — ¢°lco. i
029" — 0292l 0o iz and ||g* — 92|HBO,K less than € small enough.

For0<u<wve€l0,7] and q:=1/5

ou— 20| = / P(s,yl) — F2(s.92)]ds| + / F (s, b) — (s, ds
+ / 12 (5,51) — (s, y2))de?| + / 0 (5,91 d(w! — w?)
+| [0 = ot
in which
/ Psyl) - Plsadlds] < ¢ / |2alds,
/ [92(87y;)_92(37y§)]dw3 < DCQ(1+H|y1mp—var7[u,v]+|||y2|||p—var,[u,v]) X
x [lw?]

p—var,[u,v] HZ”qfvar,[u,v]

where the final estimate due to [4]. And

v
[ G = Plsablas] < 17 = Plago-w.
u
/ g (s,yd)d(wl —w?)| < Dw' _w2|||p v fue] 19l g—var,fue + (0 —w)? +1]
[ o) = | < DIl o (19" = Pl + 9" = 8]
S D|||w2|||p var,[u,v] {Hg -9 ”ooK

2
Hllg" = 07l 5 @ =)+ 1020" = D27l 1 g |
In the final estimate we use the mean value theorem namely for s,t € [u, v]
9" (t9:) = 9 (t9e) — 9" (5,95) + 9% (5,55
<llg" = g*)(t.w) = I(g" —g°)(s, ytl)\+|( P07 (sw) = (9" — ") (s,w5))
<llg" =9Il 5, & (t = )% +10:9" = u6®lco. |yt — vsl-

Therefore v
gt < D ([ ks 4 [0 + 412
u
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where D is a constant depending on R and A is a control function defined by

ALY =l —u)+ ot = o] el

p—var,[u,v p—var,[u,v]

Apply Lemma 4.1, since zy = 0 we obtain
1 2llg—var,j0,7] < D(||z0]| +€) = De =0 as € — 0.

This completes the proof. |

4. Random attractors

In what follows we recall the notion of the (global) random attractor. For
a probability space (Q*, F*,P*), a set M C R? x Q* with closed w—section
M(w) = {z € RY|(w, ) € M} is called random set if the map w + d(z, M(w))
is measurable for every x € R?, where d is the Hausdorff semi-distance.

~ We work with the universe D- the family of tempered random sets D(w), i.e
D(w) is contained in a ball B(0, r(w)) a.s., where the radius r(w) is a tempered
random variable, namely satisfies

1
(4.1) lim n log™ r(0fw) =0, as.

t—+oo

Let ¢ be a continuous random dynamical system on R? over a metric dynamical
system (2%, F*,P* (07)). A random subset A is called invariant, if

o(t,w)A(w) = A(ffw) YVt € RY, a.s w e Q*.

It is called a pullback random attractor in D if it is compact, invariant and
attracts any D € D in the pullback sense, i.e.

(4.2) Jlim d(p(t, 0* ,w)D(0* ,w)|Aw)) =0, VD €D, a.s. we Q.
—00
A random set B € D is called pullback absorbing in the universe Dif B

absorbs all sets in D, i.e. for any D € D, there exists a time oy = to(w, 75) such
that

(4.3) ©(t, 0 ,w)D(0* ,w) C B(w), for all t > t,.

If there exists pullback absorbing set for ¢, then it is proved that

(4.4) Aw) = [ | e(t, 0" ,w0)B(0" ).

s>0t>s
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is the random pullback attractor of ¢. Moreover, it is unique in D ([21]).

In the following, we assume that f is uniform dissipative ([6]), i.e. there
exist ¢,d > 0 such that for all t € R, z € R¢

(4.5) (@, f(t,2)) < c—d|z|.

We will prove that the RDS generated by (3.7) possesses a random attractor.
The technique is followed from [8]. Here we sketch some main details.

Theorem 4.1. In addition to (Hy),(Hz) if f satisfies (4.5), then RDS gen-
erated by system (3.7) possesses a random pullback attractor almost sure.

Proof. Step 1: First, fix @ = (f,g,w) € Q, [a,b] C R*. We consider the
corresponding ordinary differential equation

(4'6) iy = f(ta ,U't>a te [a,b], Ha = Ya-

where y is a solution of (3.6) on [a, b].
Since f is dissipative,

[illoo ap) < Ittal + L,
|||M|||p—var,[a,b] <L (l:u’a| + 1) (b - a’)

where L is a constant.

Define ky = y; — ue, t € [a,b]. Since k satisfies the equation
dky = d(ys — pue) = [F(t, g + Fe) = F(E, po)ldt + G(t, pe + ki) dewr
we have
t o ~ t
b= [ [Fuka ) = Flum)dut [ gtk + pa)do.

It follows from (H2) and the boundedness of g that

t
@n) b=kl < [ Colkadut Il Il g
S
Il o 1 0,
where ¢ = 1/8, K = (1 — 2'=1/P=1/9)=1 Since

g(t, ke + p1e) — G(s, ks + ps)|

|§(tu kt + ,ut) - g(tvks + Ns)‘ + |§(tu ks + ;Ufs) - g(S, ks + Ns)|
Cylke — k| + Cylpie — 1| + Cy(t — 5)°

Cylkr — ksl + M1+ |pal®)(t —5)%, Va<s<t<b

INIACIA
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where M = M(r) depends on r = b — a, we have

0k + 1)y o < Co o + ML+ 1al) (= 97,

with a note that ¢8 > 1 and ¢ > p. Then

t
ko=l < [l + KM+ il Wollyvne g + [ Colhaldu
+ECy [l g 1]

p—var,[s,t]

Using Lemma 4.1 and Young inequality for product

[Elloo,a) < chr[llC |+ M+ al”) Bl —var a5 4+ B0l fa,01)
< M+ 1al”) Bl —var o) O+ B0l ar fa,01)
(4.8) < elyal + Alw, [a,b]),

where € > 0is chosen later and A(w, [a, b]) is a general polynomial of [|wl|,, _ay. (4,5
Step 2: Next, we estimate the solution of (3.6) by discretization.

By assumption of f, it can be seen that all f € 7{50 satisfy (4.5). For each

n, consider(4.6) with [a, b] is replaced by [n — 1,n]. By known result of (4.6)

under condition (4.5), there exists n € (0,1), L > 0 such that

bl <07 [yn| + L.
Now in (4.8), we choose 0 < & < 1 —n* and n=n*+¢ € (0,1). Then,

[yl < |En| + ]
< Nlyn_1| + Alw, [n —1,n)).

Therefore,

IN

NlYn— 1|+A( s [n—1,n])

nlyo|+anA JIn—1—j,n—j)).

=1

Y|

(4.9)

AN

Define R(w) := ijo n/ A(w, [—j, —j + 1]), then as n large enough
ly(n,y0,0-n@)| <1+ R(@).

Step 3: Finally, we prove the existence of an absorbing set.

Using (3.3) the value of solution at arbitrary time is evaluated similarly.
Namely, there exists a tempered random variable R(@) (see [8]) such that

[y(t, y0,6-4@)| < 1+ R(@)
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).

as t large enough. It shows the existence of the absorbing set B(w) = B(0, R()
P, 0)

The proof of this step relies on the ergodicity of canonical space (2, F,P,
and ergodic Birkhoff theorem.

Note that E \HBHWZWM,[OJ]

and then R(w) is also integrable. Moreover, in (4.9), one can evaluate |y,|™
for any m > 0 and choose R to be integrable at arbitrary order m.

< oo for all m € N. This deduces that A(w)

The existence of random pullback attractor A(w) for ®* is proved.
|

Theorem 4.2. If we assume f satisfies uniform one-sided dissipative condition
<£L’ - y7f(t,$) - f(t7y)> < —L|.’L‘ - y|27 Vt>$7y

for some L > 0. Then there exists € > 0 such that if Cy < € the attractor is
singleton.

Proof. Let y',y? be two solutions of (3.6) where the initial conditions lie in
B(0,R). Put § = 3% — y' then

dije = [F(t,5e +yp) — F(ty))dt + [g(¢, 57) — 3(t, yp ) dowe.
Once again, we consider the pure dt equation
die = [f(t, ie + y7 ) — F(t,90))dt,  fio = Go.
By assumption of f, there exists n € (0,1) such that
1| < mlpol-
Now, put z =y — fi, we have
dze = [f(t. 5 + ) — F(¢, mo)ldt + [g(t,y7) — G(t, yp )l dwr.

Computation leads to
(4.10)

t
o=zl < / Oy lzuldut- DCy el g N2+l gt (19, 5.

By (3.3), for all s,t € [0,1]

t
‘Zt - ZS| < / Cf|ZU‘dU + DRCQ |||W‘||p7var,[s,t] A(W7 [07 1])||Z + ﬁ”pfvar,[S,tb
S

then using Lemma 4.1,

”Zprvar,[O,l] S DR‘QO|CgeRC9A(Wv[071])’
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where A(w, [a,b]) is a general polynomial of |Jw]| - We arrive at

p—var,[a

(4.11) 51| < [l [1 + DRC, RO @]

The rest of the proof is followed step by step to [8, Theorem 3.11].

Appendix

Proof of Proposition 3.1

Proof. That d; is a metric on C%M0(R x RY R? x m) is evident due to the
seminorm properties of the Holder norm. We only need to prove the com-
pleteness. Let h" be a Cauchy sequence in C%MO(R x R4 R4*™).  Since
(CYO(R x RER? x m), p) is complete, there exists a subsequence, which we
still use the notation A", converges to h in C*°(R x R? R¥*™) i.e.

lim p(h",h) =0.

n—oo

We will prove that for each K, K* compact sets in R, R?, | = hll, g1, g2 =

0 as n — oo. Fix K C R? compact, we have for each [a,b] C R there exist a
constant M such that

sup sup H|h”(-,x)|||a_H017[a7b] <M.
n zeK
For each x € K
|h(t,x) = (s, )| = lim |h"(t,2) = h"(s,z)[ < M|t = 5|7

this implies that sup,e g [|A(, 2)[l o101 0,5 < 00 OF b € CULO(R x RE, RIx™),
Now to complete the proof we show that h™ converges to h, in a—Holder
norm on each K compact in R%. For each s < t € [a,b], v € K

(" = W) Ew) = (B =B )| 0= () = (0 = B (s, )

|t — s|* m—o0 [t — s|«
h — pm — (k™ — pm
N 11 ey e
M= pc K a<v<u<b |u U|

< mlgnoo 1™ =A™l a0y x k¢
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which implies
mhn - h”'a,[a,b]xK < n’}gnoo thn - hml“a,[a,b]XK — 0, asn — oo.

The proof is completed.

Proof of Lemma 3.1
Proof.

It can be seen from the assumptions of g that g together with d,g satisfies
the condition boundedness and equicontinuous on R x K for each K compact
in R4

Due to [22, Theorem 16] HJ is compact in (C*(R x R, R™™), p). Hence,
for g* € Hgl, 0.g* exists and is continuous. Moreover, and there exists t,, such
that nh_}rrgo di(g*,gt,) = 0.

It is evident that ¢g* is bounded by ||g/co, and

g7 (t,2) = g7 (t,y)| = lim [gs,, (¢, 2) = gs, (1, )]
= lim |g(tn +t,2) = g(tn +,9)| < Cylz =y,

97 (8, 2) = g7 (s, 2)| + 110297 (t, 2) — Dug™ (s, )|
= lim [gs, (¢, %) = g1, (8, 2)| + 10294, (8, ) = Dagy, (5, )|
< Cylt —s)P.
That 0,g*(t,x) is local Lipschitz in « uniformly in ¢ is also obvious. The first
statement is proved.
For the second one, since Hgl is compact in C1°, from a sequence h" €

Hj there exists a subsequence h™ that converges (in p) to h € CHO(R x

R? R?™). One may choose the subsequence in the form g; . Applying the
above arguments for g* = h and the sequence g;, we have h € C#LO(R x
R? RI*™). Moreover, ||h™* ll5 k1% r2s Il 5 51 5 2 are less than Cy for K' K?

are compact sets in R, R¢ respectively.
Finally, put hy = h™ — h. Since fy < f3, for s,t € K,z € K?

|hi(t, ) — hi (s, x)] _ |hi(t, 2) — hg (s, z)]
[t — s]Bo [t — 5|8

Bo
B
) Jhie(t, ) — hio(s, 2) | P

8o _ B
Ieill s 2 (a(E )] + [Ba(s, @) ) F, hence

IN

o 1B
Wil gy rcrsree < ACY [[hill g g1z =0 as k= oo

To sum up, h™* converges to h in dy. The proof is completed.



92 Phan Thanh Hong

Lemma 4.1 (Gronwall-type Lemma). For q > p so that %—l—% > 1, if y satisfies
the following condition

t
21
‘yt - y8| < As,/tq + al/ |yu‘du + mw”p,[s,t] (a2‘y5| +as ”|yH|q—var,[s,t])
s

for all s <t € [a,b], where ay,as,as are positive real constants, A is a control
function on {(s,t)|a < s <t < b}, then

p—1
P

||y||p’[a,b] < [|ya| + 2Ai{l;qN[a,b] 62a1(b—a)+nN[a,b] N[a,b] (w)

ag/az+2
ag/(lerl ’

with k = log and

Nia,p) < D(1+ |||W|||§,[a,b])
for D depends on a;. If ay = 0 one may take k = 0.

Proof. Sece [8, Theorem 2.4].
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