J. Math. Math. Sci. (2026) 1-19

A new hybrid cutting-projection algorithm for
equilibrium and fixed point problems

Pham Kim Quy (Nha Trang, Vietnam)
Dang Van Hieu (Nha Trang, Vietnam)

Dedicated to Professor Do Van Luu on the occasion
of his 80th birthday

(Received Sept. 12, 2025 ; accepted Dec. 19, 2025)

Abstract. The paper proposes a novel hybrid cutting-projection method
for solving equilibrium problems and fixed point problems. By constructing
specially cutting-halfspaces, the method only requires to solve a strongly
convex optimization program at each iteration without the extra-steps as
extragradient methods. The strongly convergence theorem is established
and some numerical examples are presented to illustrate its convergence.

1. Introduction

Let H be a real Hilbert space and C' be a nonempty closed convex subset
of H. Let f:C x C — R be a bifunction. The equilibrium problem (EP) for
the bifunction f on C' is stated as follows:

(EP) Find 2" € C such that f(z*,y) >0, Vy € C.

The solution set of EP for f on C is denoted by EP(f,C). EP is also well-
known as Ky Fan inequality [9]. The EP is very general in the sense that it
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includes many mathematical models as variational inequalities, optimization
problems, fixed point problems, Nash equilibrium point problems, complemen-
tarity problems, operator equations, see, for instance [3, 6, 7, 19, 20, 21]. A
special case for the bifunction f(z,y) = (A(x),y—=z), where A : C — H is an
operator, then EP becomes a variational inequality problem (VIP):

(VIP) Find z* € C such that (A(z"),y—z*) >0, Vy € C.

One of the most popular methods for solving EPs is the proximal point method
(PPM), in which solution approximations are computed via the resolvent of
bifunction [6]. The PPM was first introduced by Martinet [18] for variational
inequalities, and then it was extended for finding zero points of maximal mono-
tone operators by Rockafellar [26]. This method was further extended to Ky
Fan inequalities by Konnov [15] for monotone or weakly monotone bifunctions.

In recent years, the extragradient method [16] has been widely studied and
extended to EPs. Quoc et al. [24] introduced the following extragradient
algorithm for EPs in Euclidean space,

Yp = argmin {)‘f(xnvy) + %Hxn - y||2} )

(1.1) T i s 2

Tnt+1l = argrgln {)‘f(ynvy) + EHxn - y” } .
ye

Then, this algorithm was further extended to Hilbert spaces; see, for example,
(2, 8, 23, 29, 30]. Here, it is interested in finding a common solution of an
equilibrium problem and a fixed point problem. Let S : C' — C be a mapping
and F(S) denotes the set of fixed points of S. For finding a common element
of the solution set EP(f,C) and the fixed point set F(S) of a nonexpansive
mapping S, Anh [2] introduced the following hybrid algorithm in Hilbert spaces

yn = argmin {\f (2, y) + 320 — y[*},
yeC

zp = argmin {\ f (yn, y) + 3llzn —yl*},
yel

tn = Ty + (1 — an)S(wn),

Tpy1 = Po, (z0),

where Q, = C, NQ, and C,, = {z € C:||t, — 2| < ||lzn, — 2|} and Q,, =
{z € C:{xg— xn,z — x,) <0}. The author proved the sequence {z,} gener-
ated by method (1.2) converges strongly to Pgp(¢,c)nr(s)(wo) under the hy-
potheses of the pseudomonotonicity and Lipschitz-type condition of bifunction
f. Observe that in the algorithms (1.1) and (1.2), two optimization programs
onto the feasible set C need to be solved at each iteration. This seems to be
costly and and can affect to the efficiency of used methods if the structure of the
bifunction f and the constrained set C' are complex or in huge-scale problems.
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In this paper, motivated and inspired by the results in [13, 14, 17, 27],
we introduce a new projection method, which is simple, elegant and has low
complexity, for finding a common solution of a monotone EP and a fixed point
problem of a nonexpansive mapping S : C — C. The proposed method is
described as follows:

Algorithm 1.1. (The hybrid algorithm without the extra-steps).

Yni1 = arg %in{Af(yn,y) + 3llzn — I,
ye

Zpt+1l = QplYnt1 + (1 - an)Syn-l-la
Tni1 = Pa, (o),

where ,, = C,,NQ,, and C,,, Q,, are two specially constructed half-spaces (see
Algorithm 3.1 in Section 3 below). In this algorithm we do not use the PPM
and the resolvent of equilibrium bifunction [6, 15]. Contrary to extragradient
methods [2, 8, 23, 24, 29, 30|, in our proposed algorithm, only one optimiza-
tion program needs to be solved at each iterative step without any extra-step.
Moreover, note that in the process (1.2), the final projection z,,+1 = Pq, (o),
where Q,, = C,, N Q,, still depends on the constrained set C' due to the def-
inition of C,, and @Q,, while €, in Algorithm 1.1 is only the intersection of
two halfspaces, so the projection z,41 can be expressed by an explicit formula
[6, 28]. So, the proposed algorithm has lower complexity, and is simpler and
more elegant.

The remainders of the paper is organized as follows: Section 2 reviews
several definitions and results for further use. Section 3 deals with analyzing
the convergence of the proposed algorithm and presenting some applications
to other problems. Finally, in Section 4 we give two numerical examples to
illustrate the convergence of the new algorithm.

2. Preliminaries

In this section, we recall some definitions and preliminary results used in
this paper. A mapping S : C — H is said to be nonexpansive if ||S(x)—S(y)|| <
|z — y|l,Vz,y € C. The set of fixed points of S is denoted by F(S). We have
the following properties of a nonexpansive mapping, see [11] for more details.

Lemma 2.1. Assume that S : C — H is a nonexpansive mapping. If S has a
fixed point, then

i. F(S) is closed convex subset of C;
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it. I — S is demiclosed, i.e., whenever {x,} is a sequence in C weakly
converging to some x € C and the sequence {(I — S)x,} strongly converges to
some y , it follows that (I — S)z =y.

Next, we present some concepts of the monotonicity of a bifunction and an
operator (see, for instance [4, 8, 20]).

Definition 2.1. A bifunction f: C x C — R is said to be

1. strongly monotone on C' if there exists a constant v > 0 such that
fl@,y) + fly,2) < —ylle—yl?, Yo,y el
7. monotone on C if
fla,y) + fly, ) <0, Va,yeC;
1. pseudomonotone on C if
flz,y) > 0= f(y,z) <0, Vzx,yeC.

From the definitions above, it is clear that i. = 1. = iii.

A bifunction f: C' x C — R is called to satisfy a Lipschitz-type condition
on C, if there exist two positive constants ¢q, ¢y such that

(2.1)  f(@,9) + [y, 2) 2 f(z,2) —ealle —yl® = eally — 2%, Va,y,2 € C;

Definition 2.2. An operator A : C — H is said to be
i. monotone on C if (A(x) — A(y),z —y) >0, Va,yeC;

. pseudomonotone on C if
(A(@),y —z) 2 0= (A(y),y —x) 20, Va,yeC;
1. « - tnverse strongly monotone on C if there exists a > 0 such that
(A(z) — A(y), = —y) = of|A(z) — A(Y)|?, Vz,y € C;
w. L - Lipschitz continuous on C' if there exists L > 0 such that
[A(z) — Al < Lllz —yl, Vz,yeC.

Remark that if A : C — H is a (strongly) monotone operator, then the

bifunction f(z,y) = (Az,y — z) is (strongly) monotone. If A is L-Lipschitz

continuous, then f satisfies the Lipschitz-type condition with ¢; = % and

cz:ﬁforanyu>0.
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For solving problem EP, we assume that the bifunction f satisfies the fol-
lowing conditions:

(Al). f is monotone on C' and f(z,z) =0,z € C,

(A2). f satisfies Lipschitz-type condition on C;
(A3). f is sequentially weakly continuous on C x C;
(A4). f(z,.) is convex and subdifferentiable on C for every fixed = € C.

It is easy to show that under the assumptions (A1), (A3), (A4), the solution
set EP(f,C) of EP is closed and convex [4, 6]. Therefore, from Lemma 2.1, the
solution set EP(f,C) N F(S) is closed and convex. In this paper, we assume
that EP(f,C) N F(S) is nonempty.

The metric projection Po : H — C'is defined by Pox = argmin{||y — || :
y € C}. Since C is nonempty, closed and convex, Pc(z) exists and is unique.
It is also known that Pc has the following characteristic properties.

Lemma 2.2. [10] Let Pc : H — C be the metric projection from H onto C.
Then

i. forallz € Ciy € H,
(2.2) lz — Peyl® + | Pey — ylI* < |z — ylI*;
1. z = Pox if and only if
(2.3) (x—2,2—y)>0,Vy € C.
The subdifferential of a function g : C' — R at z is defined by
dg(z) ={w € H : g(y) — g(z) = (w,y —x),Vy € C}.
We recall that the normal cone of C' at x € C' is defined by

Ne(z) ={we H : (w,y—z) <0,Vy € C}.

Definition 2.3. (Weakly lower semicontinuity). A function ¢ : H — R is
called weakly lower semicontinuous at x € H if any sequence {x,} in H con-
verges weakly to x then

o(z) <lim inf ¢(z,).
n—oo
It is well-known that the functional p(x) = ||z||? is convex and weakly lower
semicontinuous. Any Hilbert space has the Kadec-Klee property [11], i.e., if
{z,} is a sequence in H such that z,, — z and ||z,|| — ||z|| then z, — =
as n — 0o. We need the following lemmas for analyzing the convergence of
Algorithm 1.1.
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Lemma 2.3. Let C be a convex subset of a real Hilbert space H and g : C' — R
be a convexr and subdifferentiable function on C. Then, x* is a solution to the
following convex optimization problem

min{g(z) : z € C}

if and only if 0 € dg(x*) + N¢(z*), where dg(.) denotes the subdifferential of g
and N¢(x*) is the normal cone of C at x*.

Proof. This is an infinite version of Theorem 27.4 in [25] and is similarly
proved.

Lemma 2.4. [17] Let {M,},{N,},{P.} be nonnegative real sequences, o, 3 €
R and for all n > 0 the following inequality holds

M, < N, + B8P, —aP,1.

If 22 N, < 400 and a > 3 > 0 then lim M, = 0.
n— 00

3. Convergence Analysis

In this section, we rewrite our algorithm in more details and analyze its
convergence.

Algorithm 3.1. Initialization. Chose xo = 1 € H,yg = y1 € C and set
Co = Qo = H. The parameters A\, k and {a,} satisfy the following conditions:

1
a. 0 <A< 2(ClJm),k>

1 .
1—-2X(ci1+c2)?

b. ay, € [0,a] for some a € (0,1).

Step 1. Compute yp+1 and 2,41 by
Yni1 = argmin{ A f(yn,y) + 5 llzn — yl*},
yeC
Znt1 = QnYny1 + (1 — ) SYny1.
Step 2. Compute x,+1 = Pq, (x0), where Q,, = C,, N Qp,

Cpn={2€ H: |lwpy1 — 2|? < [lzn — 2|* + en},
Qn={2€H:(xg—xn,z—x,) <0},
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and wy11 = argmax {||t — z,||}, and
t=Yn41,2n41

1
€n = k”xn - xn71||2 + 2)\C2||yn - yn71||2 - (]- - E - 2)‘Cl)||yn+1 - ynH2

Setn=n+1 and go back Step 1.

Remark 3.1. In fact, w,q1 in Algorithm 3.1 equals to either yp11 or zpy1,
i€, Wnt1 = Ynt1 o |Un+1 — Tull = [|2n+1 — Tl and wpp1 = zp41 otherwise.

Lemma 3.1. Let {z,},{yn} be the sequences generated by Algorithm 3.1.
Then, there holds the following relation for all n > 0,
(Unt1 = Zn, Y = Ynt1) 2 A (Yns Ynt1) — fyn,y)) , Vy € C.

Proof. Lemma 2.3 and the definition of y,,41 imply that

0€ 0y ()‘f(ynay) + %”xn - y||2) (yn-‘rl) + Nc(yn+1)'

Hence, there exist w € O2f (Yn,Yn+1) = Of WUn,-)WYn+1) and W € N (Yn+1)
such that A\w + y, 41 — 2, + W = 0. Thus, for all y € C, we have
<yn+1 —Tn, Y — yn+1> = )‘<w7 Yn+1 — y> + <1I1, Yn+1 — y)
> Mw, Yny1 —Y)
because of the definition of No. By w € Oaf (Yn, Yn+1)s

FWnsy) = FWns Ynt1) = (0,9 = Yni1) , Yy € C.
From the last two inequalities, we obtain the desired conclusion. Lemma 3.1 is
proved. |
The following lemma plays an important role in proving the convergence of
Algorithm 3.1.

Lemma 3.2. Assume that * € EP(f,C)NF(S). Let {xn}, {w,} be the se-
quences generated by Algorithm 3.1. Then, there holds the following relation
foralln >0

Jwnsr — 22 < llzn — * ) + €.
Proof. From z* € F(S), the definition of 2,11, the convexity of |.||> and the
nonexpansiveness of .S,

2041 = 2|* = llon (Y41 — 2" + (1 = an)(Synt1 — 27)|?
< anlynar — 27)* + (1 = an) [Syns1 — Sz*?
< anllyner =22 + (1 = o) g1 — 27|

(3.1) = Y1 — ")
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From Lemma 3.1, by replacing n + 1 by n, we have

(3.2) Yn — Tn-1,Y — Yn) > M Wn—-1,Yn) — [(Yn-1,9)),Vy € C.

Substituting y = y,+1 into (3.2) and a straightforward computation yields

(3.3) MFWn=1,Yn+1) = fWn-1,Yn)) = Un — Tn—1,Yn — Yn+1) -

Lemma 3.1 with y = z* leads to

(34) <yn+1 - l’n,l’* - yn+1> > A(f(yn7yn+l) - f(ynvx*))

Since z* € EP(f,C) and y, € C, f(z*,y,) > 0. Thus, from the monotonicity
of f, we have f(yn,2z*) < 0. This together with (3.4) implies that

(35) <yn+1 - 'rnvx* - yn+1> > )‘f(y'myn-l-l)'

By the Lipschitz-type continuity of f,

I

FWn=1,9n) + fWn: Ynt1) = FWn-1,Yn+1) — c1llYn—1 = ynl® — c2llyn — yn+1 >

Thus,
(3.6)
FWnsyns1) 2 fFWn—15Yns1) = FWUn—1,Yn) — C1ll¥n—1 — ¥n

The relations (3.5) and (3.6) lead to

I = callyn = yntall*.

Wnt+1 — Tns 2 = Y1) 2MFWn—1,Yns1) — f(Wn—1,¥n)}
- )‘ClHynfl - yn||2 - >‘02||yn - ynJrlHQ'
Combining this and the relation (3.3), one gets

(Ynt1 = Ty @ = Ynt1) > Yn — Tno1,Yn — Ynt+1) — A1 [Yn—1 — Yn|?
- >‘62||yn - yn+1”2'

Thus,

2 <3/n+1 — Ty, " — yn+1> -2 <yn —Tp—1,Yn — xn+1>
(3'7) > 2)‘01Hyn71 - ynH2 - 2)\02||yn - yn+1H2'

We have the following fact

B e e e e

=llon =27 = llynr1 — 2" = lon — zn?

2<yn+1 — Xy, T — yn+1> :H$n -

- 2<xn —Tpn-1, Tp—-1 — yn+1> - ||xn—1 - yn+1||2
=lzn — 2 |* = llyns1 — 2" = |0 — zpa |
- 2<1’n —Tp—-1,Lp—-1 — yn+1> - ||xn71 - yn”2

(3.8) - 2<xn—1 —Yn;Yn — yn+1> - Hyn - yn+1||2-
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By the triangle, Cauchy-Schwarz and Cauchy inequalities,

- 2<xn —Tn—-1, Tp—-1 — yn+1>
< 2[lzn — Zp-1llllzn—1 — Yn+1ll
< 2lzn = -1 lllZn—1 = yull + 2|20 — o1 llllyn — Ynt1l]
1
<lzn — 2na? + 201 — ynll® + kllzn — 20 l® + llom = Ynt ]l
This together with (3.8) implies that
*HQ

2(Yn+1 = @0y 7 = Yng1) Sllon — 27 = [gnar — 272 + kllzn — 2]

1 2
+2<yn — Tn—-1, Yn _yn+1>+ E -1 ||yn_yn+1H .

Thus,
2<yn+l — Tp, II}* - yn+1> - 2<yn — Tn—-1, Yn — yn+1> S Hxn - x*”z
N 1
(3.9) s = 2P+ Kl = 2aal+ (= 1) o = s P

Combining (3.7) and (3.9) we obtain
=2Xctl[yn—1 = yall* = 22e2llyn = ynal® <llwn — 2|7 = Jyngr — |

1
S e ) [t

Thus, from the definition of e,,,

lyn+1 = &*)1? <Nz — 2|7 + k|2 — 201 ]?
2l =l = (1§ =262 ) I = ol
(3.10) =[|zn — 2*||® + €n.
From (3.1) and (3.10), we obtain
201 = 2*[1? < [[Ynt1 — 2*)1* < [lzn — 2*]1 + €n.
Thus, from the definition of w, 11, we obtain the desired conclusion. Lemma

3.2 is proved. [ |
We have the following main result.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Assume that the bifunction f satisfies all conditions (A1)-(A4) and S : C' —
C' is a nonexpansive mapping. In addition, the solution set EP(f,C) N F(S)
is nonempty. Then, the sequences {Tn}, {yn},{zn} generated by Algorithm 3.1
converge strongly to Pgp(f.cynr(s)(Zo)-
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Proof. We divide the proof of Theorem 1 into three steps.

Claim 1. EP(f,C)NF(S) C Q, for all n > 0. Indeed, Lemma 3.2 and
the definition of C,, ensure that EP(f,C)N F(S) C C, for all n > 0. We
have EP(f,C)N F(S) C H = Q. Suppose that EP(f,C) N F(S) C Q, for
some n > 0. From z,11 = Pqo, (v9) and Lemma 2.2 ii., we see that (z —
Tpt1,Z0 — Tpy1) < 0 for all z € Q,,. Thus, (z — Tpt1, 20 — Tny1) < 0 for all
z € EP(f,C)N F(S). Hence, from the definition of Q,+1, EP(f,C)NF(S) C
Qn+1 or EP(f,C)NF(S) C Qp41. By the induction, EP(f,C)NF(S) C Q,
for all m > 0. Since EP(f,C)NF(S) is nonempty, so €, is. Therefore, Py (xo)
and Pgp(t,cynr(s)(To) are well-defined.

Claim 2. lim, o [|Zp+1 — Zn|| = imyoo |20 — 20| = limp—eo ||yn — 2nl| =
limy, oo |Unt1 — ynll = 0 and lim, o0 ||yn — Syn|| = 0. Indeed, from the
definition of @, and Lemma 2.2 ii., z,, = Pg, (x¢). Thus, from Lemma 2.2 3.,
we have

(3.11) Iz = z]|* < Iz = zol® = l|lzn — zol?,  Vz € Qu
Substituting z = z' := Prp(,c)nr(s)(®0) € Qn into 3.11, one has
(3.12) 2t — 2o )|* = [l&n — zol* > [laT — zn||* > 0.

Thus, the sequence {||z, —xo||} and {z,} are bounded. The relation 3.11 with
Z=Tpt1 € @Qp leads to

(3.13) 0 < (41 = @nll* < @nts — ol = llon — ol

This implies that {||z,, — o]/} is non-decreasing. Hence, there exists the limit
of {||xn — zo||}. By (3.13),

K
D lantt = zal® < lwregn — oll® = [l21 —wol®, VK > 1.
n=1

Passing the limit in the last inequality as K — oo, we obtain

(3.14) > l2nt1 — zall? < +oo.
n=1

Thus,

(3.15) nhﬁnéo |Xnt1 — znl = 0.

From the definition of C;, and x,,4+1 € Cy,

(3.16) |wng1 — xn+1||2 < |lzn — xn+1H2 + €n.
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Set Mn = Hwn+1 - xn+1H27 Nn - ||xn - xn+1||2 + k”xn - xn71||27 Pn -
lYn — yn-1l?, B = 2Aco, and @ = 1 — % — 2)Xcy. From the definition of €,
én = kllwn — xp_1||* + BP, — aP,y1. Thus, from (3.16),

(3.17) M, < Ny, + 8P, — aPpy;.

From the hypotheses of A, k and (3.14), we see that « > 8 > 0and > >~ | N,, <
+00. Lemma 2.4 and (3.17) imply that M,, — 0, or ||wp+1 — Zp+1|| — 0. Thus,
lwnt1 — zn]| = 0 due to the relation (3.15) and the triangle inequality. Hence,
from the definition of w, 11, we obtain

lm ||zp41 — Znll = lIm ||yns1 — x| = 0.

n—oo n—oo
These together with (3.15) and the triangle inequality imply that
(3:18) Wm {|zp41 = @npall = T [ynis = Zppa]| = Im [|1z041 = ynsa]] = 0.
By the triangle inequality,

lyn+1 = ynll < NYnt1 — gl + [Tns1 — 2l + |20 — yall-
From the last inequality, (3.15) and (3.18),
(3.19) lim ||yn+1 — ynll = 0.
n—oo
From the definition of 2,1 we have
l2n+1 = ynsall = (1 = an) lyns1 = Syntall = (1 = @) |yn+1 — Synall-

This together with (3.18) and 1 —« > 0 implies that lim |ly,+1 — Synt1| = 0.
n—o0

Claim 3. z,, — zf = Pgp(t,cynrs)(To) asn — oo. Assume that p is any weak
cluster point of {x, }. Without loss of generality, we can write ,, — p as n —
o0. Since ||y — Yn+1ll = 0, yn, — p. Now, we show that p € EP(f,C) N F(S).
Indeed, from Claim 2 and the demiclosedness of S we obtain p € F(S). By
Lemma 3.1, we get

(3.20) MW y) = fWnsYns1)) = (T = Ynt1,Y — Yny1), Yy € C.

Passing to the limit in (3.20) as n — oo and using Claim 2, the boundedness
of {yn} and A > 0, we obtain

f(p,y) >0 forallyeC.

Hence, p € EP(f,C). Thus, p € EP(f,C)NF(S). From the inequality (3.12),
we get ||, — x|l < ||zt — x|, where o' = Ppp(s.cynr(s)(z0). By the weak
lower semicontinuity of the norm || - || and z,, — p, we have

lp — ol < lim inf ||z, — 20| < lim sup |z, — o < |zt — zo.
n—oo n—oo
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By the definition of ', p = 2t and lim,, o ||z, — 0| = [|2" — z0||. Thus,
lim,, o [|Zn| = ||zf||. By the Kadec-Klee property of the Hilbert space H, we
have z,, — = = Pgp(t,c)nr(s)(To) as n — oo. From Claim 2, we also see that
{yn} and {2} converge strongly to Pgp(f.cynr(s)(Zo). Theorem 3.1 is proved.

Corollary 3.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Assume that the bifunction f satisfies all conditions (A1l)—(A4). In
addition the solution set EP(f,C) is nonempty. Let {xn},{yn} be two se-
quences generated by the following manner: o =x1 € H,yo =11 € C and

, 1
Yn+1 = argmin {Af(ymy) + inn - y||2} ;

Cn={2€H: |ynt1 — 2”2 <|lwn — Z||2 +ents
Qn={2€H:{(xog—2Tn,z—x,) <0},

Zn+1 = Po,nq, (20),

where €., A\, k are defined as in Algorithm 3.1. Then, the sequences {xn}, {yn}
converge strongly to Pgp(f.c (o).

Proof. Set S = I (the identity operator in H), from Algorithm 3.1 we have
Zn+1l = Yn+1 = Wpy1. Thus, Corollary 3.1 is directly followed from Theorem
3.1.

Corollary 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Assume that A : C — H is a weakly-strongly continuous, monotone and
L-Lipschitz continuous operator and S : C' — C is a nonexpansive mapping
such that the solution set VI(A,C) N F(S) is nonempty, where VI(A,C) is
the solution set of VIP. Let {xn},{yn},{2n} be the sequences generated by the
following manner: xo =21 € H,yo =11 € C and

Yn+1 = Po(rn — AA(yn)),
Zn+1 = QnpYnt1 + (1 - an)synJrh
(29) Cn={2€H:|wpy1—2|? < |lzn — 2||*> + €},
Qn={2z€H:{(xog—Tn,z—xy) <0},
Tny1 = Pe,ng. (wo),

where Wyy1, €n, A\, k are defined as in Algorithm 3.1 with ¢y = co = L/2. Then,
the sequences {xn}, {yn}, {2n} converge strongly to Pyrca,cynr(s)(Zo)-

Proof.  Set f(z,y) = (A(x),y — z) for all x,y € C. Tt is clear that f
satisfies the conditions (A1), (A3), (A4) automatically. Now, we show that
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the condition (A2) holds for the bifunction f. Indeed, from the L-Lipschitz
continuity of A, we have

fl@y) + fy, 2) = flz,2) = (Az) = Ay),y — 2)

> —[|A(z) = AW)llly — =l
> =Lz —ylllly — =l
L L
>z —yl® - =y — 2|
2 =5 llz=yl" =5 ly -l

This implies that f satisfies the condition (A2) with ¢; = ¢g = L/2. According
to Algorithm 3.1, we have

1
n - i AA n)yY — Yn - n — 2
Yn+1 argggg{( Yn)s ¥ — Yn) + 2||aj yl| }

—arganin {5~ (5 = M = 1A = AAG). 90— 2.} |

1
in S =y — (zn — AA(yn))|I?
angmin { 3 = (o~ A0
— Po(@n — M(ya)).
Hence, Corollary 3.2 is directly followed from Theorem 3.1. |

Remark 3.2. (i) From the proofs of Lemma 3.2 and Theorem 3.1, we see
that Theorem 3.1, Corollaries 3.1 and 3.2 remain true if the monotonicity
1s replaced by the pseudomonotonicity.

(ii) Corollary 3.2 can be considered as an improvement of the results in [5, 22]
in the sense that we only need to find a projection onto the constrained
set C at each iteration.

(iii) The set 2, in Step 2 of Algorithm 3.1 can be replaced by Q, = CLNC2N
Qn, where CL, C? are two halfspaces defined by
Crlz = {Z €H: ||Zn+1 - ZHZ < ||yn+1 - Z||2}7
C? = {z € H: |yny1— 2|12 < ||z — 2|2 + en}.
Remark 3.3. We can generalize Algorithm 3.1 for finding a common solution

of problem EP and a finite family of fixed point problems for nonexpansive
mappings {S; }é\le The algorithm is designed as follows:

Algorithm 3.2. Initialization. Chose tg = 1 € H,yg = y1 € C and set
Co = Qo = H. The parameters A\, k and {a,} satisfy the following conditions:



14 P.K. Quy and D.V. Hieu

a. 0 <A< gy k>

1 .
172)\(614»02) )

b. an €[0,a] for some a € (0,1).
Step 1. Solve a strongly convex optimization program
. 1 2
Yn+1 = argmin{Af(yn,y) + 5 llzn — ylI7}.
yel 2

Step 2. Compute ziﬂ for each j =1,2,--- | N in parallel

zi+1 = QpYnt1 + (1 — ozn)SjynH, j=1,2,---,N.

Step 3. Find w,41 such that
Wit = argmax{lyoss — a4y —2all 15 = 1,2+, N},

Step 4. Compute x,41 = Pq, (xg), where Q,, = Cp, N Qn,

Cn={2€H:|wns1 — Z||2 < ||z — ZH2 +en},
Qn={2z€ H:(xg—xpn,z—x,) <0},

and

1
€n = k”xn - xn—1||2 + 2>\62||yn - yn—1||2 - (]- - E - 2)‘Cl)||yn+l - ynH2

Setn=n+1 and go back Step 1.

In Step 2 of Algorithm 3.2, the intermediate approximations zfl 41 can be

computed in parallel. Among the approximations 4,41, zZH, j=12,--- N,
we find the furthest element from z,, denoted by w,+1. Using this element
to construct the half-space C),,. This technique is developed from the papers
[1, 12]. We have the following result which is proved similarly to Theorem 3.1.

Theorem 3.2. Let C be a nonempty closed conver subset of a real Hilbert
space H. Assume that the bifunction f satisfies all conditions (A1)-(A4) and
S;:C = C,j =12,---,N are nonexpansive mappings. In addition, the
solution set Q@ = EP(f,C)N (ﬂ;vzl F(Sj)) is nonempty. Then, the sequences
{zn}, {yn}, {zn} generated by Algorithm 3.2 converge strongly to Pq(xo).
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4. A Numerical Illustration

In this section, we consider two numerical examples to illustrate the con-
vergence of Algorithm 3.1. The bifunction f : C' x C — R which comes from
the Nash-Cournot equilibrium model in [24, 30] is defined by

flx,y) = (Px+Qy+q,y—x),

where ¢ € R™, P,Q € R™"*"™ are two matrices of order n such that Q is symmet-
ric, positive semidefinite and @ — P is negative semidefinite. By [24, Lemma
6.2], f is monotone and Lipschitz-type continuous with ¢; = ¢2 = %[|P — Q|
In two numerical experiments below we chose A = %,k‘ = 6,21 = 29 € R”
and yo, Y are the zero vector. All convex quadratic optimization programs are
solved by the MATLAB Optimization Toolbox. The algorithm is performed on
a PC Desktop Intel(R) Core(TM) i5-3210M CPU @ 2.50GHz 2.50 GHz, RAM

2.00 GB.
Example 1. We consider the feasible set C' defined by

3
C’{xGRS:inZL 0<uwz <1, 113}

i=1

and S is the identity operator I. This example is tested with ¢ = (1;—2;3)7
and

31 2 0 16 1 0
P=|2 36 0], Q=1 16 0
0 0 35 0 0 15

The iterate x,41 is expressed by the explicit formula in [28]. In this case,
the solution set EP(f, C)NF(S) = EP(f,C) is not known. Thus, the stopping
criterion used in this experiment is ||w,4+1 — @] < TOL = 0.0001. Table 1
shows the numbers of iterates (Iter.), time for execution of Algorithm 3.1 in sec-
ond (CPU in sec.), and approximation solutions z,, to EP for choosing different
starting points.

Table 1. Results for given starting points in Fzample 1.

o Iter. | CPU in sec. T
(1;3;1) | 377 9.18 (0.0000004; 0.9806232; 0.0194736)
(-3;4; 1) | 220 4.96 (0.0000000; 0.9806290; 0.0194844)
(3;-2; 1) | 480 15.53 (0.0000004; 0.9806289; 0.0194885)

Ezxample 2. We consider the constrained set C' as a box by

C={zeR:0<2;<1,i=1,...,3}.
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Two matrices P,@Q are defined as in Exzample 1, q is the zero vector. Let
C;,i = 1,2,3 be three halfspaces such that C N C; N Cy N C3 = (. For each
x € R3, set

€

3 3
1 . o 1 2 — ;
=3 §:1 min |l —z||* = 3 E: d*(z,C;), and Cg:= argmlélq)(x).

Define S : C — C by
3
1
S:=Po| = P, |.

Since the projection is nonexpansive, S is nonexpansive and F(S) = Cg
(see, [31, Proposition 4.2]). In this example, we chose C; = {z € R3 : 321 +
209 + 23 < *6}, Cy = {(ﬂ € R3: 5x1 + 4dxo + 33 < 712}, and C3 = {l’ €
R3 : 221 + 23 + 23 < —4}. It is easy to show that EP(f,C) N F(S) = {0}.
For each starting point zy then the sequence z,, generated by Algorithm 1
converges strongly to zf := Pgp(t,c)nrs)(®o) = 0. The termination criterion
is ||z, — '] < TOL = 0.001. The results are shown in Table 2 for choosing
different starting points and parameters c,.

Table 2. Results for dlfferent starting points and parameters in Example 2.

0o Qn = 2(n+1) ap = 107" On 1og10(n+1)
Iter. | CPU in sec. | Iter. | CPU in sec. | Iter. | CPU in sec.
(1; 3; 1) 23 1.54 26 1.75 67 4.45
(-3;4; 1) | 47 3.07 20 1.34 81 5.46
(3;-2; 1) 29 1.96 17 1.03 47 2.40
(-2; 3; -1) 7 0.40 6 0.26 18 1.18

The study of the numerical experiments here is preliminary and it is obvious
that EPs and fixed point problems depend on the structure of the constrained
set C, the bifunction f, and the mapping S. However, the results in Tables 1
and 2 have illustrated the convergence of our proposed algorithm and we also
see that the number of iterative step and time for execution of the algorithm
depend on the starting point zog and the parameter «,,.

5. Conclusions

The paper has proposed a hybrid projection method for finding a common
solution of an equilibrium problem and fixed point problems. The main ad-
vantage of the method over the extragradient methods is that, at each step,
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only one optimization problem needs to be solved. This comes from choos-
ing a special intermediate approximation to construct half-spaces. The strong
convergence of the method is established.

Disclosure Statement: There are no conflicts of interest to this work. All
authors have contributed equally.
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