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Abstract. In this paper, we propose a new self-adaptive inertial and
relaxed CQ algorithm for solving the split feasibility problem in real
Hilbert spaces. The method incorporates alternated inertial extrapolation,
a conjugate-gradient-inspired search direction, and a self-adaptive step-size
strategy, which eliminates the need for operator norm evaluations or line
search procedures. Under suitable assumptions, we establish strong con-
vergence of the generated sequence to the minimum-norm solution of the
problem. To illustrate the practical applicability of the proposed method,
we apply it to an elastic net regularization model. The numerical exper-
iment shows that the algorithm converges effectively and is suitable for
high-dimensional regression problems.

1. Introduction

Let H1 and Hs be real Hilbert spaces, C C H; and Q C Hs be nonempty
closed convex sets, and let F : Hi — Hs be a bounded linear operator. The
Split Feasibility Problem (SFP) consists of finding

(1.1) Find u* € C such that Fu* € Q.

That is, one seeks a point in C whose image under F lies in Q. The solution
set of (1.1) is denoted by

Q={u"ecC|Fu € Ql=CnF Q).
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Since C and Q are nonempty closed convex sets and F is a bounded linear
operator, the set 2 is a nonempty closed convex subset of ;. The SFP was
introduced by Censor and Elfving [4] and has attracted considerable attention
due to its broad range of applications in science and engineering, including
X-ray computed tomography [5], machine learning [15], medical image recon-
struction, signal processing, and game theory, particularly Nash equilibrium
models [7, 16].

A classical approach for solving (1.1) is Byrne’s CQ algorithm [2, 3], defined
by

(1.2) 2 = P (xk N FH(I - PQ)]-":z:k),

where [ is the identity operator on Hs, Pz and Pg are the metric projections
onto C and Q, respectively, F* is the adjoint of F, and v € (0,2/||F||?). This
algorithm can be interpreted as a gradient—projection method applied to a
constrained convex minimization reformulation of the SFP.

Xu [20] established weak convergence of (1.2) in infinite-dimensional Hilbert
spaces. To ensure strong convergence, Wang and Xu [21] proposed the modified
iteration

(1.3) " = P {(1 - ak)(xk —yF (I - PQ)]:.'L'k):|7
where v € (0,2/||F||?) and the sequence {ay} satisfies
(1.4) ai € (0,1), klggo ap =0, Zak = 00,
k=1
(1.5) either Z |ag+1 — ag| < oo or lim L ] =0.
1 k—ro0 (077

They proved that {z*} converges strongly to the minimum-norm solution of
(1.1). Later, Yu et al. [24] showed that condition (1.5) can be removed.

In many applications, however, computing the projections onto C and Q
may be computationally demanding. To address this difficulty, Fukushima [8]
introduced an approximation technique based on supporting half-spaces. As-
sume that

(1.6) C={x€HH|glx) <0},
(1.7) Q={yeHa|h(y) <0},

where g and h are convex and weakly lower semicontinuous functions. At each
iteration k, the sets C and Q are replaced by the half-spaces

(18)  CF={zeHi|ga®)+ (" z—a") <0}, & cag(h),
(1.9) OF = {y € Ho | h(Fa¥) + (¢F,y — Fa*) <0}, (" € on(Fah).
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Based on this idea, Yang [22] proposed the relaxed CQ algorithm
(1.10) M1 = P (;vk — N FH(I - ng)fx’“),

where v € (0,2/]|F]|?). Since projections onto half-spaces admit closed-form
expressions, this scheme is computationally attractive. To avoid estimating
IF|l, Lopez et al. [10] introduced the adaptive step size

(T — Por) Fa|?

1.11 =

) TS PR T P Fa TP
where

(1.12) ok € (0,2) and ér;fl pe(2 — p) > 0.

To further accelerate convergence, Polyak’s inertial extrapolation technique [14]
has been incorporated into SFP algorithms (see, e.g., [11, 12, 17, 18, 19]). Al-
though inertial methods often enhance practical performance, they may gen-
erate oscillatory behavior. To mitigate this drawback, Mu and Peng [13] pro-
posed an alternated inertial strategy that restores partial monotonicity along
a suitable subsequence, thereby improving stability and convergence speed.

Another effective acceleration mechanism consists in replacing the steepest
descent direction —F*(I — Pgr)Fz* with a conjugate gradient-type direction
(1.13) d¥ = —F*(I — Pgr)Fa* + Bd" 1,
where G > 0. Such techniques have been successfully applied to the SFP; see,
for instance, Che et al. [6].

Motivated by the above developments, the present paper aims to design
a new algorithm for solving (1.1) in infinite-dimensional Hilbert spaces that
simultaneously incorporates:

e an alternated inertial extrapolation scheme,

e a conjugate gradient-type search direction,

e an adaptive step size rule, and

e a relaxation mechanism based on supporting half-spaces.

We prove strong convergence of the proposed method under mild assumptions
and introduce an improved choice of inertial parameters that simplifies imple-
mentation.

The remainder of the paper is organized as follows. Section 2 recalls basic
preliminaries. Section 3 presents the proposed algorithm and establishes its
strong convergence. Section 4 presents a numerical experiment illustrating the
effectiveness of the proposed algorithm in elastic net regularization. Finally,
Section 5 concludes the paper.
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2. Preliminaries

In this section, we recall several notions and auxiliary results that will be
used in the convergence analysis of the proposed algorithm. Throughout the
paper, let H be a real Hilbert space endowed with the inner product (-,-) and
the induced norm || - ||. For a sequence {x*} C H, the notation ¥ — z means
that {z*} converges weakly to =, while z¥ — x denotes strong convergence.
The weak w-limit set of {z*}, denoted by w(z*), is defined as the collection of
all points x € H for which there exists a subsequence {x*¢} satisfying z¥¢ — z
as £ — oo.

For any z,y € H and A € R, the following identities hold:
(2.1) lz +yl? = llz]1* + 2(z, y) + Iyl
(2.2) A+ (1= Nyl? = Alle]* + (1 = M]yll* = A1 =Nz - y]*.

Let D be a nonempty closed convex subset of H. An operator T': D — H
is said to be nonezrpansive if

[Tz —Ty| < [le—yll forall z,y € D;
n-inverse strongly monotone (for some n > 0) if

(Tx — Ty, —y) > n||Tz — Ty|*> for all z,y € D.

For any x € H, the metric projection of z onto D is defined by
Ppx = argmin {||ju — z|| | u € D} .
It is well known that the projection operator enjoys the following properties.

Lemma 2.1 ([1]). Let D be a nonempty closed convex subset of H. Then, for
any x € H and u € D, the following statements hold:

(i) (x — Ppx, u— Ppx) <0;
(ii) both Pp and I — Pp are nonexpansive;
(iii) both Pp and I — Pp are 1-inverse strongly monotone.

We next recall some basic facts from convex analysis.

A function f: H — (—o0, +0o0] is convez if

FOz+ (1 =Ny) <Af(x)+ (1 =N f(y) forall z,y € H, A € (0,1).
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It is said to be weakly lower semicontinuous at x € H if

fz) < likm inf f(z¥) whenever 2% — z.
— 00

The subdifferential inequality associated with a convex function f reads

(2.3) flx) > f(y) + &z —y),

where £ € H. Any & satisfying (2.3) is called a subgradient of f at y, and the
set of all such subgradients is denoted by 9f(y).

Finally, we recall a technical lemma that will be used in the convergence
proof.

Lemma 2.2 ([9, Lemma 8]). Let {®y} be a sequence of nonnegative real num-
bers satisfying

Ppy1 < (1 = pr) P + Prar, Cpyp1 < Pp —11 + 5, k>0,

where {pr} C (0,1), {rx} is a sequence of nonnegative real numbers, and
{ar}, {sr} C R. Assume that

(1) Z:o:() Pk = 005
(ii) limp_so0 s = 0;
(iii) for any subsequence {k¢}, the condition v, — 0 implies limsup,_, . qx, < 0.

Then limg_, oo P, = 0.

3. Main Result

In this section, we introduce a modified self-adaptive relaxed CQ algorithm
for solving the Split Feasibility Problem (1.1). The proposed method com-
bines an alternated inertial extrapolation technique with a two-term conjugate
gradient-type direction. We then establish its strong convergence in real Hilbert
spaces. To proceed, we first state the standing assumptions.

Assumptions.

(A1) The constraint sets C C H; and Q C Hy are defined by (1.6)—(1.7).

(A2) The subdifferentials dg and Oh are bounded on bounded subsets of H;
and Ho, respectively.
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(A3) The operator F : H; — Hg is bounded and linear.
(A4) The solution set © of (1.1) is nonempty.

In addition, the control parameters are assumed to satisfy the following
conditions:
The sequence {ax} C (0, 1) satisfies (1.4).

The sequence {n} C (0,1) satisfies limy_, o 2= = 0.

(2]

The sequence {dx} C (0, 1) satisfies lim infy_,o d > 0.

—1(146k) "
The sequence {py} C (0, %), for some € > 0, satisfies infy>1 pg (% — pk) > 0.

)
)
)
C4) The inertial parameter 6, satisfies 0 < 0, < 5:_6’“’1
)
) The sequence {py} C (0,4) satisfies liminfy_, o pr(4 — px) > 0.
)

The parameter 8, € [0,1/2) satisfies B < 3.

We next introduce the relaxed sets associated with a given sequence {z*} C H;.
For each k > 0, let C¥ and QF be the supporting half-spaces defined in (1.8)-
(1.9). These sets serve as outer approximations of the original constraint sets
C and Q, respectively. It is straightforward to verify that

ccck, QC O forall k> 0.

For each x € H;, define
1
(3.1) (@) =5 (I — Poi)Fz|*.

The function f is convex and Fréchet differentiable on H;, and its gradient is
given by V fi(z) = F*(I — Pgr)Fz, which is Lipschitz continuous.

Algorithm 3.1 presents the proposed self-adaptive relaxed CQ method com-
bining alternated inertial extrapolation with a two-term conjugate gradient-like
direction.

Algorithm 3.1. Initialization: Choose constants ¢ > 0 and 8 € (0,1],

together with parameter sequences {ax}, {m:}, {0k}, {0k}, {pr}, {Pr}, and
{Br} satisfying conditions (C1)—(C7).

Select initial points 20, 2! € H; and set d° := —5V fo(2), where
pofo(z°)
o := ¢ IV fo(a®)]*

0, otherwise.

if V fo(2°) # 0,
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Set k= 1.

Iterative Step: Given ¥~

L and z* for k > 1, perform:

Step 1. Compute

Wk z, if k is even,
| 2F O (aF — 2P, if ks odd.
Step 2. Compute
i fr (") . 5
—— i Vfi(z") #£0,
Yo =4 IV fe(@h)]?
0, otherwise,

and set
Y= (1—m) (wk - E’kafk(mk))

Step 3. Compute

P fr(y")
A o= IV (P2
0, otherwise,

if V.fu(y*) # 0,

d* = =V fi(y") + BBpd* Y, M=yt b
Step 4. Compute
2F .= Par [(1- ak)vk}, = (1= )wh + 628

Set k := k + 1 and return to Step 1.

Lemma 3.1. Assume that the sequence {(I — Pgr)Fy*} is bounded. Let {d*}
be the sequence generated by Algorithm 3.1. Then {d*} is bounded.

Proof. We prove the boundedness of {d*} by induction.
Since
Viu(y*) = F (I = Por)Fy",
the boundedness of {(I — Pgx)Fy*} and the boundedness of the linear operator
F* imply that {V fx(y*)} is bounded.

Moreover, from the definition

Prfe(y®)
B = IVIAHI
0, otherwise,

if V.fu(y*) # 0,
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and the condition py, € (0,4), it follows that {7,V fx(y*)} is bounded.
Define

2 -
M := —— sup |7,V fx(y")]|.
2 - B >0

Clearly M < oo.
For k = 0, by definition d° = -V fo(2°), so

. . 25
1% = 170V fo(@)Il < sup %V fu ()| < =—5—=M < M.

Assume that ||d*|| < M for some k > 0. From Step 3 of Algorithm 3.1,

d* = =5V e (V) + BB dt
Thus,
N5 < 1 Fe41 V ot W5+ BBrga[|d”-

By condition (C7), Br+1 < % for all £ > 0. Using the inductive hypothesis
and the definition of M, we obtain

2 —
@+ < TﬁM+ §M = M.

By induction, ||d*|| < M for all k > 0, and hence {d*} is bounded. [ |

Lemma 3.2. Let {y*} and {z*} be the sequences generated by Algorithm 3.1.
Then for all k > 1 and u € Q, the following estimates hold:

ly* = wll® < [lw* —ull® + (1 =) |2 = w* | + ]|
fi(=)

(3.2) ~2epk(2 =o)L = M) e e

and

127 —ull? < (1 = ag)llw” — ull® + [ox + (1 — cx)ne] fJul®
—2epk(2 —epr) (1 —me)(1 — ak)M
IV fr (%)
+ B%Br (1 — a)[|d*1” + 288 (1 — i) (I = 3V fi)y” — u, d* 1)

20,k
(3.3) (1= ) (1 — ag)llz® — w2 = pr(d — pr) (1 — ak)”v];’i(w.
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Proof. Let u € Q. Then u € C and Fu € Q. Since Q C OF for all k > 1, we
have Fu = Pgr Fu. Using the 1-inverse strongly monotone property of 1 —Pgr,
we obtain

(V (), 2" —u)y = (I ) Fak — (I — Por)Fu, Fa* — Fu)
(3.4) > |I(I = )f$k|\2—2fk( ")

Estimate for y*. Using identity (2.1), we compute

lw* — eV fiu(@®) —ul® = [lw* —ul® + 27NV fulz®)* — 207 (V fi(z"), 2" — u)

+ 26 (V fi(a*), 2% — wh).
By the Cauchy-Schwarz inequality and Young’s inequality, we have
2e(V fio(2h), 2% — wh) < |2 — w2 + 23|IV fi. (")
Combining the above two inequalities and applying (3.4), we obtain

[w — e V fio(z®) — )
(3.5) < Jw* —ul? + |2 — w¥||? + 22392 |V fr (@)1 — ey fr(a”).

Now assume first that V f,(z*) # 0. Substituting v, = % into (3.5),

using condition (C5), we obtain

k k 2 k 2 k k2 fz?(xk)
[w® — eV fi(27) — ul|® < flw" —ul]® + [|27 — w”| —25pk(2—spk)‘

IV i (@)]?
(3.6) < Jlw® = ] + [la* — w" 2.

If Vf1.(z¥) = 0, then v = 0 and the same inequality holds.
Using the convexity of || - [|?, (C2), we deduce

ly* = ull® = (1 =) (w0 — eV fi(@®) = w) + e (—w)|*
< (1= me) " — eV fi(@®) = ull® + xl|ull.

Combining the above estimates yields (3.2).

Estimate for z*. From Step 3, v¥ = (I -3,V f)y* + 38rd*~!. A computation
similar to the previous one gives

J2Wr)

(3.7) (I =3V fr)y* = ul]® < |ly* —ul|® — pr(4 - ﬁk)m'
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Using identity (2.1), we obtain
[o* —ull® = (I =3V fi)y* — ull® + B°BElld" ||
(3.8) + 2885 (I — %V fr)y* — u, d*1).
Finally, from Step 4, the nonexpansiveness of Pex and u € C* imply
12 —ul® < (1 = an)[[0* = ul|® + cvgful|*.

Combining this inequality with (3.7), (3.8) and the previous estimate for ||y* — u|?
yields (3.3). |

Lemma 3.3. Assume that the sequences {(I—Pgor)Fy*} and {(I — 5,V fx)y* — u}
are bounded for every u € €. Let {x*} be the sequence generated by Algo-
rithm 5.1. Then, for any u € €0, the even subsequence {||z?* —ul||} is bounded.

Proof. Let u € Q. It follows from Step 4, (2.2), and (3.3) that

Iz = ul|* = [[(1 = 8r) (w* = u) + p (2" — w)||?
= (1= ) llw”® — ull® + 8kll2® — ul]* = 6 (1 — 6x)[lw” — 2]

< (1 — agdi) [wb —ul|® + S fan + (1 — ag)ne] |[ul?

22— pi) (1 — (1 — ) - IEE)
KDk Pk Mk IV fi (k)2
22000 — )[4 + 2884561 — ca) (T — eV i)y — )
2(,,k
+65(1 = aR)(1 = ne)[lw® — 2*|1* = 6pn (4 — pi) (1 - ak)%

(3.9)
~ (1 — &) [t — 2P|,

It follows from Step 1 and (3.9) that
22 — ul® < (1 = qordar)[|2°* — ul|® + dar[azr + (1 — azp)mar][[u?
+ B B0k (1 — ) |42
+ 2BB2k02k (1 — a2 ) (I — F2xV for)y>* — u, d**~1)

2 2k

2 2k
— Oonpak (4 — pax) (1 — azk)m

(3.10) — Ok (1 — O w?* — 2°F||.
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From Steps 1 and 4, we have

Hx2k+1 _ $L’2k||2 _ ||(1 _ 52k)<w2k _ ka) + 62k(z2k _ ka)HQ
(3.11) = 63,22 — 22,
It follows from Step 1, (2.2), (3.10), and (3.11) that

[ —w]? = [[(1 4 Op11) (@ F = w) = Oop 41 (2 — ) ||?
= (14 O ) [[2%F = u]|® = oy |27 — u?
+ O (1 + Ogpey 1) |2 — 27F)2
< (1 — agpdop)||2®F — ul?
82 (1+ Bare) { oz + (1 = i) ]
+ B2 B5,(1 — agp) 4> 71|
+ 2BB2k (1 — i) (I — Fou'V for)y?F — u, d* 1)
+ (2kO2k 11 — 1+ Gop) || 227 — 2|2

2 2k
= Pak(4 = pa) (1 = a%)HfoQz];((Z;JQk))HQ

fzzk(x%)
(3.12) — 2ep1(2 = ep2) (1= ) (1 = k) 1 2 s
It follows from Step 1 and (3.11) that
(3.13) w2+t — 22RH12 < 62 0y 1 (14 Ooyr) || 228 — 2202,

From (3.9), (3.12), and (3.13), we have

22542 — ul|* < (1 — agibor) l2* — ul|®
+ 6 (1 + Oogei1) [ (2 + m2w) [[ul]® + pox]

+ Sarr1 [(Qargr + n2kr1) |[ul® + donia]

— 621 (1 + Oop1) [(1 — O2k) — G221 (1 + Sap1) ] [|2%F —

da (1 + O2x41)par (4 — par) (1 O‘2’f)||szk(y2’“)ll2

260 (1 + B s1)epan(2 — epore) (1 — mog) (1 — sy ”VJ;?

.132k||2

(22F)

k(@202

Fn (@)

— 2602p41p2k4+1(2 = €p2i+1) (1 — M2k41) (1 — a2p41) IV fargr (22FH1)]12
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— Oapt1P2k+1(4 — par+1)(1 — corq1) S ")
IV fors1(y2F )2
(3.14)
— Sap 1 (1 = Joppr) [Jw?PHE — 22K+ 12,
where
b = B2B3 1A% M7 + 28k (I — A2k V far)y>* — u, d®F1).
Taking
1)
My = sup [ (1+0241) (14225 |\u||2+@)+ 2ot (Zerl , Toet1) 2+ 2241]
E>1 o) Qo) d2k Qo o) o)

together with conditions (C1)—(C7) and (3.14), we obtain

2272 —u|? < (1 — aokdor) ||z — ul|? + copbor M
< max{||z%* — u|?, My}

(3.15) < --- < max{||z® —u|)?, M}

Hence, the sequence {||z2**2—u||} is bounded. Therefore, the even subsequence
{22k} of the sequence {z*} generated by Algorithm 3.1 is bounded.

Consequently, from inequality (3.10), it follows directly that the odd sub-
sequence {z2**1} is also bounded. [ ]

Proposition 3.1. Let {z*} be the sequence generated by Algorithm 5.1. Then,
for any u € Q, there exists a constant My > 0 such that, for all k > 1, the
following inequalities hold:

(3.16) 2712 — u||? < (1 — ogpbor) |2 — ull® + o2k qor,
(3.17) 2292 — ul|? < [l2®* — ull® = rog + sok,

where {rox} is a sequence of nonnegative real numbers, {qar} and {sar} are
real sequences, and Supy~q |qax| < Ms.

Proof. Let u € Q. From Step 2, (C2), (2.1), and (3.6),

I —ul|* = |1 = ) [w* — eV fi(a®) =] = g
=(1- nk)2||wk — e Vfr(ah) — uH2 + n,%Hqu
+ 20k (1 — i) (W* — eV fr(2%) — u, —u)
< (L =) [l = ull® + [l2* = w*|*] + 0 u)?
+ 205 (1 = g (" — w, —u)
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+ 20k (1 = i )i (V fr.(2*), u)
< = wll® + e ]
+2(1 = ) ((w" =, —u) + e (V fr(2"), U>)]
(3.18) + (1= m)[la® — w2
It follows from Step 3, (2.1), (3.7), and (3.18) that
[0" = ul® = (1 = 3%V fr)y* — u+ BBRd" |
= (I = %V fr)y" — ul® + 8287 ("2
+ 288k (I = 3V fe)y* —u, d*")
< Jlw® =l + 0 full?
e [ 200 = ) (0" =, —u) + eV fiu(@"), w)
+ (1= me)l|2* — w*(|? + 252" |2
(3.19) + 288k (I = kY fe)y* —u,d" ).

Now, Step 4, using the convexity of the function || - ||?, the non-expansiveness
of the projection operator Per, u € C*, (2.1), Lemma 2.1(ii), and (3.19), we
obtain that

2% =l < (1= ar)?[[v"* — ul® + af[ull® + 20k (1 — ax) (" —u, —u)
< (1= a)||w* — ]’ + [0 + (1 = ax)]lul?
+ 20 (1 — o) (0% — u, —u)
+ 20 (1 — ) (1 — ) [(wk — u, —u)
+€'yk<ka(xk),u>]
(1= ) [(1 = mi)fla® — |
+ 82BN P
(3.20) + 2881 — WV fe)y" — u, dk*lﬁ :
It follows from Step 4, (2.2), and (3.20) that
21— u))? < (1 — apdy) |Jw* —u)?
+ o {[oF + (1= an )] ull®

+ 20 (1 — ag) (0% — u, —u)
+ 2k (1 — ne) (1 — o) [(w* — u, —u)
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+ e (V fr(2¥), u)]
+ (1= an)[ (1= me) 2 — |
+ BBl 1P
+ 288 ((I = %V fr)y* — u, dk*lﬁ }
(3.21) — (1 = 0p) lw* — 2F|%.

It follows from Step 1 and (3.21) that

0?48 — ufl? < (1 = azida) [w? — ul

+ i { [03i + (1= )il
+ 2008 (1 — gy ) (0?F — u, —u)
+ 2025, (1 = n21) (1 — ) [(w?

+ %21V far (z%%), u)
+ 8263 | |12
+ 2B8Bak (I — Fok V for)y** — u, d2k_1>}
(3.22) — Gk (1 — G [[w?* — 2°%12.

— u, —u)

From Step 1, (2.2), (3.11), and (3.22), we get
[w = w? < (1 — azgdor )2 — ul?
+ a0 (1+ Oan1){ [0, + (1 — o miel

+ 20008 (1 — gy ) (0?F — u, —u)

+ 2m26 (1 = moi) (1 — cvop) [(w** — u, —u)

+ 2k (V far(2F), u)]
+ B B3l
+ 288 ((1 = ok V fan )y — w, 1)}
(3.23) — G2 (1 + Oopp1) [(1 — d2k) — G ]]|22F — 2|2



An Inertial and Relaxed Projection Algorithm for the SFP

15

It follows from (3.21), (3.23), (3.13), and (C4) that

222 — ul® < (1= aspd)ja®* — ]l

+ 52k+1{[a§k+1 + (1 — s 1) M3k )|l
+ 20941 (1 — gy ) (WL —u, —u)
+ 202141 (1 — Nags1) (1 — g 1)
x [(wH —u, —u)
+ evart1 (V ok (221, u)]
+ B2 B3k 414”1
+ 2BB2k41((I = For1 V forg1)y* T = u, d2k>}

+ 6o (1 + 92k+1){[0<§k + (1 — o)) [Jul?

+ 2a2k(1 — a2k><’02k

+ 2121 (1 — 125 ) (1 — vag,)
x [(w —u, —u)
+ Y21 (V for (22), u)
+ 32 Balld* 2
+ 2BB2 (I = F2r V for)y** — u, d2k_1>}
2t _ 2k 2

— u, —u)

— dop1(1 — dop41)|lw

— 0ok (1 + Oopr1) [(1 = S21) — S2rb2r41 (1 + O2p41)] [ 227 —

< (1 = aopdop)||22* — u)|® + doraorgor.

Therefore, we have (3.16) with

1
Gor = T{ézml [(a%kﬂ + (1 — 042k+1)77§k+1)||u“2
Q2K 02k

+ 2000541 (1 — gy 1) (W2 — u, —u)

+ 202k +1(1 — Mar41) (1 — c2p41) [<w2k+1 —u, —u)

+ Y24 1(V far1 (x2F1), U>]
+ ﬁ25§k+1”d2kH2
+ 28B4 1 (I = For+1V for41)y* T — u, d%ﬁ

o+ 8o (1 + i) | (034 + (1 = @z ul”

2k

+ 2001 (1 — o) (V7 — u, —u)

$2kH2
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o+ 201 = 722) (1 = az1) | (@™ — w,—)
+ 572k<vf2k($2k)au>}

+ B2 B3, |7

+ 2BB2k (I — YoV for)y** — u, d2k_1>} }

Since {x?*} is bounded (Lemma 3.3), the sequences {w*}, {y*}, {v*}, and
{d*} (Lemma 3.1) are all bounded. By the Cauchy-Schwarz inequality and
conditions (C2), (C7), all terms in go), are bounded, so there exists a constant
My > 0 such that

sup |gak| < Mo.
k>1

It follows from conditions (C1)—(C6) that there exist constants mq,ma, mg > 0
such that for all £ > 1

k(1 + Opp1) [(1 = 61) — Okbky1 (1 + Srp1)] > ma,
266 pk(2 — epr) (1 — M) (1 — ag) > ma,
Okpr(4 — pr)(1 — ag) > ms.

Combining this with (3.14), we obtain (3.17) with

Top = m1||1,2k _ Z2kH2
+mg 3 (@) 4 fouqa (@)
IV far ()12 IV fona (225112
P I XU B . 01 Via
IV far (w22 IV forpa (2 D)2 |7

sok = O (1 + Opg1) [(2r + m2i)[ul|® + por]
+ Ook1 [(Qarr1 + noes ) ul]® + dorta].-

|
Next, we apply Lemma 2.2 to establish the strong convergence of the even
subsequence {2%*} generated by Algorithm 3.1 to the minimum-norm solution
of the split feasibility problem, namely
u* = Pq(0).

Theorem 3.1. Suppose that conditions (Al)-(A4) and (C1)—(C7) hold. Let
{2*} be the sequence generated by Algorithm 3.1. Then the even subsequence
{2k} converges strongly to a point u* € Q, where

w* = Pg(0).
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Proof. Since the solution set  of (1.1) is nonempty, closed and convex, there
exists a unique u* = Pu(0). In particular, u* € Q. Now, it follows from
Proposition 3.1 with u replaced by u* that

a®+2 — | < (1 = agndan)l|o? — |2 + qardangy,
a2 =2 < [l = | = ot s

where

1

@3t = ——{ w1 [ (@31 + (1 = Qi) mdip) 12
Q2K 02k

+ 200k 41 (1 — azpr1) (V2T —u*, —u*)

+ 20241 (1 = M2r+1) (1 — Q2r41) {@U%H —u", —u’)
+ E’sz+1<vf2k+1(z2k+1)7U*>}

+ 525§k+1Hd2kH2

+ 280241 (] = Yor 1 V forr1)y> 1 — d%)}

+ bau (1 + Oaes1) | (0, + (1 — aze)nd) Ju”|

+ 2005 (1 — augp) (V% — u*, —u*)

221 (1 = m2) (1 = ) [ w? =, )
+ 20V for (2%), )]

+ B2 B3 17|12

+ 28800 ((1 = AV far )y — ],

Sy = Ok (1 4 Oaxg1) [(Q2n + 7o) [u*” + o]
+ Oargr [(Qargr + mog ) [0 1* + donsa].

We apply Lemma 2.2 with ®9, = ||22* — u*||?, pr = aordar, and verify the
three conditions.

(i) Since liminfg_,o dx > 0 by (C3), there exist ¢ > 0 and kg > 1 such that
o > ¢ for all k > ko. Together with >~77  a; = oo from (C1), we obtain

o0 o0
E Qg > C E Qigf, = 00.
=1 k—ko

(ii) From (C1),(C2),(C7), and the boundedness of {d*} (Lemma 3.1), we have
Gk, P2k+1 — 0, and hence s}, — 0 as k — oo.
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(iii) We now show that for every subsequence {k¢} of {k},

lim rgr, =0 implies limsupgs,, <O0.
f—o0 £—00 ‘

Suppose that limy_,o 721, = 0. Then we obtain

(324) th ||x2kz _ ZZkgH _ O,
—00
(3,25) lim M =0 lim f22’w+1($2ke+1) —0
P | B e ey El
2 2ky 2 2ke+1
(3.26) tim Sl 0, lim et W)

=00 ||V far, (y2+) |12 =00 ||V far, 1 (y*Fe 1|12

Since I — Pg2x, is nonexpansive by Lemma 2.1(ii), F is a bounded linear
operator, we have

2
19 for (@22 = | F* (1 = Pgar,) Far?™

- H}'*(I — Pgr, ) (Fa?M — Fu) ’2

< ||]:H2H(I— PQQ’W)(]:Z‘QM _]:u*)
< || FIP| Fa?re — Fur|?

< FNH e = w2

:

Given that the sequence {x?¥¢} is bounded and F is a bounded linear operator,
it follows from the previous estimate that {V far, (#2%¢)} is bounded. Similarly,
the sequence {V for,+1(22*T1)} is bounded. This, together with (3.25) and
(3.26), implies that

zlgf,lo far, (@) = 0, elg{.lo oo (@) =0,
elim for, (y%f) =0, lim fzkﬁl(y%”l) =0.
00 {— 00

Hence,
(3.27)  lim ||zF — 22k =0,
£— 00
(3.28)  lim [|(7 — Pgze ) Fx?he || =0, Jim (|7 — Pgzepnn ) Fa?h 4| = 0,
(3.29)  Tim [|(7— Pgzi ) Fy**¢|| = 0, Jim (|7 — Pgzepn ) Fy?He | = 0.
Now, we show that limsup,, ¢35, < 0. Indeed, take a subsequence
{x?kem ) of {z%#¢} such that

(3.30) limsup(z?® — u*, —u*) = lim (2 —u* —u*).
£—00 m—00
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Since the sequence {x?*¢= } is bounded, there exists a subsequence of {x?¥¢m }
which converges weakly to some u. Without loss of generality, we assume that

x2kem N a

Since Pyery,, Fx?kem € Q%Fem it follows from the definition of Q?*¢m that

h(./—_'ka({m) S <<~2kgm7~/—_'x2k:gm _ P

Q2kem ‘/.'.itzkz"" >,

where (?#¢m € Oh(Fz?km). By Assumption (A2), the sequence {¢%em} is
bounded.

Combining this with (3.28), we obtain

(3.31)  h(FaPhem) <[P |[[|(I = Pgar,,, )Fa*Mm | =0 as m — oo.

Since F is a bounded linear operator and z*¢» — %, we have

Fa?kem — Fa.

Moreover, since h is convex and subdifferentiable, it is weakly lower semi-
continuous. Therefore, it follows from (3.31) that

h(Fu) < liminf h(Fz?Fem) <0,

m—r oo

which implies that
Fue Q.

On the other hand, from the definition of C?*¢m and the fact that z2%¢m € C?kem |
we have

(3.32) g(x%em) < <€2kzm7x2kfm _ szem>,

where £2kem € 9g(x?#tm). By Assumption (A2), the sequence {£2Fem} is
bounded. Combining this with (3.27), we obtain

(3.33) g(x%‘m) < ||§2k"'m I ||x2k’5m — Z%kem | =0 asm — cc.

Since z?F¢m — 7 and ¢ is convex and subdifferentiable, hence weakly lower
semicontinuous, it follows from (3.33) that

g(u) < liminf g(z%EM) <0,

m—r oo

which implies that @ € C. Consequently, we conclude that u € .



20 Nguyen Van Hung

From Lemma 2.1(i) and (3.30), we obtain

(3.34) limsup(z?* — u*, —u*) = (@ — u*, —u*) <0.
£— 00

The following is also obtained by combining (3.11), (3.27), and condition
(C3):

(3.35) ||z2ketl — g2ke |2 = (SS,WHQU%‘z — 222 50 asl— oo,

Combining Step 1, Step 2, the convexity of || - ||2, condition (C2), (3.28),
and (3.35), we obtain

(3.36)

Hy2kg+1 o x2k}g||2 S ( 2ko+1 (x2kg+1) o x2ke”2

1- 772ke+1)||w — &%2ke+1V fok,+1

+ ngkeHHx%‘-’HQ —0 asf— oo.

It follows from (3.35) and (3.36) that

(3.37)

Hy2k2+1 _ x?kz+1||2 < ||y2kz+1 _ x2kz”2 + mew _ x2k1+1“2 =0 asl— oo.

From (3.34), (3.35), (3.36), and (3.37), we deduce that

(3.38)  limsup(y®** —u*, —u*) <0 and limsup(y?* —u*, —u*) <O0.

{— 00 £—o0
From conditions (C1)—(C5) and (3.38), we finally obtain

limsup ¢35, = 2limsup [(y>* — u*, —u*) + (T —u*, —u*)] <0.
£—00 £—00

By Lemma 2.2, we conclude that
2 = u* = Po(0).
The proof is complete. |
Remark 3.1. Since 2% — u* and, by (3.35), ||#2kT! — 22k|| — 0, we have
|22+ — ¥ < [|a?T — 2% 4 2% —u|| - 0 as k — oo

Hence, the odd-indexed subsequence {x2**1} also converges strongly to u*.

Consequently, the whole sequence {z*} generated by Algorithm 3.1 con-
verges strongly to u* € Q, where u* = P(0) is the minimum-norm solution of
the split feasibility problem.
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4. Numerical Example and Application

In this section, we present a numerical example to demonstrate the effec-
tiveness and practical applicability of the proposed algorithm. Specifically, we
consider an application to the Elastic Net regularization problem.

All simulations were implemented in Python 3.12.13, using standard sci-
entific computing libraries such as NumPy and SciPy. The experiments were
conducted on a personal computer equipped with an AMD Ryzen 5 5600H with
Radeon Graphics CPU @ 3.30GHz, 16 GB of RAM, running Windows 11.

Example 4.1 (Elastic Net Regularization, [23]). In this example, we consider
the elastic net regression problem

(4.1) Jnin {lIly = Fall* + Adllell + Azllz )3}

where F € REXL is a data matrix, y € R¥ is the observation vector, A;, Ao > 0
are regularization parameters, and 2 € R” is the unknown parameter vector.
The elastic net combines the ¢1-penalty (promoting sparsity) and the ¢3-penalty
(improving numerical stability), and is particularly effective when the predic-
tors are correlated.

To relate (4.1) to the split feasibility framework, we consider its constrained
formulation:

(4.2) min [y — Fz||? subject to (1 —N)|z||1 + M|z|3 < t,
zeR
where \ = )\l)f/\z € (0,1) and ¢ > 0 is chosen appropriately.
Define
C={zeR" [ (1= Nzl + A3 <t},
and

Q={zeR¥ |z -yl < ¢},

where ¢ > 0 is a tolerance parameter. Then problem (4.2) can be formulated
as the split feasibility problem:

find z* € C such that Fz* € Q.

Since both C and Q are closed and convex sets, and F is a bounded lin-
ear operator, the problem fits naturally into the framework of Algorithm 3.1.
Hence, the inertial and relaxed method developed in this paper can be applied
to compute an approximate elastic net solution.
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The split feasibility reformulation (4.2) is particularly well-suited to sparse
regression for several reasons. First, the constraint set C encodes a combined
sparsity-and-smoothness prior via the elastic net penalty (1 — \)|z|1 + Al|=|3:
the /1 component promotes sparsity by driving small coefficients to zero, while
the 5 component induces grouping of correlated predictors and ensures nu-
merical stability when the data matrix F is ill-conditioned or the predictors
are collinear. Second, the set @ = {z € RX | ||z — y||? < ¢} encodes a noise-
aware data-fidelity constraint: instead of requiring exact reproduction of the
observations y, it permits a tolerance ¢ calibrated to the noise level, which is
natural in statistical regression settings. Third, the splitting structure sepa-
rates the signal-space constraint C from the measurement-space constraint Q,
enabling the relaxed CQ framework to work with half-space approximations
of both sets without ever computing projections onto the original elastic net
ball directly. This is computationally advantageous since the projection onto
C does not admit a simple closed form in general, whereas the projection onto
a supporting half-space is explicit. Consequently, the SFP framework simul-
taneously exploits the structural properties of the elastic net regularizer and
avoids the computational bottleneck of evaluating exact projections, making it
an efficient approach for high-dimensional sparse recovery.

Problem setup. For the numerical experiment, we set K = 1500, L = 2000.
The matrix F was generated with entries independently sampled from the stan-
dard normal distribution and then normalized column-wise. The true signal
zf € RF was constructed with n = 50 nonzero components, whose values were
drawn uniformly from [—2,2]. The observation vector was generated by

y=Fa' +e,
where e ~ N(0,021k) is a Gaussian noise vector with o = 1072,

The tolerance parameter ¢ for the set Q is chosen based on the noise statis-
tics. We set ¢ = 7Ko? with 7 = 1 to ensure that the ground-truth signal =
remains a feasible solution with high probability. The regularization parame-
ters are chosen as A = 0.4 and ¢t = 1.05g(z"), where g(x) = (1—\) ||z +\|=||3,
providing a 5% buffer so that the ground-truth signal lies in the interior of C.

Parameter selection. The control parameters satisfying conditions (C1)—(C7)
are chosen as follows:

1 1

100k + 17 Nk (k+ 1)25 Pk , € )

€73

1

o =3.999, 6, =05, 6,=0.5 = —
Pk . O o Ok v B {100k +1)°"

B=0.5.
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The algorithm is initialized at

=zt =(1,1,...,1)".

Stopping criterion. The iterative process is terminated whenever
(4.3) |zFH — 2|, < 1074,
or when a maximum iteration limit k.., = 2000 is reached.

To monitor convergence, we track the feasibility residual
(4.4) Res(k) == d(Fa*, Q) = ||(I — Po)(Fz")|2,

the mean squared error
1
(4.5) MSE(k) = 1 % — a3
and the combined feasibility residual
1
(4.6) TOL(K) = 5 | (I = Pou) Fa® |} + (I = Pes)a[3]

which simultaneously measures the degree of violation of both relaxed con-
straint sets C¥ and QF.

These three metrics serve complementary roles in assessing convergence.
The mean squared error MSE(k) measures the approximation quality of the
iterate a” relative to the ground-truth signal zf. It reflects how well the recov-
ered solution matches the true sparse vector and is relevant when z is available.
The feasibility residual Res(k) quantifies the distance of Fz* from the original
constraint set Q. It provides a direct measure of feasibility with respect to the
data-fitting constraint and is small when the output iterate satisfies Fz* ~ y
to within the prescribed noise tolerance. The combined feasibility residual
TOL(k), by contrast, measures the violation of the relaxed half-space approx-
imations C* and QF used in the algorithm. Since C C Ck and Q C QF, this
quantity is typically smaller than Res(k) and reflects the internal consistency
of the iterative updates. Together, these indicators provide a comprehensive
picture of both the numerical performance and the practical accuracy of the
proposed method.

Numerical results. The algorithm terminated after 218 iterations with a
total CPU time of 4.124 seconds. The final values of the monitored quantities
are summarized in Table 1.
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Quantity Final value
Iterations 218

CPU time (s) 4.124
MSE(k) 6.48 x 107°
Res(k) 4.02 x 1074
|2F+ — 2%y 9.87 x 107°
TOL(k) ~ 1077

Table 1: Summary of numerical results for Algorithm 3.1 applied to the Elastic
Net problem.

The numerical results are reported in Figures 1, 2, 3, and 4, which dis-
play the convergence behavior of Algorithm 3.1 in terms of four quantities:
the mean squared error MSE(k), the successive difference ||2%+1 — 2¥||5, the
feasibility residual Res(k), and the combined feasibility residual TOL(k), each
plotted against both the number of iterations and CPU time (in seconds). All
four quantities decrease monotonically on a logarithmic scale. In particular,
MSE(k) drops rapidly from O(1) to below O(10~*) within the first 100 iter-
ations, while TOL(k) converges to O(10~7), significantly faster than Res(k).
This suggests that the iterates satisfy the relaxed constraints C¥ and QF with
high precision, while the distance to the true feasible set Q decreases more
gradually, as expected from the relaxation mechanism.

We note that the algorithm recovers a feasible approximate solution to the
elastic net problem rather than the exact sparse signal z': the SFP framework
seeks a point satisfying the feasibility constraints, and the final iterate achieves
Res(k) ~ 4.02x10~*, confirming feasibility with respect to Q up to a prescribed
tolerance. These results confirm that Algorithm 3.1 converges effectively and
is well-suited for high-dimensional regression problems of this type.
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MSE(k) vs Iterations MSE(k) vs CPU time
100 § 100 §
10714 10714
= - = -
o 10723 o 10723
o o
2 2
1073 4 103 4
107 4 107 4
0 50 100 150 200 o 1 2 3 a
Iterations (k) CPU time (s)

Figure 1: Convergence of MSE(k) for Algorithm 3.1: as a function of iterations
(left) and CPU time in seconds (right).

Successive_Diff(k) vs Iterations Successive_Diff(k) vs CPU time

10! 4 10! 4

10° 3 10° 3
2 2
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5,107 5 5 107 5
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@ i

510723 510723
E] E]
a a

1077 4 1077 4

1074 1074

0 50 100 150 200 o 1 2 3 4
Iterations (k) CPU time (s)

Figure 2: Convergence of the successive difference [|2*+1 — 2F||y for Algo-
rithm 3.1: as a function of iterations (left) and CPU time in seconds (right).
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Res(k) vs Iterations Res(k) vs CPU time

Res(k)
5]

Res(k)
5]

[ 50 100 150 200 [ 1 2 3 4
Iterations (k) CPU time (s)

Figure 3: Convergence of the feasibility residual Res(k) for Algorithm 3.1: as
a function of iterations (left) and CPU time in seconds (right).

Combined feasibility residual vs Iterations Combined feasibility residual vs CPU time
10? 10?
10° 10°
< <
3 10 2 3 10 2
F F
10+ 10+
107° 107°
o 50 150 200 0 1 3 4

100 2
Iterations (k) CPU time (s)

Figure 4: Convergence of the combined feasibility residual TOL(k) for Algo-
rithm 3.1: as a function of iterations (left) and CPU time in seconds (right).

5. Conclusion

In this paper, we have proposed a new iterative algorithm for solving the
split feasibility problem (Algorithm 3.1). The method combines alternated in-
ertial extrapolation, a self-adaptive Polyak-type step size, a conjugate-gradient-
inspired search direction, and a relaxed projection technique, aiming to improve
convergence behavior and numerical stability.

Under suitable assumptions, we established the strong convergence of the
proposed algorithm to the minimum-norm solution (Theorem 3.1).
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To illustrate its practical applicability, we applied the method to an elastic
net regularization problem. The numerical experiment demonstrates that the
algorithm converges effectively and is suitable for handling high-dimensional
regression models.

These results indicate that the proposed framework provides a feasible and
flexible approach for solving structured feasibility problems arising in optimiza-
tion and inverse problems.

Conflict of interest. We have no known competing financial interests or
personal relationships that could have appeared to influence the work reported
in this paper.
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