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Abstract.

In this paper, we explore robust duality results between the primal non-
smooth nonconvex single-objective optimization problem with uncertain
data (UNMP) and its Mond-Weir-type dual model (DUNMP) in terms of
e—upper convexificators: weak e—duality theorem, strong e—duality theo-
rem and converse e—duality theorem, where ¢ > 0.

1. Introduction

The first notion of quasi efficient solutions was introduced by Loridan [9]
for mathematical programming problems with the Pareto order. The aim of
studying e—quasi optimal solutions is to obtain feasible points whose objective
value is close to be optimal. In order to treat conditions for quasi efficient
solutions, it is necessary to develop new concepts of e—upper/e—lower convexi-
ficators. The robust dual theory plays an important role in scalar optimization
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because it provides a powerful tool to derive robust weak, strong and converse
optimality conditions for different types of e—quasi efficient solutions in scalar
optimization. The robust dual model was introduced by Chen et al. [4] for a
class of nonconvex multiobjective optimization problems with data uncertainty
in the worst case via the upper semi-regular convexificators in the scheme of
Wolf. They constructed a mixed robust Wolfe-type dual model for such a class
and discussed the robust weak, strong and converse duality results for a dual-
primal pair under suitable hypotheses on the 5*—pseudoconvexity of objective
and constraint functions at the vector under consideration. Using the dual ap-
proach, Chuong [5] examined robust optimality conditions and robust duality
via the limiting subdifferentials/or Clarke subdifferentials (also known as con-
vexificators) for an uncertain nonsmooth multiobjective optimization problem
under arbitrary uncertainty nonempty sets. In addition, Su [15] explored ro-
bust weak, strong and converse duality results for dual-primal pairs by means of
the generalized subdifferentials (without e—upper convexificators). As we have
so far, the theory of robust duality is of basic importance in the investigation
of nonsmooth nonconvex vector/scalar optimization problems with uncertain
data, for instance, see [10, 11, 12]. A robust dual model for such problems is
important in practice, for instance, see [15, 16]. However, in the area of robust
duality analysis, there are no papers that concentrate on uncertain nonsmooth
nonconver single-objective optimization problems via e—upper convexificators.

To the best of our knowledge, minimizing the problem involves nonsmooth
nonconvex real-valued functions and data uncertainty in both the objective and
constraint functions defined on uncertain sets is one of the most difficult prob-
lems in the field of robust optimization. Based on estimations, prediction errors,
or lack of information, all researchers do not know precisely when the prob-
lem will be solved. Minimax programming problems are special mathematical
programming problems, which have many applications: in P. L. Chebyshev’s
theory of best approximation, in J. von Neumann’s game theory, etc. In par-
ticular, minimax programming problems can be seen as an effective tool for
solving uncertain multiobjective optimization problems, for instance see Chen
et al. [6, 7, 17] and the references therein. Especially, Hong et al. [13] showed
that minimax programming problems can be seen as an effective tool for solving
robust single-objective optimization problems.

In this paper, we study a nonsmooth nonconvex single-objective optimiza-
tion problem with uncertain data (for brevity, (UNMP)) and construct a its
Mond-Weir-type dual model (for brevity, (DUNMP)) through e—upper convex-
ificators. For this aim, some weak, strong and converse e—duality theorems for
the same are provided in detail.
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2. Preliminaries

Throughout this paper, let R™ be the n—dimensional Euclidean space and
its topological dual equipped with the usual Euclidean norm || - ||. The notation
(-, -) signifies the inner product in R™ and the origin of any n—dimensional
Euclidean space is expressed as 0,. The symbols R’ , R” and R’} , denote the
nonnegative orthant, the nonpositive orthant and the topological interior of
R respectively (resp., for short). Given a nonempty convex set C' C R", the
interior, the closure, the cone hull, the convex hull and the cardinality of C'
are denoted resp. by intC, clC, coneC, coC and |C|. Additionally, the distance
from the point z € R" to the set C' is illustrated by d¢(z) := infeec {[lz —¢| }.
The symbols S := {z € R"|||z|| = 1}, §* := {x € R"|||z|| < 1}, and B(z,r) :=
{z € R"|||]xz — || < r}, where T € R™ and r > 0. For the sake of brevity, we
adopt the robust optimization approach to deal with the original optimization
problems in the worst case, inf () = 400, sup ) = —oo, the symbol ¢,, J. 0 stands
for the sequence of positive real numbers (¢,),>1 with the limit 0.

Definition 2.1. (Aubin and Frankowska [1]) Let A CR™ and T € cl A.
(i) The Bouligand tangent cone to the set A at T is defined by
T(A, )= {v e R"|3v, = v, 3, | 0, such that T+ t,v, € A Vn > 1}.

Especially, if A is convez, then T(A,T) = clcone(A — ).

(ii) The Bouligand normal cone to the set A at T is defined by
N(A,Z) = {£€R"| ({,v) <0, YveT(A,T)}.

Definition 2.2. (Clarke [2]) Let an extended-real-valued function ¢ : R™ —
RU{*o00} and T, v € R™. Then, the lower and upper Dini directional derivatives
of ¢ defined on R™ in the direction v at the point T are expressed respectively

by

d~(Z,v) = lim inf T+ tv) = gp(ac)’
t10 t
T4 t0) — o(F
d" (T, v) = limsup P(T + 1) cp(:c)
10 t

We observe that the lower and upper Dini directional derivatives may be
finite as well as infinite. Especially, if a locally Lipschitz function ¢ : R” — R,
then the lower and upper Dini directional derivatives at x € R™ in the direction
v € R™ of ¢ are finite and locally Lipschitz in the direction v.
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Definition 2.3. (Jeyakumar and Luc [8]) Let T € R™. We say that ¢ : R™ — R
has

(i) an upper convezificator 0 ¢(Z) CR™ at T if 9 @(T) is closed and

d=p(Z,v) < sup (&v) for every v € R™
£€9, ¢(T)

(i) a lower convezificator 3* () C R™ at T if 3" p(T) is closed and

dte@,v) > inf (£0) for every v € R™.
£€0™p(T)

1) a convezificator at T, denoted by 0*p(T), whenever ¢ admits an upper
¥ 12
convetificator at T, respectively a lower convezificator at T.

(iv) an upper semi-regular convezificator 8 p(T) CR™ at T if 8 (T) is closed
and
dtp(z,v) < sup (£,v) for every v € R™.
£€0, p(T)
(v) a lower semi-regular convezificator 0*(T) C R™ at T if 3" p(T) is closed
and
d”p(T,v) > inf (&, v) for every v e R™.
£€0%p(T)
(vi) a regular convezificator at T, denoted by 0*¢(T), whenever ¢ admits an

upper semi-reqular convexificator at T, respectively a lower semi-reqular
convezificator at T.

Definition 2.4. (Capdtd [3]) Let e > 0 and T € R™. We say that ¢ : R" - R
has

(i) an e—upper convezificator 0, o(Z) C R™ at T if 0, p(T) is closed and
d=p(T,v) < sup (&v) +€||v| for every v € R™.
£€D. p(T)
(i1) an e—lower convezificator 9 p(T) C R™ at T if 97 p(T) is closed and

dtp(T,v) >  inf  (£,0) —€|jv| for every v € R™.
£e€d;o(T)

(iii) an e—upper regular convezificator 9, p(T) C R™ at T if 0, o(T) is closed
and
dte@,v) = sup (&v) +e€|v| for every v € R™.
£€0; o(7)
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(iv) an e—lower regular convezificator 07 p(T) C R™ at T if 97 ¢(T) is closed
and
d=p(@,v) = inf (&v) —€||lv|| for every v € R™.
£€8: ¢(T)

(v) an e—convezificator at T, denoted by 0 p(T), whenever ¢ admits an e—upper
convetificator at T, respectively an e—lower convezificator at T.

Example 2.1. Let e > 0, T =0 € R and 0 be a real-valued function defined

on R by
L —€lx|, if x#£0,
a(x):{w ol i

0, otherwise.

An easy computation gives that

—e€v, if v>0,

dYo(z:v) = d o(z:v) =
(T;v) (T;v) {(1 +€)v, otherwise.

The set {0,1} is an e—lower reqular convezificator of 6 at T = 0.

Example 2.2. Let e >0, T =1 € R and © be a real-valued function defined
on R by
@(1‘): ‘:US_G(‘;_]-)a foz]-v
(x—2)"+e(x—1), otherwise.
It is mot difficult to verify that © is reqular in the sense of Clarke at T = 1 with
the Clarke subdifferential of © at T is

0cO(T) =[-2—¢€,3—¢.

The set [—2, 3] is an e—upper reqular convezificator of © at T = 1.

Remark 2.3. We note that Definition 2.4 is a significant generalization of
Definition 2.8. In particular, for the case € = 0, if ¢ is conver on R™ and
locally Lipschitz at T € R™, then the Clarke subdifferential coincides with the
subdifferential in the sense of Conver Analysis. Such subdifferential is a convez-
ificator of ¢ at T € R™. For such function @, the Clarke subdifferential Ocp(T)
is an upper reqular convezificator and the convezificator mapping Ocp is locally
bounded at T € R™.

Definition 2.5. (Capdtd [3]) Let € > 0. A real-valued function ® : R™ — R is
said to be e—pseudoconvex, if for any x,y € R™ with ®(y) + €|y — z|| < ®(x),
there exists f:= B(x,y) > 0 and ¢ := d(x,y) € (0,1] such that

t+telly — z|| < (x) — P(x +t(y — x)), Vi€ (0,9).
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Definition 2.6. (Rockafellar [14]) Let a real-valued function ® : R™ — R be
convex. The set of all subgradients of ® at T, denoted by OP(T), is defined as

90 (7) = {g eR"| (€,2 —T) < B(x) — ¥(T), Vo e R"}.
It is known that OP(T) is called the subdifferential in the case of convexr analysis.

Remark 2.4. We remark that any e—upper reqular convexificator is an e—upper
convezificator and each convexificator is a subset of an e—convezificator. In ad-
dition, the definitions in Definition 2.4 coincide with the convexificators notion
in the case of Jeyakumar and Luc [8], provided e = 0. In this case, the symbol
70 — 7 is omitted in the whole paper.

Proposition 2.5. (Capdtd [3]) Let € > 0. A continuous function ¢ : R" — R
has a locally bounded e—convezificator map 0F¢p at T € R™ if and only if ¢ is
locally Lipschitz at T.

Theorem 2.6. (/3, 8/) Let €1, €2 > 0. If the functzons ©1, 92 1 R = R admit
€1, Ea—upper convexificators 8 L p1(T), respectively, 8 ,02(T) atT € R™ and one
of them is upper reqular at T, then 8614,01( z) + 862<,02( T) is an €1 + ea—upper
convexificator of ¢1 + 2.

Theorem 2.7. ([3, 8]) Let € > 0, 1,02 : R™ — R be continuous functions
and define ® : R* — R as ®(z) = max{gpl( ), p2(x)} for every x € R™. If
01, P2 admit e— upper convezificators 86%( ), respectively, 86 v2(T) at T € R™,

then 0. ®(Z) = | 0. i(T) is an e—upper convezificator of ® at T, where 7 :=
€T

{ie{1,2}]®@) = ¢i(T)}.
3. Main results

In this section, we consider the following nonsmooth nonconvex minimiza-
tion problem with uncertain data (UNMP) is of the following form

min  f(z)
(UNMP) eeCCRr
subject to g;(z,w;) <0, w; € Q;, j=1.m,

where C' is convex, € C' C R" instead of the decision variable; w; € Q; stands
for uncertain parameters; the symbol €2; signifies nonempty compact convex
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subsets of R™J, j = 1..m, the objective function f : R®™ — R, the constraint
functions ¢ = (91,92, ---,9m) : R x @ — R™, in which Q := H;nzl Qj, w; €
Q (j=1.m), we€ Q= w = (w))cr7 € [1j=; Q. The feasible solutions set
K of problem (UNMP) is given by

K = {x e CCR"|gj(z,wj) <0 Vw; €Qy, j= 1m)}

Suppose that f; (i = 1..p) and g;(.,w;) (j = 1..m) are locally Lipschitz con-
tinuous for every w; € Q;, j =1..m. We set

Gj(z) = max gj(z,w;), G:=(G1,Ga,...,Gy) :R" - R™ and
Qj(z) = {w; € Q| Gj(z) = gj(z,w))}, j=T.m,

ij(x) = {w; € Q| Gj(a*) = gj(z*,w;) Va* near z}, j=T1.m.
It is not hard to verify that
K= {x €CCR"|Gy(z) <0 (j = 1..m)}.
Definition 3.1. Let ¢ > 0. A vector T € K is said to be an e—quasi optimal
solution of problem (UNMP), if

f(@) = f(@) +ellz =7 > 0, Vo € K.

Given € > 0, and then, we consider the real-valued function ® is defined on
R™, is given by

O(z) = sup (& z)+ 2¢|z| for every x € R™.
£€0. o(T)

We have ® is lower semicontinuous, sublinear and positive with ®(0) = 0, and
hence, it follows from [3] that

(3.1) 0 € 09(0) = 01(268* + 005:90(5)).

We mention that &* is the closed unit ball in R™, it is a compact subset in R"”
and so is 2eS*. This together with (3.1) leads to

(3.2) 0 € 28" +cl (cogzgo(f)).

Based on the relation (3.1) (or even the relation (3.2)), and then, in connec-
tion with the uncertain nonsmooth nonconvex minimization problem (UNMP),
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we define an uncertain dual maximization problem (DUNMP) as follows:

max  f(y)
(y,X,n) ECXREF™

st. 0 € cl()\cogif(y) + Z ujcog;;gj (y,w;) + 3eS* + N(C, y)),
j=1

(DUNMF) w;j € Q;V(y), j=1

3

E

pigi(y,wj) >0, j=

pi=0, j€J\J(), Y p=1-\
j=1
For the dual problem (DUNMP), we denote D instead of the feasible solutions
set of problem (DUNMP).

Definition 3.2. Consider the primal problem (UNMP) and its dual problem
(DUNMP). A wvector (g, \,fi) € D is said to be a robust e—quasi optimal
solution for the problem (DUNMP), if for every (y, A\, u) € D, we have

fy) — f(@) —elly -7l <0.

To treat the theorem of robust strong e—duality, we establish the follow-
ing robust necessary e—optimality condition for e—quasi optimal solution of
problem (UNMP).

Theorem 3.1. Let € > 0. If f admits an e—upper convezificator E:f(f) at
T € R™, g;(.,w;), j € J admit upper convezificators gggj(f, wj) at T for all
wj €€y, j € J, and T is a robust e—quasi optimal solution of problem (UNMP),
then there exist (\,r) € RY™™ with YLy =1-X and W, € Q;(T) such that

(33) ﬁjgj(f,ﬁj) =0, j€J,
(3.4) 0€ Cl(XCOE:f(f) + Zﬁjcogggj (T, w;) + 3eS* + N(C, f))

j=1

Proof. Since T is a robust e—quasi optimal solution for the problem (UNMP),
there exists no £ € C' such that

J(&) = (@) + el 7] <0,
& { Gi(@) <0, jed.

Consider the extended-real-valued mapping ¢ : R® — R U {400} is defined
by
o(x) = max{f(a:) — f(@), max Gj(z) — €|z — EH}, z € R™.

je€J(T
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We need to show that G; (j € J(Z)) admit upper convexificators E*Gj (7) at
T.

In fact, it follows from the initial assumption that g;(.,w;), j € J(Z) ad-
mit upper convexificators E;gj (T, w;) at T for all w; € Q;, j € J(T), which

guarantees that

G, (T +tv) — G;(T)

d~G;(Z,v) —hrﬁ%)nf

t
— limin maxy,;eq; 9; (T + tv, w;) — maxy, e, g;(T, w;)
t10 t
< sup ({v), YveR™
£€9"G; ()

On the other hand, for w; € Q;(%), one can achieve that

4" g;(z, w53 v) = liminf 9;(@ + tv,w;) = ;@ 70;)
t

t
< liminf maxy, cq; 9; (T + tv, w;) — maxy,cq, g;(T, w;)
an) t
< sup (&), YveR™
€€0" G, (T)

Therefore, E*Gj (Z) (j € J) are upper convexificators of G at Z, where

IGi@m= |J @)

w;€9;(7T)

Applying Theorem 2.7, one can obtain that

U E*Gj U U xgj T, W;)

jeJ(@) jeJ(T)W; €925 (Z)

is an upper convexificator of Max; ¢ jz)

potheses, f admits an e—upper convexificator 66 f(z) at T, which together
with Theorem 2.6 ensures that ¢ admits an e—upper convexificator 5:90(%) at
T, where

G; at 7. By virtue of the initial hy-

de@m=o@U{ U U %e@m) -}

jeJ(@)W;€9; ()
Thus, one can find @; € Q;(Z) (j € J(T)) such that

(3.6) Bo@ =0, /@ U{ U 89;@.7)) - 5"},

jej(@)
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We have from the construction of ¢ and (3.5) that T € K is an e—quasi optimal
solution for ¢ on C, we mean that p(z) —p(Z)+e||lx—Z| > 0, Va € C. Now, for
7 > 0 arbitrarily taken, let us may consider the function A, : X — RU{+o0},
be given by A, (z) = p(z) + 7de(z), Yo € R™. Taking 7 > 0 small enough
such that T is is a local e—quasi optimal solution of A+ on R". In view of
Clarke [2], do(.) : X — R is Lipschitz on X, and d¢(.) is convex because C' is
convex. Hence we can choose the subdifferential dd¢(T) as an upper regular
convexificator of dx(.) at Z (see [16]). It is well-known that dd¢(Z) is weakly™
compact and convex, according to Rule 4.2 in Ref. [8], we deduce that Az

admits an e—upper convexificator at T as 8, (%) + 79dc(T), which along with
(3.1), (3.6) and 79d¢c(Z) C N(C,T) leads to

0 € cleo (5:@(@ +2eS* + ?8dc(f))
Cel (Cog;kgp(f) + 268" + N(C, E))
cel(co(Ot@U{ U 950, T) - e87}) + 268"+ N(C,7)).
jeJ(@)
In consequence, one can find (\,7i) € Rfm with Z;nzl m=1- ) satisfying
i, =0, jeJ\J(@),

m

0€e cl()\coa f(z Z [cobg; (T, ;) — €S*] + 2¢8* + N(C, x))

whence

m

0€e cl(/\008 f@ Z 004y, (T, W;) + 3¢S* + N(C, x))

For w; € Q;(T), j € J(T), it holds that
7;G3(T) = ; max g;(T,w;) = ;95 w;) =0,
and thus, (3.3) and (3.4) are fulfilled, as we have to prove. [ |

Hereafter, we discuss some robust weak, strong and converse e—duality
theorems for the e—quasi solutions of the primal problem (UNMP) and its
dual model (DUNMP).

Theorem 3.2. (Robust weak e—duality) Let € > 0, T € K and (y,\,p) € D.
Suppose that the objective functions f admits an e—upper reqular converifica-
tor O, f(y) at y, respectively the continuous functions g;(., w;) (j € J) admit
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e—upper regular convezificators 5*gj(y,wj) at y for all w; € Qy, j € J. Sup-
pose, furthermore, that the objective function f is e—pseudoconvex and the
continuous functions g;(., w;) (w; € Q;, j € J) are pseudoconvezx. Then we
have

(3.7) fy) = f(@) —elly -7z <0.

Proof. Assume to the contrary, that

(3.8) fy) = f(@) —elly —=[ > 0.

Consider the extended-real-valued mapping ¢ : R — R U {400} is defined
by
p(x) = max {f(z) - f(y), max G;(y) —ellz —y[}, z€R™
jeJ(v)

We need to prove that G; (j € J (y)) admit e—upper regular convexificators
E*Gj(y) at y. Indeed, it yields from the initial hypotheses that g;(.,w;), j €
j(y) admit e—upper regular convexificators E;gj(y,wj) at y for every w; €
Qj, j € J(y), which ensures that

Gy +tv) — Gj(y)

d*G,(y,v) = limsup

10 t
— lim sup manjer gj (y =+ tU, w]) - ma‘X’ijQj g](y7 w])
£10 t
= sup (&v)+elvl|l, YveR™
565*Gj(§)

On one side, for w; € QF (y) C 2;(y), one can reach that

g (y + tv,w;) — g;(y,W;)

d+gj (y,w;;v) = limsup

10 t
~ limsup maxy,; eq; 9;(y + tv, w;) — maxy, e, 9;(y, w;)
t10 t
= sup (§v) +efvf], YoeR"
€€0°C;(y)

Consequently, E*Gj(y) (j € J) are e—upper regular convexificators of G; at y,

where
3k

B) Gj(y) = U g;jgj(y’mj)'

w; EQ;V (y)
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It infers from the initial hypotheses that ¢ is e—pseudoconvex, and in addition,
=k
¢ admits an e—upper regular convexificator d_(y) at y, where

5:s0(y)=5:f(y)U{ U U EZgj(y,wj)—es*}.

Jed(y)T;ER) (v)

Thus, one finds w; € Q;V(y) (j € J(y)) such that

D) =0 fU{ U 9505 0.7) 57}
i€ (y)
Applying Theorem 3 [16], we confirm that ¢(y) — ¢(T) —€lly — Z|| < 0, or
equivalently,

¢(y) = max{0, max;c; G;(y)} >0
min {o(y) + /(9) = F@) — elly — 7], @(y) — maxjes Gs(y) } <0

This along with (3.8) ensures that

o(y) + fly) = f(@) —elly — 7| >0,
¢(y) — max;es Gj(y) <0,
¢(y) = max{0, max;e; G;(y)}.

Two cases can occur as follows:

Case 1: if p(y) = 0 then max;c; G,(y) = 0, and so, y € K and G;(y) =

0, 7=1.m.

Case 2: if p(y) > 0 then max,c; G;(y) > 0, and therefore, there exists
jo € J(y) such that G, (y) > 0 and according to the definition of D, uj, = 0
for some jo € J(y).

All the arguments above lead to a contradiction, and hence, (3.7) is fulfilled,
as we have to prove. |

Theorem 3.3. (Robust strong e—duality) Suppose that ¢ > 0. Let T € K be a
robust e— quasi optimal solution of problem (UNMP) and in addition, assuming,
that f admits an e—upper convexificator 5: f(T) at T, respectively the continuous
functions g;(., w;) (j € J) admit upper convezificators 5*9j (Z,w;) at T for all
w; € Qy, j € J, and Q;(T) = Qév(f) for all j € J. Then there exist X € R,
o= (fy,Ha,-- - fiy) € RT with X + Z;’;lﬁj = 1 such that (z,\, i) € D.
Moreover, if all the hypotheses of Theorem 3.2 are fulfilled, then (T, \, 1) is a

robust e—quasi optimal solution of (DUNMP) and the value of the objective
functions of (UNMP) and (DUNMP) at T and (T, \, t), respectively, are equal.
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Proof. SinceT € K is a robust e—quasi optimal solution for (UNMP). Taking
in account Theorem 3.1, there exist (\,7i) € lem with fz; = 0 for all j ¢ J(@),
A+ > ey iy =1 and w; € Q;(T) such that (3.3) and (3.4) are valid. Because
Q;(z) = QY(T) for all j € J, according to the definition of feasible solutions set
D, we confirm that (7, \, i) € D. Additionally, if all the hypotheses of Theorem
3.2 are fulfilled, then for any feasible solution (y, A, ) € D one can reach from
the robust weak duality theorem that f(y) — f(T) — €|y — T|| < 0. Therefore,
(T, \, 1) is a robust e—quasi optimal solution of (DUNMP) and the value of the
objective functions of (UNMP) and (DUNMP) at T and (7, \, it), respectively,
are equal, which the conclusion can be verified. |
Theorem 3.4. (Robust converse e—duality) Let € > 0 and T € K. Assume that
(Z,\, 1) € D, f admits an e—upper convezificator 5:f(f) at T, respectively the
continuous functions g;(., w;) (j € J) admit e—upper reqular convezificators

g*gj(f, wj) at T for allw; € Q;, j € J. Assume, furthermore, that the objective
function f is e—pseudoconver and the continuous functions g;(., w;) (w; €
Q;, j € J) are pseudoconver. Then T is a robust e—quasi optimal solution of
problem (UNMP) and (T, A\, 1) is a robust e—quasi optimal solution of problem
(DUNMP).

Proof. Assume to the contrary, that T € K is not an e—quasi optimal solution
of problem (UNMP), i.e., there exists at least an element = € C' satisfying

Gj(g) < Oa jE Ja
39) { 1) - $@) +elF — 7 <.

Consider the extend-real-valued function ¢ : R* — R U {400} is given by

p(z) = max{f(x) — f(@), I;lea}({Gj(l‘)} —€|lx — f||}, x € R™

Then, in a similar idea to the proof of Theorem 3.2, the extended-real-valued
function ¢ admits an e—upper regular convexificator at T of the following form

de@m=o@U{ U U ZaEw)-e)

j€d (@) w; €9} (T)
which is equivalent to there exists w; € QY (7) (j € J(Z)) satisfying
Bo@ =0 /@ U{ U 89;@7)) — 5"},
i€ (@)
Applying Theorem 5 [16], one can obtain that () — ¢(Z) + €|z —Z| > 0, i.e.,

mas {(7) — (@) + el ~ 7, max{G;()} } - max {0, max(G,@)} } > 0.
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Since T € K, one can reach that max {O, max,;cs{G; (f)}} = 0, and hence,
max { f(%) = f(z) + el|7 - 7], max{G; (@)} } > 0.
j€J

Under (3.9), we deduce that max;c {G;(7) < 0, which proves the following
inequality

f(@) — f(@) +elz -z 20,
which conflicts with (3.9). Therefore, we have proven that  is a robust e—quasi
optimal solution for the primal problem (UNMP). By invoking the result
achieved of Theorem 3.3, (T, A, ) is a robust e—quasi optimal solution for
(DUNMP) and the value of the objective functions of (UNMP) and (DUNMP)

at T are equal, which the claim follows. |

Remark 3.5. For the case € = 0, the objective and constraint functions are
conver on R™ and locally Lipschitz at given feasible solution, then the subdif-
ferential in the sense of Convex Analysis is an upper regular convexificator (see
Remark 2.3). Therefore, the obtained results in this paper coincides with the
well-known results in Conver Analysis.

Acknowledgments

The authors are indebted to the two anonymous referees for very useful
comments and suggestions on the preceding versions of this paper. Further-
more, the author would like to thank the Editors for the help in the processing
of the article.

References

[1] Aubin, J.P., Frankowska, H.: Set-Valued Analysis, Birkhauser, Boston
(1990)

[2] Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley-
Interscience, New York (1983)

[3] Capata, A.: Optimality conditions for e—quasi solutions of optimization
problems via e—upper convexificators with applications. Optim. Lett. 13,
857-873 (2019)



Robust duality analysis for efficiency ... 73

[4]

[13]

[14]

[15]

[16]

Chen J.W., Yang R., Kobis E., Ou X. Convezifica-
tors for monconver multiobjective optimization problems with uncer-
tain data: robust optimality and duality. Optimization. (2023); DOL:
https://doi.org/10.1080/02331934.2023.229361

Chuong T.D.: Robust optimality and duality in multiobjective optimiza-
tion problems under data uncertainty. SITAM J Optim. 30(2), 1501-1526
(2020)

Chen J. W., Yanga R., Kobis E., and Ou X.: Convexificators for
nonconver multiobjective optimization problems with uncertain data: ro-
bust optimality and duality. Optimization (online), 1-23 (2023)

Chen J., Kobis E., and Yao JC.: Optimality conditions and duality for
robust nonsmooth multiobjective optimization problems with constraints. J.
Optim. Theory Appl. 181, 411-436 (2019)

Jeyakumar V., Luc D.T.: Nonsmooth calculus, minimality, and mono-
tonicity of convexificators. J. Optim. Theory. Appl. 101, 599-621 (1999)

Loridan, P.: e—solutions in vector minimization problems. J. Optim.

Theory Appl. 43, 265276 (1984)

Luu D.V.: Optimality conditions for local efficient solutions of vector
equilibrium problems via convezificators and applications. J. Optim. The-
ory. Appl. 171, 643-665 (2016)

Luu D.V.: Necessary and sufficient conditions for efficiency via convez-
ificators. J. Optim. Theory Appl. 160, 510-526 (2014)

Luu D.V.: Necessary efficiency conditions for vector equilibrium problems
with general inequality constraints via convexificators. Bull. Braz. Math.
Soc. New Series. 50, 685-704 (2019)

Hong, Z., Bae, K.D., Kim, D.S.: Minimax programming as a tool
for studying robust multi-objective optimization problems. Ann. Oper. Res.
319, 1589-1606 (2022)

Rockafellar, R.T.: Convex Analysis. Princeton University Press, Prince-
ton (1970)

Su T.V.: Robust nonsmooth optimality conditions for uncertain multiob-
jective programs involving stable functions. Positivity. 28: 60 (2024) DOI:
https://doi.org/10.1007/s11117-024-01077-w

Su T.V.: Optimality analysis for e—quasi solutions of optimization prob-
lems via e—upper convezificators: a dual approach. J. Global Optim. 90,
651-669 (2024) DOI: https://doi.org/10.1007/s10898-024-01415-y



74 T. V. Su and D. D. Hang

[17] Thuy N.T.T., Su T.V., Linh D.H.: Robust optimality conditions for
multiobjective programming problems under data uncertainty and its ap-
plications. Optimization. 73 (3), 641-672 (2024)

Tran Van Su

Faculty of Mathematics and Information Technology,

The University of Danang - University of Science and Education
Danang

Vietnam

vansudhdntt@gmail.com

Dinh Dieu Hang

Faculty of Natural Sciences, Electric Power University
Hanoi

Vietnam

hangdd@epu.edu.vn



