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Abstract. The purpose of this paper is to investigate a Bregman pro-
jection algorithm for solving split feasibility problem with multiple output
sets. The proposed algorithm is motivated by the ideas of the Halpern
method, the CQ method and the Tseng method. Our proposed algorithm
employs the inertial technique and a self-adaptive step size to guarantee a
high rate of convergence. The strong convergence theorem is established
without prior knowledge of the operator norm and the Lipschitz continuous
assumption on the operators involved. Numerical experiments with graph-
ical illustrations are presented to demonstrate the effectiveness and the
performance of our proposed algorithm in comparison with some existing
ones.

1. Introduction

Let Hj , j = 0, 1, . . . , N , be real Hilbert spaces with the inner product ⟨·, ·⟩
and the induced norm ∥·∥. In this paper, we study the split feasibility problem
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with multiple output sets (SFP-MOS) [17,22,25,28–30],

find u∗ ∈ H0 such that Fju
∗ ∈ Cj , ∀j = 0, 1, . . . , N,(1.1)

where Cj ⊆ Hj , j = 0, 1, . . . , N , are nonempty closed convex subsets, F0 :
H0 → H0 is the identity mapping I, and Fj : H0 → Hj , j = 1, . . . , N , are
bounded linear mappings. The solution set of the SFP-MOS is denoted by Ω,
that is

Ω :=
{
u∗ ∈ H0 | Fju

∗ ∈ Cj , ∀j = 0, 1, . . . , N
}
.

A special case of the SFP-MOS, when N = 1, is the split feasibility problem
(SFP):

find u∗ ∈ H0 such that u∗ ∈ C0 and F1u
∗ ∈ C1.

Originally, the SFP was introduced in Euclidean spaces [7] and afterward ex-
tended to infinite dimensional spaces. The SFP was applied successfully in
the field of intensity-modulated radiation therapy treatment planning [8,9]. It
plays an important role in medical image reconstruction and in signal process-
ing [3,4].

For each j = 1, 2, . . . , N , let us define the mappings Tj : H0 → H0 by

Tj := PC0

[
I − γjF∗

j (I − PCj
)Fj

]
,(1.2)

where γj ∈
(
0, 2/∥Fj∥2). Then Tj is a nonexpansive mapping and its set of

fixed points Fix(Tj) = {x ∈ H0 | x = Tjx} coincides with the solution set of the
SFP finding u∗ ∈ C0 such that Fju

∗ ∈ Cj . Thus, the set of common fixed points
of a finite family of nonexpansive operators is coincident with the solution set
of the SFP-MOS, i.e.,

N⋂
j=1

Fix(Tj) ≡ Ω.

A well-known method for solving the SFP is Byrne’s CQ algorithm (see
[3]). As has already been mentioned by Byrne, a special case of this method
was introduced by Landweber [14]. It is known that u∗ ∈ C0 solves the SFP if
and only if u∗ solves the fixed point problem:

u∗ = PC0

(
u∗ − γF∗

1 (I − PC1
)F1u

∗),
where PC0 and PC1 are the metric projections of H and H1 onto C0 and C1,
respectively, I is the identity operator on H0 or H1, F∗

1 is the adjoint operator
of F1, and γ ∈ (0, 2/L) with L is the spectral radius of F∗

1F1. The weak
convergence theorem requires to calculate the spectral norm of the operator
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F1. The implementation of this method depends on the knowledge of the
norm of the bounded linear operator. It also should be noted that strong
convergence results are much more desirable than weak convergence results
in infinite dimensional Hilbert spaces. To guarantee the strong convergence
result, some methods, such as the Halpern method, the viscosity approximation
method, and the hybrid projection method, can be employed. Some new results
on the CQ method to solve the SFP and some related problems can be seen in
[24–27,29–32] and the references therein.

In order to improve the convergence rate of the algorithms, inertial accel-
eration is widely applied [16,17,25,30–32]. It is firstly proposed by Polyak in
1964 [21] for solving the smooth convex minimization problems.

Most of the aforementioned methods employ the norm distances and the
induced metric projections. The Bregman distance is an elegant and effective
distance function introduced by Bregman in 1976 [5]. It generalizes a wide range
of measures, such as the squared Euclidean distance, the Itakura–Saito diver-
gence, and the Kullback–Leibler divergence. The Bregman distance, which
is capable of exploring the nonlinear correlation of data features, has found
applications in various areas, including machine learning, computational ge-
ometry, operations research, and information theory [11,18]. Several methods
for solving problem SFP with Bregman projections can be found in [13,15,23].

Motivated by the results above and the ongoing research interest in this
direction, we introduce an algorithm based on Bregman projections for solving
the SFP-MOS in Hilbert spaces. Our proposed method has key features as
follows.

1. The proposed method utilizes the Bregman distance and Bregman projec-
tion instead of the standard Euclidean metric. This allows the algorithm
to adapt to the specific geometry of the underlying Hilbert spaces, pro-
viding a more flexible framework for solving the SFP-MOS under relaxed
regularity conditions.

2. The proposed method is combined with one-step inertial techniques to
improve its convergence.

3. Implementation of the algorithm does not require the knowledge of oper-
ator norms nor the Lipschitz continuous assumption on the operators.

The remaining part of this paper is organized as follows: the next section
displays some lemmas that will be used for the validity and convergence of
the algorithm. The third section is devoted to describing our proposed algo-
rithms and the strong convergence results. In the next section, an example is
provided to illustrate the performance of the algorithm using certain Bregman
projections.
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2. Preliminaries

In this section, we introduce some mathematical symbols, definitions, and
lemmas which can be used in the proof of our main result. Let H be a real
Hilbert space with inner product ⟨·, ·⟩ and norm ∥ · ∥. In what follows, we write
xk ⇀ x to indicate that the sequence {xk} converges weakly to x while xk → x
indicates that the sequence {xk} converges strongly to x.

Let g : H → (−∞,+∞]. The function g is said to be

1. strictly convex if ∀x, y ∈ dom g, x ̸= y,

g[tx+ (1− t)y] < tg(x) + (1− t)g(y), ∀t ∈ (0, 1);

2. uniformly convex with modulus ϕ if ∀t ∈ (0, 1), ∀x, y ∈ dom g,

g[tx+ (1− t)y] < tg(x) + (1− t)g(y)− t(1− t)ϕ(∥x− y∥),

where ϕ is an increasing function vanishing only at 0;

3. strongly convex with a constant σ > 0 if ∀t ∈ (0, 1), ∀x, y ∈ dom g,

g[tx+ (1− t)y] < tg(x) + (1− t)g(y)− σ

2
t(1− t)∥x− y∥2.

Note that strong convexity implies strict convexity.

Let g : H → (−∞,+∞] be a strictly convex and differentiable (on the
interior of its domain) function with gradient ∇g and domain

dom g = {x ∈ H | g(x) < +∞} ̸= ∅.

The Fenchel conjugate function of g is the convex function g∗ : H → (−∞,+∞]
defined by

g∗(x∗) := sup
x∈H

{⟨x∗, x⟩ − g(x)}.

Remark 2.1. Let g∗ : H → (−∞,+∞] be Fenchel conjugate function of g.
Then ∇g∗(∇g(x)) = x for all x ∈ dom ∇g and ∇g(∇g∗(x∗)) = x∗ for all
x∗ ∈ dom g∗.

A function g : H → (−∞,+∞] is called Legendre if it satisfies

1. int(dom g) ̸= ∅ and the subdifferential ∂g is single-valued on its domain;

2. int(dom g∗) ̸= ∅ and ∂g∗ is single-valued on its domain.
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The Bregman bifunction (distance) Dg : dom g × int(dom g) → [0,+∞)
corresponding to the strictly convex function g is defined by the formula [5]

Dg(x, y) := g(x)− g(y)− ⟨∇g(y), x− y⟩, ∀x ∈ dom g, ∀y ∈ int(dom g).

The Bregman divergence is one kind of measurement of the difference between
two points (or distributions in statistics) on a differentiable convex function
of Legendre type. Note that the Bregman divergence is not a usual metric
because it is asymmetric and does not satisfy the triangle inequality. The
Bregman divergence with respect to various types of g can be seen as follows
(Bauschke et al. [2]; Hieu and Cholamjiak [12]): let x = (x1, x2, . . . , xm)⊤ and
y = (y1, y2, . . . , ym)⊤ be two points in Rm.

1. The squared Euclidean divergence

DSE
g (x, y) =

1

2
∥x− y∥2

generated by the function gSE(x) = 1
2∥x∥

2 with its domain dom gSE =
Rm and its gradient ∇gSE(x) = x.

2. The Kullback–Leibler divergence

DKL
g (x, y) :=

m∑
i=1

xi

(
log

(xi

yi

)
− 1

)
+

m∑
i=1

yi.

generated by the Shannon’s function gKL(x) :=
∑m

i=1 xi log xi with its
domain dom gKL = {x = (x1, x2, . . . , xm)⊤ ∈ Rm, xi > 0, i = 1, . . . ,m}
and its gradient

∇gKL(x) = (1 + log x1, 1 + log x2, . . . , 1 + log xm)⊤.

In statistics, the Kullback–Leibler divergence is used to measure the dif-
ference between two probability distributions.

3. The squared Mahalanobis divergence

DSM
g (x, y) :=

1

2
(x− y)⊤Q(x− y)

generated by the function gSM(x) := 1
2x

⊤Qx with its domain dom gSM =
Rm and its gradient ∇gSM(x) = Qx, where Q is a positive definite sym-
metric matrix. The squared Mahalanobis divergence is used to measure
the difference between standard deviation and mean in a normal distri-
bution.
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The relationship between Dg and norm ∥·∥ is guaranteed when g is strongly
convex with strong convexity constant σ > 0 (see [33]):

Dg(x, y) ≥
σ

2
∥x− y∥2, ∀x ∈ dom g, y ∈ int(dom g).(2.1)

We also have the following three-point identity: ∀x ∈ dom g, y, z ∈ int(dom g),

Dg(x, y) +Dg(y, z)−Dg(x, z) = ⟨∇g(z)−∇g(y), x− y⟩.

Let C ⊆ H be a nonempty closed convex subset. The metric projection
PC : H → C is defined by

PCx := argmin{∥x− y∥ | y ∈ C}, x ∈ H.

A fundamental characteristic property (see [1]) is that

z = PC(x) if and only if ⟨x− z, y − z⟩ ≤ 0, ∀y ∈ C.(2.2)

Moreover, we have

∥PCx− y∥2 ≤ ∥x− y∥2 − ∥x− PCx∥2.(2.3)

Throughout this paper, we consider a more general projection, namely the
Bregman projection, which is defined as follows: The Bregman projection,
with respect to the function g, of a point z ∈ int(dom g) is the unique point in
C defined by

P g
Cx := argmin{Dg(y, x) | y ∈ C}, x ∈ H.

In the special case where g(x) = 1
2∥x∥

2, we have Dg(x, y) = 1
2∥x − y∥2 and

thus P g
C = PC . In general, the Bregman projection P g

C depends not only on
the set C, but also on the function g. Like the metric projection, the Bregman
projection also has the following properties, for each x ∈ H (see [6]):

z = P g
C (x) if and only if ⟨∇g(x)−∇g(z), y − z⟩ ≤ 0, ∀y ∈ C(2.4)

and

Dg(y, P
g
Cx) +Dg(P

g
Cx, x) ≤ Dg(y, x), ∀y ∈ C.(2.5)

We also know that if g : H → R is uniformly Fréchet differentiable and bounded
on bounded subsets of H, then ∇g is uniformly continuous on bounded subsets
of H. Moreover, if g is assumed to be σ-strongly convex, Fréchet differentiable
and bounded on bounded subsets of H, then for any two sequences {xk} and
{yk} in H,

lim
k→∞

Dg(x
k, yk) = 0 =⇒ lim

k→∞
∥xk − yk∥ = 0.(2.6)
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Let Vg : dom g × dom g∗ → [0,+∞) associated with a Legendre function g
be defined by

Vg(x, x
∗) := g(x)− ⟨x∗, x⟩+ g∗(x∗), ∀x ∈ dom g, x∗ ∈ dom g∗.

Some properties of the function Vg can be summarized as follows (see [20]):

1. Vg is nonnegative and convex in the second variable;

2. Vg(x, x
∗) = Dg(x,∇g∗(x∗)) ∀x ∈ dom g, x∗ ∈ int(dom) g∗;

3. Vg(x, x
∗) ≤ V (x∗+y∗, x)−⟨y∗,∇g∗(x∗)−x⟩ ∀x ∈ dom g, x∗, y∗ ∈ dom g∗.

Since Vg is convex in the second variable, then, for N ∈ N

Dg

(
x,∇g∗

( N∑
j=1

λj∇g(yj)
))

≤
N∑
j=1

λjDg(x, yj), ∀x ∈ dom g,(2.7)

where yj ∈ H, λj ∈ [0, 1] for j = 1, . . . , N , and
∑N

j=1 λj = 1.

The following lemmas are needed to prove a result in the next section.

Lemma 2.1 (see [10]). Let {sk}, {ak}, {bk}, and {ck} be sequences of non-
negative real numbers such that sk+1 ≤ (1−ak−bk)sk+bksk−1+akck, ∀k ≥ 1,
where

∑∞
k=1 ak = ∞, {bk} ⊂ [0, 1/2], and lim sup

k→∞
ck ≤ 0. Then lim

k→∞
sk = 0.

Lemma 2.2 (see [19]). Let {sk} be a nonnegative real sequence such that there
exists a subsequence {kl} of {k} such that skl

< skl+1 for all l ∈ N. Then
there exists an increasing sequence {ϕ(l)} ⊂ N such that lim

l→∞
ϕ(l) = ∞ and

the following properties are satisfied by all (sufficiently large) numbers m ∈ N:
sϕ(m) < sϕ(m)+1 and sm < sϕ(m)+1. In fact, ϕ(m) = max{j ≤ m |sj < sj+1 }.

3. The algorithm and convergence analysis

In this section, we introduce a new algorithm based on the Bregman distance
and the Bregman projection for solving the SFP-MOS in Hilbert spaces. Our
algorithm is constructed around the following method: Byrne’s CQ method,
Polyak’s gradient method, Halpern method, and hybrid projection method.
In order to establish the strong convergence of the algorithm, we make the
following assumptions
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(A1) F0 : H0 → H0 is the identity operator, Fj : Hj → Hj is bounded linear
operator, j = 1, . . . , N .

(A2) The functions gj : Hj → R, j = 0, 1, . . . , N (where g0 := g) are σj-
strongly convex, Legendre, which is bounded and uniformly Fréchet dif-
ferentiable on bounded subsets of Hj , j = 1, 2.

(A3) Ω = {x∗ ∈ H0 | Fjx
∗ ∈ Cj j = 0, 1, . . . , N}, the solution set of SFP-MOS,

is a nonempty set.

We require that the control parameters satisfy the following conditions for
k ≥ 1.

(C1) {αk} ⊂ (0, 1), lim
k→∞

αk = 0,
∑∞

k=1 αk = ∞.

(C2) {ηk} ⊂ (0,∞) such that lim
k→∞

ηk/αk = 0.

Algorithm 3.1. Initialization: Given θ ∈ (0,∞), µ ∈ (0,∞), τ ∈ (0, 1),
ν ∈ (0, 1). Let x0, x1 ∈ H1 be arbitrary.

Iterative Steps: Given the iterates xk, xk−1 for k ≥ 1, calculate xk+1 as
follows.

Step 1. Set wk = ∇g∗
[
∇g(xk) + θk

(
∇g(xk−1)−∇g(xk)

)]
, where

θk =

{
min

{
ηk

∥∇g(xk−1)−∇g(xk)∥ , θ
}
, if ∇g(xk) ̸= ∇g(xk−1),

θ, otherwise.
(3.1)

Step 2. Compute ykj = ∇g∗j

[
F∗

j

(
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k)
)]

, j = 0, 1, . . . , N .

Step 3. Compute zk = ∇g∗
(
∇g(wk)− γk

∑N
j=0 ∇gj(y

k
j )
)
, where γk = µνκk

with κk being the smallest non-negative integer κ satisfying

µνκ
N∑
j=0

Dgj (Fjz
k,Fjw

k) ≤ τDg(z
k, wk).(3.2)

If wk = zk, then stop; wk is a solution of SFP-MOS. Otherwise, go to Step 4.

Step 4. Compute xk+1 = ∇g∗
[
αk∇g(x0) + (1− αk)∇g(zk)

]
.

Set k := k + 1 and go to Step 1.

The combination of the inertial term θk and the self-adaptive step size γk in
Algorithm 3.1 significantly enhances the performance and stability of the iter-
ative process. Intuitively, the inertial term θk acts as a momentum factor that
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utilizes information from previous iterations to accelerate the convergence rate
toward the solution set Ω. Simultaneously, the adaptive step-size γk adjusts
the movement based on the local geometry of the operators, which eliminates
the requirement for prior knowledge of global operator norms ∥Fj∥. These
components work together to balance rapid progress with numerical stability.

Lemma 3.1. The Armijo-line search rules (3.2) is well-defined. Moreover,
γk ∈ (0, µ] for all k ≥ 0.

Proof. Let consider two possible cases.

Case 1. Suppose that
∑N

j=0 Dgj (Fjz
k,Fjw

k) = 0. In this case, we obtain
that κk = 0 holds.

Case 2. Suppose that
∑N

j=0 Dgj (Fjz
k,Fjw

k) ̸= 0. In this case, we addition-

ally suppose that Dg(z
k, wk) = 0. Then, zk = wk and so Fjz

k = Fjw
k for all

j = 1, . . . , N . Therefore,
∑N

j=0 Dgj (Fjz
k,Fjw

k) = 0. Which is contradiction.

Hence, Dg(z
k, wk) ̸= 0. We assume that

µνκ
N∑
j=1

Dgj (Fjz
k,Fjw

k) > τDg(z
k, wk) for any integer κ.(3.3)

Since µ ∈ (0,∞), ν ∈ (0, 1), it follows from (3.3) that

0 = lim
κ→∞

µνκ
N∑
j=1

Dgj (Fjz
k,Fjw

k) > τDg(z
k, wk) > 0.

This is a contradiction. Therefore, there exists a finite nonnegative integer
κ̃ ∈ N such that µνκ̃

∑N
j=1 Dgj (Fjz

k,Fjw
k) ≤ τDg(z

k, wk). Then (3.2) holds.

This implies that {γk} ∈ (0, µ].

■

Lemma 3.2. Let {wk} and {zk} be sequences generated by Algorithm 3.1. If
wk = zk holds for some integer k, then wk ∈ Ω.

Proof. We assume that wk = zk. By using Steps 1-3 and Remark 2.1, the
assumption can be rewritten as

∇g(wk) = ∇g(zk) = ∇g(wk)− γk

N∑
j=0

∇gj(y
k
j )

= ∇g(wk)− γk

N∑
j=0

[
F∗

j

(
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k)
)]

.(3.4)
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It follows from γk ∈ (0, µ] and (3.4) that

0 =

N∑
j=0

[
F∗

j

(
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k)
)]

.(3.5)

Let u ∈ Ω. It follows from (3.5) that

0 =

N∑
j=0

〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k),Fjw
k −Fju

〉
.(3.6)

From the three-point identity of the Bregman distance and the property (2.4)
of the Bregman projection, we have

⟨∇gj(Fjw
k)−∇gj(P

gj
Cj
Fjw

k),Fjw
k −Fju⟩

= Dgj (Fju,Fjw
k) +Dgj (Fjw

k, P
gj
Cj
Fjw

k)−Dgj (Fju, P
gj
Cj
Fjw

k)

≥ Dgj (Fjw
k, P

gj
Cj
Fjw

k) ≥ 0 ∀j = 0, 1, . . . , N.(3.7)

It follows from (3.6) and (3.7) that〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k),Fjw
k −Fju

〉
= 0, ∀j = 0, 1, . . . , N.(3.8)

From (3.7) and (3.8), we obtain

Dgj (Fjw
k, P

gj
Cj
Fjw

k) = 0 ∀j = 0, 1, . . . , N.(3.9)

Hence, (3.9) asserts that ∥Fjw
k − P

gj
Cj
Fjw

k∥ = 0 for all j = 0, 1, . . . , N . This

implies that Fjw
k ∈ Cj for all j = 0, 1, . . . , N . Thus, wk ∈ Ω. ■

Remark 3.1. Lemma 3.2 implies that if the iterative sequence generated by
Algorithm 3.1 terminates within finite steps, then the current iterative point
must be a solution of the SFP-MOS. Without loss of generality, we assume
that Algorithm 3.1 generates an infinite iterative sequence for the following
convergence analysis.

Lemma 3.3. Suppose that all conditions (A1)-(A3), (C1)-(C2) are satisfied.
Let {wk} and {zk} be two sequences generated by Algorithm 3.1. Then for
u ∈ Ω, we have

Dg(u, z
k) ≤ Dg(u,w

k)−Dg(z
k, wk)

−γk

∞∑
j=0

[
Dgj (Fjz

k, P
gj
Cj
Fjw

k) +Dgj (P
gj
Cj
Fjw

k,Fjw
k)
]
+ τDg(z

k, wk).
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Proof. From the three-point identity of the Bregman distance, we have

Dg(u, z
k) = Dg(u,w

k)−Dg(z
k, wk) + ⟨∇g(wk)−∇g(zk), u− zk⟩(3.10)

and for all j = 0, 1, . . . , N ,〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k) , P
gj
Cj
Fjw

k −Fjz
k
〉

= −Dgj (Fjz
k, P

gj
Cj
Fjw

k) +Dgj (Fjz
k,Fjw

k)−Dgj (P
gj
Cj
Fjw

k,Fjw
k).

(3.11)

From the property (2.4) of the Bregman projection, we have

〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k) , Fju− P
gj
Cj
Fjw

k
〉
≤ 0, ∀j = 0, 1, . . . , N.

(3.12)

Be the definition of ykj , it follows that, for all j = 0, 1, . . . , N ,

⟨∇gj(y
k
j ), u− zk⟩ =

〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k) , Fju−Fjz
k
〉

=
〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k) , Fju− P
gj
Cj
Fjw

k
〉

+
〈
∇gj(Fjw

k)−∇gj(P
gj
Cj
Fjw

k) , P
gj
Cj
Fjw

k −Fjz
k
〉
.(3.13)

By using the definition of zk, one has

⟨∇g(wk)−∇g(zk), u− zk⟩ = γk

〈 N∑
j=0

∇gj(y
k
j ), u− zk

〉
.(3.14)

Substituting the results from (3.11) to (3.14) into (3.10), we obtain that

Dg(u, z
k) ≤ Dg(u,w

k)−Dg(z
k, wk)

−γk

N∑
j=0

(
Dgj (Fjz

k, P
gj
Cj
Fjw

k) +Dgj (P
gj
Cj
Fjw

k,Fjw
k)
)
+ τDg(z

k, wk).

This complete the proof. ■

We are now in a position to prove the strong convergence result of Algorithm
3.1.

Theorem 3.1. Suppose that all conditions (A1)-(A3), (C1)-(C2) are satisfied.
Then the sequence {xk} generated by Algorithm 3.1 converges strongly to u∗ ∈ Ω
with u∗ = P g

Ω(x
0).
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Proof. Let u ∈ Ω. By combining the definition of wk and (2.7), one deduces
that

Dg(u,w
k) ≤ (1− θk)Dg(u, x

k) + θkDg(u, x
k−1).(3.15)

This, combined with Lemma 3.3, implies

Dg(u, z
k) ≤ (1− θk)Dg(u, x

k) + θkDg(u, x
k−1).(3.16)

This implies that

Dg(u, z
k) ≤ max

{
Dg(u, x

k), Dg(u, x
k−1)

}
.(3.17)

By virtue of the definition of xk+1, (2.7), and (3.17), we obtain

Dg(u, x
k+1) ≤ αkDg(u, x

0) + (1− αk)Dg(u, z
k)(3.18)

≤ max
{
Dg(u, x

0), Dg(u, x
k), Dg(u, x

k−1)
}

...

≤ max
{
Dg(u, x

0), Dg(u, x
1)
}
.

This implies that the sequence {Dg(u, x
k)} is bounded, which implies that {xk}

is bounded too. By using (3.15) and (3.16), one finds that {wk} and {zk} are
also bounded. By using Lemma 3.3 and (3.18), we obtain

(1− αk)
[
(1− τ)Dg(z

k, wk) + γk

N∑
j=0

(
Dgj (Fjz

k, P
gj
Cj
Fjw

k)

+Dgj (P
gj
Cj
Fjw

k,Fjw
k)
)]

≤ αkDg(u, x
0) +Dg(u, x

k)−Dg(u, x
k+1)− θk

[
Dg(u, x

k)−Dg(u, x
k−1)

]
.

(3.19)



A Bregman projection for split feasibility problem with multiple output sets . . . 87

Let u∗ = P g
Ω(x

0). It follows from definition of Vg and xk+1 that

Dg(u
∗, xk+1) = Vg

(
u∗, αk∇g(x

0) + (1− αk)∇g(z
k)
)(3.20)

≤ Vg

(
αk∇g(x

0) + (1− αk)∇g(z
k)− αk

[
∇g(x

0)−∇g(u
∗)
]
, u∗)

+
〈
αk

(
∇g(x

0)−∇g(u
∗)
)
,∇g∗

(
αk∇g(x

0) + (1− αk)∇g(z
k)
)
− u∗〉

= Vg

(
αk∇g(u

∗) + (1− αk)∇g(z
k), u∗)+ αk

〈
∇g(x

0)−∇g(u
∗), xk+1 − u∗〉

= Dg

(
u∗,∇g∗

[
αk∇g(x

0) + (1− αk)∇g(z
k)
])

+ αk

〈
∇g(x

0)−∇g(u
∗), xk+1 − u∗〉.

≤ (1− αk)Dg(u
∗, zk) + αk

〈
∇g(x

0)−∇g(u
∗), xk+1 − u∗〉

≤ (1− αk)Dg(u
∗, xk)− (1− αk) θk

(
Dg(u

∗, xk)−Dg(u
∗, xk−1)

)
+ αk

〈
∇g(x

0)−∇g(u
∗), xk+1 − u∗〉

=
[
1− αk − (1− αk)θk

]
Dg(u

∗, xk) + (1− αk) θkDg(u
∗, xk−1)

+ αk

〈
∇g(x

0)−∇g(u
∗), xk+1 − u∗〉.

Now, we consider the following two possible cases to prove lim
k→∞

Dg(u
∗, xk) = 0.

Case 1. There exists an integer k1 ∈ N such that Dg(u, x
k+1) ≤ Dg(u, x

k) for
all k ≥ k1, which gives that {Dg(u

∗, xk)} is convergent and

lim
k→∞

(
Dg(u, x

k)−Dg(u, x
k+1)

)
= 0.(3.21)

Using (3.19), (3.21), and condition (A2), we get

lim
k→∞

Dg(z
k, wk) = lim

k→∞
Dgj (P

gj
Cj
Fjw

k,Fjw
k) = 0, ∀j = 0, 1, . . . , N.(3.22)

By using the definition of {wk} and combining (2.7) with (3.1), one has

Dg(x
k, wk) ≤ (1− θk)Dg(x

k, xk) + θkDg(x
k, xk−1) = θkDg(x

k, xk−1) ≤ ηk.

(3.23)

By using condition (C2), it follows from (3.23) that

lim
k→∞

Dg(x
k, wk) = 0.(3.24)

By using the definition of xk+1, (2.7), and lim
k→∞

αk = 0, we have

Dg(z
k, xk+1) ≤ αkDg(z

k, x0) + (1− αk)Dg(z
k, zk) → 0 as k → ∞.(3.25)
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It follows from (2.6), (3.22), (3.24), and (3.25), we have

lim
k→∞

∥zk − wk∥ = lim
k→∞

∥xk − wk∥ = lim
k→∞

∥zk − xk+1∥ = 0.(3.26)

It follows from (3.26) that

∥xk − xk+1∥ ≤ ∥xk − wk∥+ ∥wk − zk∥+ ∥zk − xk+1∥ → 0 as k → ∞.(3.27)

Since {xk} is bounded, there exists a subsequence {xkl} of {xk} such that
converges weakly to û ∈ H0 and

lim sup
k→∞

⟨xk − u∗,∇g(x0)−∇g(u∗)⟩ = lim
l→∞

⟨xkl − u∗,∇g(x0)−∇g(u∗)⟩.
(3.28)

By (3.24), one finds that the subsequence {wkl} of {wk} also converges weakly
to û ∈ H0. This together with (3.22) implies that Fj û ∈ Cj for all j =
0, 1, . . . , N , that is û ∈ Ω. Since u∗ = P g

Ω(x
0), by applying (2.4) with (3.28),

one finds that

lim sup
k→∞

⟨xk − u∗,∇g(x0)−∇g(u∗)⟩ = ⟨û− u∗,∇g(x0)−∇g(u∗)⟩ ≤ 0.(3.29)

It follows from (3.27) and (3.29) that

lim sup
k→∞

⟨xk+1 − u∗,∇g(x0)−∇g(u∗)⟩ ≤ lim sup
k→∞

⟨xk+1 − xk,∇g(x0)−∇g(u∗)⟩

+ lim sup
k→∞

⟨xk − u∗,∇g(x0)−∇g(u∗)⟩.(3.30)

By using Lemma 2.1, (C3), (3.20), and (3.29), one has that lim
k→∞

Dg(u
∗, xk) = 0.

This together with (2.6) gives that lim
k→∞

∥xk − u∗∥ = 0.

Case 2. There exists a subsequence {Dg(u
∗, xkl)} of {Dg(u

∗, xk)} such that
Dg(u

∗, xkl) ≤ Dg(u
∗, xkl+1) for all l ∈ N. By applying Lemma 2.2, we see that

there exists an increasing sequence {ϕ(l)} ⊂ N such that lim
l→∞

ϕ(l) = ∞ and

the following inequalities hold, for any l ∈ N

Dg(u
∗, xϕ(l)) ≤ Dg(u

∗, xϕ(l)+1) and Dg(u
∗, xl) ≤ Dg(u

∗, xϕ(l)+1).(3.31)

In view of (3.19), we obtain that

(1− αϕ(l))
[
(1− τ)Dg(z

ϕ(l), wϕ(l)) + γϕ(l)

N∑
j=0

(
Dgj (Fjz

ϕ(l), P
gj
Cj
Fjw

ϕ(l))

+Dgj (P
gj
Cj
Fjw

ϕ(l),Fjw
ϕ(l))

)]
≤ αkDg(u, x

0) +Dg(u, x
ϕ(l))

−Dg(u, x
ϕ(l)+1)− θk

(
Dg(u, x

ϕ(l))−Dg(u, x
ϕ(l)−1)

)
.

(3.32)
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It follows from (3.32) that

lim
l→∞

Dgj (P
gj
Cj
Fjw

ϕ(l),Fjw
ϕ(l)), ∀j = 0, 1, . . . , N.(3.33)

By repeating the same arguments as in the proof of Case 1, we conclude that
there exists a subsequensce of {xϕ(l)} converges weakly to some û ∈ Ω and

lim sup
k→∞

⟨xϕ(l)+1 − u∗,∇g(x0)−∇g(u∗)⟩ ≤ 0.(3.34)

It follows from (3.20) and (3.31) that

Dg(u
∗, xϕ(l)+1)(3.35)

≤ (1− αϕ(l))Dg(u
∗, xϕ(l)+1) + αϕ(l)⟨xϕ(l)+1 − u∗,∇g(x0)−∇g(u∗)⟩.

By combining (3.35) with (3.31), we find that

Dg(u
∗, xl) ≤ Dg(u

∗, xϕ(l)) ≤ ⟨xϕ(l)+1 − u∗,∇g(x0)−∇g(u∗)⟩.(3.36)

It follows from (3.34) and (3.36) that lim sup
l→∞

Dg(u
∗, xl) = 0. Thus, lim

l→∞
∥xl −

u∗∥ = 0. ■

Remark 3.2. 1. If N = 1, then Algorithm 3.1 can be reduced to the more
general form of solving the SFP: given parameters θ ∈ (0,∞), µ ∈ (0,∞),
τ ∈ (0, 1), ν ∈ (0, 1), αk satisfying (C1), ηk satisfying (C2), and x0, x1 ∈
H0, the iterative sequence {xk} is generated by the following:

wk = ∇g∗
[
∇g(xk) + θk

(
∇g(xk−1)−∇g(xk)

)]
,

where θk =

{
min

{
ηk

∥∇g(xk−1)−∇g(xk)∥ , θ
}
, if ∇g(xk) ̸= ∇g(xk−1),

θ, otherwise.

yk0 = ∇g∗
[
F∗

0

(
∇g(F0w

k)−∇g(P g
C0
F0w

k)
)]

,

yk1 = ∇g∗1
[
F∗

1

(
∇g1(F1w

k)−∇g1(P
g1
C1
F1w

k)
)]

.

zk = ∇g∗
(
∇g(wk)− γk∇g(yk0 )− γk∇g1(y

k
1 )
)
,where γk = µνκk ,

κk being the smallest non-negative integer κ satisfying

µνκ
[
Dg(F0z

k,F0w
k) +Dg1(F1z

k,F1w
k)
]
≤ τDg(z

k, wk).

If wk = zk, then stop;wk is a solution of SFP-MOS.

xk+1 = ∇g∗
[
αk∇g(x0) + (1− αk)∇g(zk)

]
.

2. By setting gj(x) = 1
2∥x∥

2 for all x ∈ Hj , j = 0, . . . , N , we obtain a
special case of Algorithm 3.1., given parameters θ ∈ (0,∞), µ ∈ (0,∞),
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τ ∈ (0, 1), ν ∈ (0, 1), αk satisfying (C1), ηk satisfying (C2), and x0, x1 ∈
H0, the iterative sequence {xk} is generated by the following:

wk = xk + θk(x
k−1 − xk),

where θk =

{
min

{
ηk

∥xk−1−xk∥ , θ
}
, if xk−1 ̸= xk,

θ, otherwise.

ykj = F∗
j

(
Fjw

k − PCj
(Fjw

k)
)
, ∀j = 0, . . . , N.

zk = wk − γk

N∑
j=0

ykj ,where γk = µνκk ,

κk being the smallest non-negative integer κ satisfying

µνκ
N∑
j=0

∥Fjz
k −Fjw

k∥2 ≤ τ∥zk − wk∥2.

If wk = zk, then stop;wkis a solution of SFP-MOS.

xk+1 = αkx
0 + (1− αk)z

k.

4. Numerical illustrations

In this section, an illustrative example is provided to show that choosing
a suitable Bregman distance can significantly improve the performance of the
algorithm for the SFP MOS problem. In the following experiment, we define

TOL(k) :=
1

N + 1

N∑
j=0

∥Fjx
k − PCj

(Fjx
k)∥2 for all k ≥ 1.

We use the stopping criterion TOL(k) < ϵ for the iterative process, where ϵ
is the predetermined error. If TOL(k) = 0, then wk ∈ Ω. The source code
was developed in MATLAB R2023a and executed on a laptop with an Intel(R)
Core(TM) i7-13620H CPU @ 2.4GHz and 16 GB of RAM.

We consider an example in finite dimensional spaces.

Example 4.1. Let Hj = R2. The closed convex set Cj ⊆ Hj is defined as
follows

Cj = {x = (x1, x2)
⊤ ∈ R2 | 1 ≤ x1, x2 ≤ 1 +

1

j + 1
}, j = 0, 1, . . . , N.
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The operator Fj : R2 → R2 is defined by Fjx = (x1 + 1
j+1x2, x2)

⊤ for

all x = (x1, x2)
⊤ ∈ R2. This is a bounded linear operator. Moreover, we set

gj(x) = g(x) for all j = 0, 1, . . . , 5.

In this example, Algorithm 3.1 is employed for three specific cases of the
Bregman distance as follows:

(1) Using the squared Euclidean distance is defined as

DSE
g (x, y) :=

1

2

2∑
i=1

(xi − yi)
2,

which is generated by gSE(x) := 1
2

∑2
i=1 x

2
i with dom gSE = R2. There-

fore

∇gSE(x) = (x1, x2)
⊤ = x;(

∇gSE
)∗

(y) =
(
∇gSE

)−1
(y) = (y1, y2)

⊤ = y;

P g
Cj
x =

(
max

{
1,min

{
x1, 1 +

1

j + 1

}}
,max

{
1,min

{
x2, 1 +

1

j + 1

}})⊤

.

(2) Using the Kullback–Leibler divergence is defined as

DKL
g (x, y) :=

2∑
i=1

xi

(
log

(xi

yi

)
− 1

)
+

2∑
i=1

yi,

generated by function gKL(x) :=
∑2

i=1 xi log xi with its domain
dom gKL = {x = (x1, x2)

⊤ ∈ R2, xi > 0, i = 1, 2}.

Therefore

∇gKL(x) = (1 + log x1, 1 + log x2)
⊤;(

∇gKL
)∗

(y) =
(
∇gKL

)−1
(y) = (exp(y1 − 1), exp(y2 − 1))⊤;

P g
Cj
x =

(
max

{
1,min

{
x1, 1 +

1

j + 1

}}
,max

{
1,min

{
x2, 1 +

1

j + 1

}})⊤

.

(3) Using the squared Mahalanobis divergence is defined as

DSM
g (x, y) :=

1

2
(x− y)⊤Q(x− y),
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generated by gSM(x) := 1
2x

⊤Qx with its domain dom gSM = R2, where

Q is defined as Q =

[
1 0
0 0.2

]
. Therefore

∇gSM(x) = Qx;(
∇gSM

)∗
(y) =

(
∇gSM

)−1
(y) = Q−1y;

P g
Cj
x =

(
max

{
1,min

{
x1, 1 +

1

j + 1

}}
,max

{
1,min

{
x2, 1 +

1

j + 1

}})⊤

.

For the numerical assessment of our approach, we employ the following
parameters:

N = 5, αk =
1

(k + 1)
, ηk =

1

(k + 1)2
, µ = 0.3, τ = 0.5, ν = 0.6.

The numerical results are reported in Tables 1 and Figures 1 for ϵ = 10−6,
where Iter. denotes the number of iterations and CPU Time denotes the com-
puting time.

Table 1: Numerical results with different choices of Bregman projections

Iter. (k) CPU Time (s)
Squared Euclidean 13117 0.3968
Kullback–Leibler 11755 0.5269
Squared Mahalanobis 6167 0.2876

Figure 1: Performance of the algorithm with different choices of Bregman pro-
jections

The numerical results in Table 1 and Figure 1 reveal that the squared Maha-
lanobis (SM) divergence significantly outperforms the SE and KL divergences.
From a geometric perspective, this is attributed to the SM divergence’s ability
to reshape the metric via the matrix Q to better align with the specific scaling
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of the operators Fj and sets Cj . This adaptation allows the algorithm to take
more effective steps toward the solution set Ω.

5. Conclusion

Utilizing Bregman projections, we have proposed a new CQ inertial algo-
rithm for solving the split feasibility problem with multiple output sets in a real
Hilbert space. We have proven a theorem to show that the generated iterates
by our scheme are strongly convergent. To show the efficiency of our algorithm,
we have presented a comparative numerical example between some Bregman
projections.
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