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Abstract. Let the mod 2 Steenrod algebra, A, and the general linear
group, GL(n,F2), act on F2[x1, . . . , xn] with |xi| = 1 in the usual manner.
The element P 1

2 of the Steenrod algebra A has the property (P 1
2 )

2 = 0.
Homology of an A-module M with the differential to be the operation P 1

2 is
called the P 1

2 -Margolis homology of M . In this paper, we compute the P 1
2 -

Margolis homology of the Dickson algebra Dn := F2[x1, . . . , xn]
GL(n,F2).

We also discuss an analog conjecture of Pengelley and Sinha. (See the last
remark.)

1. Introduction

Let A be the mod 2 Steenrod algebra. The Steenrod algebra A is the graded
F2-algebra generated by the Steenrod squares Sqi (i ≥ 0) with |Sqi| = i and
subject to the Adem relations with Sq0 = 1 (see Steenrod and Epstein [14]).

The action of A on the polynomial algebra F2[x1, . . . , xn] with |xi| = 1 is
given by the formula

Sqi(xj) =


xj , i = 0,

x2
j , i = 1,

0, otherwise,
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and satisfying to the Cartan formula

Sqn(fg) =

n∑
i=0

Sqi(f)Sqn−i(g),

for f, g ∈ F2[x1, . . . , xn] (see Steenrod and Epstein [14]).

Milnor described the mod 2 dual Steenrod algebra A∗ as the graded poly-
nomial algebra (see Milnor [12])

A∗ = F2[ξ1, ξ2, ξ3, . . . ],

where |ξi| = 2i − 1. The Steenrod algebra A has an F2-basis dual to the
monomial basis of A∗. The elements of the F2-basis of A which is dual to
ξ2

s

t are denoted by P s
t , and the elements P 0

t are denoted by Qt−1. When
s < t, the elements P s

t has the property (P s
t )

2 = 0 (see Margolis [11, Lemma
4, p.232]). In particular, we have P 1

2 = Sq2Sq4 + Sq4Sq2 and P 1
2 (xy) =

P 1
2 (x)y + Q1(x)Q1(y) + xP 1

2 (y) for x, y in any A-algebra (see Margolis [11,
p.229]). The Milnor operation Qj can be defined inductively as follows (see
Milnor [12, Cor. 2]).

Q0 = Sq1, Qj+1 = Sq2
j+1

Qj +QjSq
2j+1

.

Further, Qj is primitive with respect to the coproduct of A (see Milnor [12,
Lemma 9]). Equivalently, Qj is a derivation on any A-algebra, i.e. Qj(xy) =
Qj(x)y + xQj(y).

Let us study the Dickson algebra of n variables

Dn = F2[x1, . . . , xn]
GL(n,F2),

where each generator xi is of degree 1, and the general linear group, GL(n,F2),
acts canonically on F2[x1, . . . , xn]. Dickson proved in [3] that Dn is a polyno-
mial algebra on the Dickson invariants

Dn = F2[cn,0, . . . , cn,n−1].

Since the action ofGL(n,F2) commutes with the action of the Steenrod algebra,
Dn is inherited the structure of anA-module from F2[x1, . . . , xn]. In this article,
when n is fixed, the element cn,s will be denoted by cs for abbreviation.

Let M be any left A-module and 0 ≤ s < t. The P s
t -Margolis homology

group of M is defined as (see Margolis [11])

H∗(M ;P s
t ) := KerP s

t /ImP s
t .
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In [5], Hưng computed the Qj-Margolis homology of the Dickson algebra.
In this article, we compute the P 1

2 - Margolis homology of the Dickson algebra.
Let us recall that P 1

2 is not a (mod 2) derivation, that is in general

P 1
2 (xy) ̸= P 1

2 (x)y + xP 1
2 (y).

In particular, if x and y are some P 1
2 -cycles, it does not imply that xy is also

a P 1
2 -cycle. In other words, H∗(Dn;P

1
2 ) does not admit any multiplicative

structure.

Let A(2) be the subalgebra of the Steenrod algebra generated by Sq1, Sq2,
and Sq4 and let ∧(P 1

2 ) be the exterior algebra on the generator P 1
2 . According

to P. Bhattacharya, I. Bobkova, and B. Thomas (see [2]), there is a map

q : Exts,tA(2)(Dn,F2) → Exts,t∧(P 1
2 )
(Dn,F2).

Note that
Exts,t∧(P 1

2 )
(F2,F2) ∼= F2[h2,1],

where |h2,1| = (1, 6) and

F2[h2,1]⊗H∗(Dn;P
1
2 ) ⊂ Exts,t∧(P 1

2 )
(Dn,F2).

So, the knowledge ofH∗(Dn;P
1
2 ) is essential for understanding Exts,tA(2)(Dn,F2).

This is the reason why the P 1
2 -Margolis homology of the Dickson algebra is in-

teresting.

Let D4
n = F2[c

4
0, . . . , c

4
n−1]. The following theorems are the main results of

the paper.

Theorem 1.1. (a) The P 1
2 -Margolis homology of the Dickson algebra D1 is

isomorphic as F2-vector spaces to

F2[c
4
0]

(c80)
⊕ F2⟨[c0], [c50]⟩.

(b) The P 1
2 -Margolis homology of the Dickson algebra D2 is isomorphic as

F2-vector spaces to
F2 ⊕ F2⟨[c0c1]⟩.

(c) The P 1
2 -Margolis homology of the Dickson algebra D3 is isomorphic as

F2-vector spaces to

F2[c
4
0, c

4
1, c

4
2]

(c40, c
4
1)

⊕ F2⟨[c0c4k2+1
2 ] | k2 ≥ 0⟩.
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Theorem 1.2. For n ≥ 4, the P 1
2 -Margolis homology of the Dickson algebra

Dn is isomorphic as F2-vector spaces to

D4
n

(c40, c
4
1)

⊕ F2⟨[c0c4i22 c2i33 ci44 · · · cin−1

n−1 ], [c
4j2
2 c2j33 cj44 · · · cjn−1

n−1 ], [c
k0
0 c4k2+1

2 c2k3
3 ck4

4 · · · ckn−1

n−1 ]⟩.

Here, i2, . . . , in−1, j2, . . . , jn−1 ≥ 0, at least one of the powers 2j3, j4, . . . , jn−1

is not divisible by 4, k2, . . . , kn−1 ≥ 0 and 0 ≤ k0 ≤ 1.

The paper is divided into 3 sections. In Section 2, we compute the action
of the operation P 1

2 on the Dickson invariants. In Sections 3, we completely
compute the P 1

2 -Margolis homology of the Dickson algebra.

2. The action of the operation P 1
2 on the Dickson invariants

The action of the Milnor operation, Qj , on the Dickson invariants was
compute in [5].

Lemma 2.1. (Hưng [5]) For 0 ≤ s < n,

Q1(cs) =


c0, n > 2, s = 2,

0, n > 2, s ̸= 2,

c0cs, n = 2,

c40, n = 1, s = 0.

The action of the Steenrod algebra on the Dickson invariants was computed
in [4].

Theorem 2.1. (Hưng [4])

Sqi(cs) =


cr, i = 2s − 2r, r ≤ s,

crct, i = 2n − 2t + 2s − 2r, r ≤ s < t,

c2s, i = 2n − 2s,

0, otherwise.

Note that D1 is the polynomial algebra F2[x] and c0 = x.

Lemma 2.2. The action of P 1
2 on D1 is given by

P 1
2 (x

4k) = P 1
2 (x

4k+1) = 0, P 1
2 (x

4k+2) = x4k+8, P 1
2 (x

4k+3) = x4k+9.
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Proof. Since Q1(x
2k) = 0, we have

P 1
2 (x

4k) = P 1
2 (x

2k)x2k + (Q1(x
2k))2 + x2kP 1

2 (x
2k) = 0.

Since Sqi(xj) =
(
j
i

)
xi+j (see [14]) and P 1

2 = Sq4Sq2 + Sq2Sq4, we have

P 1
2 (x) = 0, P 1

2 (x
2) = x8, P 1

2 (x
3) = x9.

Therefore, we get

P 1
2 (x

4k+1) = P 1
2 (x

4k)x+Q1(x)Q1(x
4k) + x4kP 1

2 (x) = 0.

P 1
2 (x

4k+2) = P 1
2 (x

4k)x2 +Q1(x
2)Q1(x

4k) + x4kP 1
2 (x

2) = x4k+8.

P 1
2 (x

4k+3) = P 1
2 (x

4k)x3 +Q1(x
3)Q1(x

4k) + x4kP 1
2 (x

3) = x4k+9.

■

Lemma 2.3. Suppose that i0 and i1 are even numbers. The action of P 1
2 on

D2 is given by
i)

P 1
2 (c

i0
0 ci11 ) =


ci0+2
0 ci11 , i0 = 4k0 + 2, i1 = 4k1,

ci0+2
0 ci11 , i0 = 4k0, i1 = 4k1 + 2,

0, i0 = 4k0, i1 = 4k1,

0, i0 = 4k0 + 2, i1 = 4k1 + 2.

ii)

P 1
2 (c0c

i0
0 ci11 ) =


ci0+1
0 ci1+3

1 , i0 = 4k0 + 2, i1 = 4k1,

ci0+1
0 ci1+3

1 , i0 = 4k0, i1 = 4k1 + 2,

ci0+1
0 ci1+3

1 + ci0+3
0 ci11 , i0 = 4k0, i1 = 4k1,

ci0+1
0 ci1+3

1 + ci0+3
0 ci11 , i0 = 4k0 + 2, i1 = 4k1 + 2.

iii)

P 1
2 (c1c

i0
0 ci11 ) =


ci00 ci1+4

1 + ci0+2
0 ci1+1

1 , i0 = 4k0 + 2, i1 = 4k1,

ci00 ci1+4
1 + ci0+2

0 ci1+1
1 , i0 = 4k0, i1 = 4k1 + 2,

ci00 ci1+4
1 , i0 = 4k0, i1 = 4k1,

ci00 ci1+4
1 , i0 = 4k0 + 2, i1 = 4k1 + 2.

iv)

P 1
2 (c0c1c

i0
0 ci11 ) =


ci0+3
0 ci1+1

1 , i0 = 4k0 + 2, i1 = 4k1,

ci0+3
0 ci1+1

1 , i0 = 4k0, i1 = 4k1 + 2,

0, i0 = 4k0, i1 = 4k1,

0, i0 = 4k0 + 2, i1 = 4k1 + 2.
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Proof. By Theorem 2.1, we have

P 1
2 (c0) = c0c

3
1 + c30, P

1
2 (c1) = c41.

By Lemma 2.1, we have

Q1(c0) = c20, Q1(c1) = c0c1.

Therefore, we get

P 1
2 (c0c1) = P 1

2 (c0)c1 +Q1(c0)Q1(c1) + c0P
1
2 (c1) = 0.

P 1
2 (c

2u
0 ) = (Q1(c

u
0 ))

2 = u2c2u+2
0 , P 1

2 (c
2v
1 ) = (Q1(c

v
1))

2 = v2c20c
2v
1 .

i) Since i0 and i1 are even numbers, we have Q1(c
i0
0 ) = Q1(c

i1
1 ) = 0. So,

P 1
2 (c

i0
0 ci11 ) = P 1

2 (c
i0
0 )ci11 +Q1(c

i0
0 )Q1(c

i1
1 ) + P 1

2 (c
i1
1 )ci00

= P 1
2 (c

i0
0 )ci11 + P 1

2 (c
i1
1 )ci00

=


ci0+2
0 ci11 , i0 = 4k0 + 2, i1 = 4k1,

ci0+2
0 ci11 , i0 = 4k0, i1 = 4k1 + 2,

0, i0 = 4k0, i1 = 4k1,

0, i0 = 4k0 + 2, i1 = 4k1 + 2.

ii) Since i0 and i1 are even numbers, we have Q1(c
i0
0 ci11 ) = 0. By part i) of

Lemma 2.3, we get

P 1
2 (c0c

i0
0 ci11 ) = P 1

2 (c0)c
i0
0 ci11 +Q1(c0)Q1(c

i0
0 ci11 ) + c0P

1
2 (c

i0
0 ci11 )

= P 1
2 (c0)c

i0
0 ci11 + c0P

1
2 (c

i0
0 ci11 )

=


ci0+1
0 ci1+3

1 , i0 = 4k0 + 2, i1 = 4k1,

ci0+1
0 ci1+3

1 , i0 = 4k0, i1 = 4k1 + 2,

ci0+1
0 ci1+3

1 + ci0+3
0 ci11 , i0 = 4k0, i1 = 4k1,

ci0+1
0 ci1+3

1 + ci0+3
0 ci11 , i0 = 4k0 + 2, i1 = 4k1 + 2.

iii) Since i0 and i1 are even numbers, we have Q1(c
i0
0 ci11 ) = 0. By part i) of

Lemma 2.3, we get

P 1
2 (c1c

i0
0 ci11 ) = P 1

2 (c1)c
i0
0 ci11 +Q1(c1)Q1(c

i0
0 ci11 ) + c1P

1
2 (c

i0
0 ci11 )

= P 1
2 (c1)c

i0
0 ci11 + c1P

1
2 (c

i0
0 ci11 )

=


ci00 ci1+4

1 + ci0+2
0 ci1+1

1 , i0 = 4k0 + 2, i1 = 4k1,

ci00 ci1+4
1 + ci0+2

0 ci1+1
1 , i0 = 4k0, i1 = 4k1 + 2,

ci00 ci1+4
1 , i0 = 4k0, i1 = 4k1,

ci00 ci1+4
1 , i0 = 4k0 + 2, i1 = 4k1 + 2.
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iv) Since i0 and i1 are even numbers, we have Q1(c
i0
0 ci11 ) = 0. By part i) of

Lemma 2.3, we get

P 1
2 (c0c1c

i0
0 ci11 ) = P 1

2 (c0c1)c
i0
0 ci11 +Q1(c0c1)Q1(c

i0
0 ci11 ) + c0c1P

1
2 (c

i0
0 ci11 )

= c0c1P
1
2 (c

i0
0 ci11 )

=


ci0+3
0 ci1+1

1 , i0 = 4k0 + 2, i1 = 4k1,

ci0+3
0 ci1+1

1 , i0 = 4k0, i1 = 4k1 + 2,

0, i0 = 4k0, i1 = 4k1,

0, i0 = 4k0 + 2, i1 = 4k1 + 2.

■

Lemma 2.4. Suppose that i0, i1, and i2 are even numbers. The action of P 1
2

on D3 is given by
i)

P 1
2 (c

i0
0 ci11 ci22 ) =

{
ci0+2
0 ci11 ci2−2

2 , i2 = 4k2 + 2,

0, i2 = 4k2.

ii)

P 1
2 (c0c

i0
0 ci11 ci22 ) =

{
ci0+1
0 ci1+1

1 ci22 + ci0+3
0 ci11 ci2−2

2 , i2 = 4k2 + 2,

ci0+1
0 ci1+1

1 ci22 , i2 = 4k2.

iii)

P 1
2 (c1c

i0
0 ci11 ci22 ) =

{
ci0+2
0 ci1+1

1 ci2−2
2 + ci00 ci1+2

1 ci22 , i2 = 4k2 + 2,

ci00 ci1+2
1 ci22 , i2 = 4k2.

iv)

P 1
2 (c2c

i0
0 ci11 ci22 ) =

{
ci0+2
0 ci11 ci2−1

2 + ci00 ci1+1
1 ci2+1

2 , i2 = 4k2 + 2,

ci00 ci1+1
1 ci2+1

2 , i2 = 4k2.

v)

P 1
2 (c0c1c

i0
0 ci11 ci22 ) =

{
ci0+3
0 ci1+1

1 ci2−2
2 , i2 = 4k2 + 2,

0, i2 = 4k2.

vi)

P 1
2 (c0c2c

i0
0 ci11 ci22 ) =

{
ci0+3
0 ci11 ci2−1

2 , i2 = 4k2 + 2,

0, i2 = 4k2.
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vii)

P 1
2 (c1c2c

i0
0 ci11 ci22 ) =

{
ci0+2
0 ci1+1

1 ci2−1
2 , i2 = 4k2 + 2,

0, i2 = 4k2.

viii)

P 1
2 (c0c1c2c

i0
0 ci11 ci22 ) =

{
ci0+1
0 ci1+2

1 ci2+1
2 + ci0+3

0 ci1+1
1 ci2−1

2 , i2 = 4k2 + 2,

ci0+1
0 ci1+2

1 ci2+1
2 , i2 = 4k2.

Proof. By Lemma 2.1, we have

Q1(c0) = Q1(c1) = 0, Q1(c2) = c0.

By Theorem 2.1, we have

P 1
2 (c0) = c0c1, P

1
2 (c1) = c21, P

1
2 (c2) = c1c2.

So, we get

P 1
2 (c0c1) = P 1

2 (c0)c1 +Q1(c0)Q1(c1) + c0P
1
2 (c1) = 0,

P 1
2 (c1c2) = P 1

2 (c1)c2 +Q1(c1)Q1(c2) + c1P
1
2 (c2) = 0,

P 1
2 (c0c2) = P 1

2 (c0)c2 +Q1(c0)Q1(c2) + c0P
1
2 (c2) = 0,

P 1
2 (c0c1c2) = P 1

2 (c0c1)c2 +Q1(c0c1)Q1(c2) + c0c1P
1
2 (c2) = c0c

2
1c2.

i) From above computations and the fact that P 1
2 (c

i0
0 ) = P 1

2 (c
i1
1 ) = Q1(c

i0
0 ) =

Q1(c
i2
2 ) = 0, we have

P 1
2 (c

i0
0 ci11 ci22 ) = P 1

2 (c
i0
0 ci11 )ci22 +Q1(c

i0
0 ci11 )Q1(c

i2
2 ) + ci00 ci11 P 1

2 (c
i2
2 )

= P 1
2 (c

i0
0 ci11 )ci22 + ci00 ci11 P 1

2 (c
i2
2 )

= ci00 ci11 P 1
2 (c

i2
2 ) = (i2/2)

2ci0+2
0 ci11 ci2−2

2

=

{
ci0+2
0 ci11 ci2−2

2 , i2 = 4k2 + 2,

0, i2 = 4k2.

ii) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By part i)

of Lemma 2.4, we get

P 1
2 (c0c

i0
0 ci11 ci22 ) = P 1

2 (c0)c
i0
0 ci11 ci22 +Q1(c0)Q1(c

i0
0 ci11 ci22 ) + c0P

1
2 (c

i0
0 ci11 ci22 )

= P 1
2 (c0)c

i0
0 ci11 ci22 + c0P

1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+1
0 ci1+1

1 ci22 + ci0+3
0 ci11 ci2−2

2 , i2 = 4k2 + 2,

ci0+1
0 ci1+1

1 ci22 , i2 = 4k2.
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iii) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By

part i) of Lemma 2.4, we get

P 1
2 (c1c

i0
0 ci11 ci22 ) = P 1

2 (c1)c
i0
0 ci11 ci22 +Q1(c1)Q1(c

i0
0 ci11 ci22 ) + c1P

1
2 (c

i0
0 ci11 ci22 )

= P 1
2 (c1)c

i0
0 ci11 ci22 + c1P

1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+2
0 ci1+1

1 ci2−2
2 + ci00 ci1+2

1 ci22 , i2 = 4k2 + 2,

ci00 ci1+2
1 ci22 , i2 = 4k2.

iv) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By

part i) of Lemma 2.4, we get

P 1
2 (c2c

i0
0 ci11 ci22 ) = P 1

2 (c2)c
i0
0 ci11 ci22 +Q1(c2)Q1(c

i0
0 ci11 ci22 ) + c2P

1
2 (c

i0
0 ci11 ci22 )

= P 1
2 (c2)c

i0
0 ci11 ci22 + c2P

1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+2
0 ci11 ci2−1

2 + ci00 ci1+1
1 ci2+1

2 , i2 = 4k2 + 2,

ci00 ci1+1
1 ci2+1

2 , i2 = 4k2.

v) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By part

i) of Lemma 2.4, we get

P 1
2 (c0c1c

i0
0 ci11 ci22 ) = P 1

2 (c0c1)c
i0
0 ci11 ci22 +Q1(c0c1)Q1(c

i0
0 ci11 ci22 ) + c0c1P

1
2 (c

i0
0 ci11 ci22 )

= P 1
2 (c0c1)c

i0
0 ci11 ci22 + c0c1P

1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+3
0 ci1+1

1 ci2−2
2 , i2 = 4k2 + 2,

0, i2 = 4k2.

vi) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By

part i) of Lemma 2.4, we get

P 1
2 (c0c2c

i0
0 ci11 ci22 ) = P 1

2 (c0c2)c
i0
0 ci11 ci22 +Q1(c0c2)Q1(c

i0
0 ci11 ci22 ) + c0c2P

1
2 (c

i0
0 ci11 ci22 )

= c0c2P
1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+3
0 ci11 ci2−1

2 , i2 = 4k2 + 2,

0, i2 = 4k2.

vii) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By

part i) of Lemma 2.4, we get

P 1
2 (c1c2c

i0
0 ci11 ci22 ) = P 1

2 (c1c2)c
i0
0 ci11 ci22 +Q1(c1c2)Q1(c

i0
0 ci11 ci22 ) + c1c2P

1
2 (c

i0
0 ci11 ci22 )

= P 1
2 (c1c2)c

i0
0 ci11 ci22 + c1c2P

1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+2
0 ci1+1

1 ci2−1
2 , i2 = 4k2 + 2,

0, i2 = 4k2.
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viii) Since i0, i1, and i2 are even numbers, we have Q1(c
i0
0 ci11 ci22 ) = 0. By

part i) of Lemma 2.4, we get

P 1
2 (c0c1c2c

i0
0 ci11 ci22 )

= P 1
2 (c0c1c2)c

i0
0 ci11 ci22 +Q1(c0c1c2)Q1(c

i0
0 ci11 ci22 ) + c0c1c2P

1
2 (c

i0
0 ci11 ci22 )

= P 1
2 (c0c1c2)c

i0
0 ci11 ci22 + c0c1c2P

1
2 (c

i0
0 ci11 ci22 )

=

{
ci0+1
0 ci1+2

1 ci2+1
2 + ci0+3

0 ci1+1
1 ci2−1

2 , i2 = 4k2 + 2,

ci0+1
0 ci1+2

1 ci2+1
2 , i2 = 4k2.

■

Lemma 2.5. For n ≥ 4, a monomial f in Dn, and c2, c3 ∤ f , the action of P 1
2

on Dn is given by

P 1
2 (c

i2
2 ci33 f) =



0, i2 = 4k2, i3 = 2k3,

c1c
i2
2 ci3−1

3 f, i2 = 4k2, i3 = 2k3 + 1,

0, i2 = 4k2 + 1, i3 = 2k3,

c1c
i2
2 ci3−1

3 f, i2 = 4k2 + 1, i3 = 2k3 + 1,

c20c
i2−2
2 ci33 f, i2 = 4k2 + 2, i3 = 2k3,

c20c
i2−2
2 ci33 f + c1c

i2
2 ci3−1

3 f, i2 = 4k2 + 2, i3 = 2k3 + 1,

c20c
i2−2
2 ci33 f, i2 = 4k2 + 3, i3 = 2k3,

c20c
i2−2
2 ci33 f + c1c

i2
2 ci3−1

3 f, i2 = 4k2 + 3, i3 = 2k3 + 1.

Proof. By Theorem 2.1, we have

P 1
2 (cs) = (Sq4Sq2 + Sq2Sq4)(cs) =

{
c1, s = 3,

0, s ̸= 3.

By Lemma 2.1, we have

Q1(cs) =

{
c0, s = 2,

0, s ̸= 2.

So, we obtain

P 1
2 (c

i2
2 ) =


0, i2 = 4k2,

0, i2 = 4k2 + 1,

c20c
i2−2
2 , i2 = 4k2 + 2

c20c
i2−2
2 , i2 = 4k2 + 3.

P 1
2 (c

i3
3 ) =

{
0, i3 = 2k3,

c1c
i3−1
3 , i3 = 2k3 + 1.
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From the above computations and the fact that Q1(f) = P 1
2 (f) = 0, we get

P 1
2 (c

i2
2 ci33 f) = ci33 P 1

2 (c
i2
2 f) +Q1(c

i3
3 )Q1(c

i2
2 f) + ci22 fP 1

2 (c
i3
3 )

= ci33 (P 1
2 (c

i2
2 )f +Q1(c

i2
2 )Q1(f) + ci22 P 1

2 (f)) + ci22 fP 1
2 (c

i3
3 )

= ci33 P 1
2 (c

i2
2 )f + ci22 fP 1

2 (c
i3
3 )

=



0, i2 = 4k2, i3 = 2k3,

c1c
i2
2 ci3−1

3 f, i2 = 4k2, i3 = 2k3 + 1,

0, i2 = 4k2 + 1, i3 = 2k3,

c1c
i2
2 ci3−1

3 f, i2 = 4k2 + 1, i3 = 2k3 + 1,

c20c
i2−2
2 ci33 f, i2 = 4k2 + 2, i3 = 2k3,

c20c
i2−2
2 ci33 f + c1c

i2
2 ci3−1

3 f, i2 = 4k2 + 2, i3 = 2k3 + 1,

c20c
i2−2
2 ci33 f, i2 = 4k2 + 3, i3 = 2k3,

c20c
i2−2
2 ci33 f + c1c

i2
2 ci3−1

3 f, i2 = 4k2 + 3, i3 = 2k3 + 1.

■

3. The P 1
2 -Margolis homology of the Dickson algebra

In this section, we will compute the P 1
2 -Margolis homology of the Dickson

algebra Dn.
The following theorem is also numbered as Theorem 1.1 in the introduction.

Theorem 3.1. (a) The P 1
2 -Margolis homology of the Dickson algebra D1 is

isomorphic as F2-vector spaces to

F2[c
4
0]

(c80)
⊕ F2⟨[c0], [c50]⟩.

(b) The P 1
2 -Margolis homology of the Dickson algebra D2 is isomorphic as

F2-vector spaces to
F2 ⊕ F2⟨[c0c1]⟩.

(c) The P 1
2 -Margolis homology of the Dickson algebra D3 is isomorphic as

F2-vector spaces to

F2[c
4
0, c

4
1, c

4
2]

(c40, c
4
1)

⊕ F2⟨[c0c4k2+1
2 ] | k2 ≥ 0⟩.
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Proof. (a) By Lemma 2.2, KerP 1
2 is generated by x4i and x4i+1 for i ≥ 0.

By Lemma 2.2, we have

x4i = P 1
2 (x

4i−6) for i ≥ 2 and x4i+1 = P 1
2 (x

4i−5) for i ≥ 2.

So, we get [x4i] = [x4i+1] = 0 in H∗(D1;P
1
2 ) for i ≥ 2.

Let W1 be the F2-subspace of D1 generated by ci00 , with i0 not divisible by
4. The evident equality D1 = D4

1 ⊕W1 and Lemma 2.2 imply that

KerP 1
2 = D4

1 ⊕ (W1 ∩KerP 1
2 ),

ImP 1
2 = (D4

1 ∩ ImP 1
2 )⊕ (W1 ∩ ImP 1

2 ).

By Lemma 2.2, we have D4
1 ∩ ImP 1

2 = F2⟨c4k+8
0 | k ≥ 0⟩ = (c80)D

4
1.

From Lemma 2.2 and the above computations, we have

W1 ∩KerP 1
2

W1 ∩ ImP 1
2

= F2⟨[c0], [c50]⟩.

So, we obtain

H∗(D1;P
1
2 ) : = KerP 1

2 /ImP 1
2
∼=

D4
1

D4
1 ∩ ImP 1

2

⊕ W1 ∩KerP 1
2

W1 ∩ ImP 1
2

=
F2[c

4
0]

(c80)
⊕ F2⟨[c0], [c50]⟩.

(b) By Lemma 2.3, KerP 1
2 is generated by the following elements (1)

through (8).

1. c4k0
0 c4k1

1 for k0, k1 ≥ 0.

2. c4k0+2
0 c4k1+2

1 for k0, k1 ≥ 0.

3. c4k0+1
0 c4k1+1

1 for k0, k1 ≥ 0.

4. c4k0+3
0 c4k1+3

1 for k0, k1 ≥ 0.

5. c4k0+3
0 c4k1

1 + c4k0+1
0 c4k1+3

1 for k0 ≥ 0, k1 ≥ 0.

6. c4k0+1
0 c4k1+2

1 + c4k0−1
0 c4k1+5

1 for k0 ≥ 1, k1 ≥ 0.

7. c4k0+2
0 c4k1

1 + c4k0+4
0 c4k1−3

1 for k0 ≥ 0, k1 ≥ 1.

8. c4k0
0 c4k1+2

1 + c4k0+2
0 c4k1−1

1 for k0 ≥ 0, k1 ≥ 1.
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By Lemma 2.3, we have

P 1
2 (c

4k0−2
0 c4k1

1 ) = c4k0
0 c4k1

1 for k0 ≥ 1, k1 ≥ 0.

P 1
2 (c

4k0
0 c4k1+1

1 ) = c4k0
0 c4k1+4

1 for k0, k1 ≥ 0.

P 1
2 (c

4k0
0 c4k1+2

1 ) = c4k0+2
0 c4k1+2

1 for k0, k1 ≥ 0.

P 1
2 (c

4k0−1
0 c4k1+1

1 ) = c4k0+1
0 c4k1+1

1 for k0 ≥ 1, k1 ≥ 0.

P 1
2 (c0c

4k1−2
1 ) = c0c

4k1+1
1 for k1 ≥ 1.

P 1
2 (c

4k0+1
0 c4k1+3

1 ) = c4k0+3
0 c4k1+3

1 for k0, k1 ≥ 0.

P 1
2 (c0c

4k0
0 c4k1

1 ) = c4k0+3
0 c4k1

1 + c4k0+1
0 c4k1+3

1 for k0, k1 ≥ 0.

P 1
2 (c0c

4k0−2
0 c4k1+2

1 ) = c4k0+1
0 c4k1+2

1 + c4k0−1
0 c4k1+5

1 for k0 ≥ 1, k1 ≥ 0.

P 1
2 (c

4k0+2
0 c4k1−3

1 ) = c4k0+2
0 c4k1

1 + c4k0+4
0 c4k1−3

1 for k0 ≥ 0, k1 ≥ 1.

P 1
2 (c

4k0
0 c4k1−1

1 ) = c4k0
0 c4k1+2

1 + c4k0+2
0 c4k1−1

1 for k0 ≥ 0, k1 ≥ 1.

From the above computations, we get

[c4k0
0 c4k1

1 ] = 0 in H∗(D2;P
1
2 ) for k

2
0 + k21 ̸= 0.

[c4k0+2
0 c4k1+2

1 ] = 0 in H∗(D2;P
1
2 ) for k0, k1 ≥ 0.

[c4k0+1
0 c4k1+1

1 ] = 0 in H∗(D2;P
1
2 ) for k0 ≥ 1, k1 ≥ 0.

[c4k0+3
0 c4k1+3

1 ] = 0 in H∗(D2;P
1
2 ) for k0, k1 ≥ 0.

[c4k0+3
0 c4k1

1 + c4k0+1
0 c4k1+3

1 ] = 0 in H∗(D2;P
1
2 ) for k0, k1 ≥ 0.

[c4k0+1
0 c4k1+2

1 + c4k0−1
0 c4k1+5

1 ] = 0 in H∗(D2;P
1
2 ) for k0 ≥ 1, k1 ≥ 0.

[c4k0+2
0 c4k1

1 + c4k0+4
0 c4k1−3

1 ] = 0 in H∗(D2;P
1
2 ) for k0 ≥ 0, k1 ≥ 1.

[c4k0
0 c4k1+2

1 + c4k0+2
0 c4k1−1

1 ] = 0 in H∗(D2;P
1
2 ) for k0 ≥ 0, k1 ≥ 1.

By Lemma 2.3, we see that c0c1 is not in the image of P 1
2 . So, [c0c1] ̸= 0 in

H∗(D2;P
1
2 ).

Let W2 be the F2-subspace of D2 generated by ci00 ci11 with at least one of
the powers i0, i1 not divisible by 4. The evident equality D2 = D4

2 ⊕W2 and
Lemma 2.3 imply that

KerP 1
2 = D4

2 ⊕ (W2 ∩KerP 1
2 ),

ImP 1
2 = (D4

2 ∩ ImP 1
2 )⊕ (W2 ∩ ImP 1

2 ).

By Lemma 2.3, we haveD4
2∩ImP 1

2 = F2⟨c4k0+4
0 c4k1

1 , c4i00 c4i1+4
1 | k0, k1, i0, i1 ≥

0⟩ = (c40, c
4
1)D

4
2.
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From Lemma 2.3 and the above computations, we have

W2 ∩KerP 1
2

W2 ∩ ImP 1
2

= F2⟨[c0c1]⟩.

So, we obtain

H∗(D2;P
1
2 ) := KerP 1

2 /ImP 1
2
∼=

D4
2

D4
2 ∩ ImP 1

2

⊕ W2 ∩KerP 1
2

W2 ∩ ImP 1
2

=
F2[c

4
0, c

4
1]

(c40, c
4
1)

⊕ F2⟨[c0c1]⟩

= F2 ⊕ F2⟨[c0c1]⟩.

(c) By Lemma 2.4,KerP 1
2 is generated by the following elements (1) through

(6).

1. c2k0
0 c2k1

1 c4k2
2 for k0, k1, k2 ≥ 0.

2. c2k0+1
0 c2k1+1

1 c4k2
2 for k0, k1, k2 ≥ 0.

3. c2k0+1
0 c2k1

1 c4k2+1
2 for k0, k1, k2 ≥ 0.

4. c2k0
0 c2k1+1

1 c4k2+1
2 for k0, k1, k2 ≥ 0.

5. c2k0
0 c2k1

1 c4k2+2
2 + c2k0+2

0 c2k1−1
1 c4k2

2 for k0, k2 ≥ 0, k1 ≥ 1.

6. c2k0+1
0 c2k1

1 c4k2
2 + c2k0−1

0 c2k1+1
1 c4k2+2

2 for k0 ≥ 1, k1, k2 ≥ 0.

7. c2k0
0 c2k1

1 c4k2+1
2 + c2k0−2

0 c2k1+1
1 c4k2+3

2 for k0 ≥ 1, k1, k2 ≥ 0.

8. c2k0+1
0 c2k1

1 c4k2+3
2 + c2k0+3

0 c2k1−1
1 c4k2+1

2 for k0, k2 ≥ 0, k1 ≥ 1.

By Lemma 2.4, we have

P 1
2 (c

2k0−2
0 c2k1

1 c4k2+2
2 ) = c2k0

0 c2k1
1 c4k2

2 for k0 ≥ 1, k1, k2 ≥ 0.

P 1
2 (c

2k0
0 c2k1−1

1 c4k2
2 ) = c2k0

0 c2k1
1 c4k2

2 for k0, k2 ≥ 0, k1 ≥ 1.

So, we get [c2k0
0 c2k1

1 c4k2
2 ] = 0 in H∗(D3;P

1
2 ) for k20 + k21 ̸= 0, k2 ≥ 0. By

Lemma 2.4, we see that c4k2
2 (k2 ≥ 0) is not in the image of P 1

2 , so [c4k2
2 ] ̸= 0 in

H∗(D3;P
1
2 ).

By Lemma 2.4, we have

P 1
2 (c

2k0−1
0 c2k1

1 c4k2+3
2 ) = c2k0+1

0 c2k1
1 c4k2+1

2 for k0 ≥ 1, k1, k2 ≥ 0.

P 1
2 (c0c

2k1−1
1 c4k2+1

2 ) = c0c
2k1
1 c4k2+1

2 for k0, k2 ≥ 0, k1 ≥ 1.
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So, we get [c2k0+1
0 c2k1

1 c4k2+1
2 ] = 0 in H∗(D3;P

1
2 ) for k20 + k21 ̸= 0, k2 ≥ 0.

By Lemma 2.4, we see that c0c
4k2+1
2 (k2 ≥ 0) is not in the image of P 1

2 , so
[c0c

4k2+1
2 ] ̸= 0 in H∗(D3;P

1
2 ).

By Lemma 2.4, we have

P 1
2 (c

2k0+1
0 c2k1

1 c4k2
2 ) = c2k0+1

0 c2k1+1
1 c4k2

2 for k0, k1, k2 ≥ 0.

P 1
2 (c

2k0
0 c2k1

1 c4k2+1
2 ) = c2k0

0 c2k1+1
1 c4k2+1

2 for k0, k1, k2 ≥ 0.

P 1
2 (c

2k0
0 c2k1−2

1 c4k2+2
2 ) = c2k0

0 c2k1
1 c4k2+2

2 + c2k0+2
0 c2k1−1

1 c4k2
2 for k0, k2 ≥ 0, k1 ≥ 1.

P 1
2 (c

2k0−1
0 c2k1

1 c4k2+2
2 ) = c2k0+1

0 c2k1
1 c4k2

2 + c2k0−1
0 c2k1+1

1 c4k2+2
2 for k0 ≥ 1, k1, k2 ≥ 0.

P 1
2 (c

2k0−2
0 c2k1

1 c4k2+3
2 ) = c2k0

0 c2k1
1 c4k2+1

2 + c2k0−2
0 c2k1+1

1 c4k2+3
2 for k0 ≥ 1, k1, k2 ≥ 0.

P 1
2 (c

2k0+1
0 c2k1−1

1 c4k2+3
2 ) = c2k0+1

0 c2k1
1 c4k2+3

2 + c2k0+3
0 c2k1−1

1 c4k2+1
2 for k0, k2 ≥ 0, k1 ≥ 1.

From the above computations, we get

[c2k0+1
0 c2k1+1

1 c4k2
2 ] = 0 in H∗(D3;P

1
2 ) for k0, k1, k2 ≥ 0.

[c2k0
0 c2k1+1

1 c4k2+1
2 ] = 0 in H∗(D3;P

1
2 ) for k0, k1, k2 ≥ 0.

[c2k0
0 c2k1

1 c4k2+2
2 + c2k0+2

0 c2k1−1
1 c4k2

2 ] = 0 in H∗(D3;P
1
2 ) for k0, k2 ≥ 0, k1 ≥ 1.

[c2k0+1
0 c2k1

1 c4k2
2 + c2k0−1

0 c2k1+1
1 c4k2+2

2 ] = 0 in H∗(D3;P
1
2 ) for k0 ≥ 1, k1, k2 ≥ 0.

[c2k0
0 c2k1

1 c4k2+1
2 + c2k0−2

0 c2k1+1
1 c4k2+3

2 ] = 0 in H∗(D3;P
1
2 ) for k0 ≥ 1, k1, k2 ≥ 0.

[c2k0+1
0 c2k1

1 c4k2+3
2 + c2k0+3

0 c2k1−1
1 c4k2+1

2 ] = 0 in H∗(D3;P
1
2 ) for k0, k2 ≥ 0, k1 ≥ 1.

Let W3 be the F2-subspace of D3 generated by ci00 ci11 ci22 with at least one
of the powers i0, i1, i2 not divisible by 4. The evident equality D3 = D4

3 ⊕W3

and Lemma 2.4 imply that

KerP 1
2 = D4

3 ⊕ (W3 ∩KerP 1
2 ),

ImP 1
2 = (D4

3 ∩ ImP 1
2 )⊕ (W3 ∩ ImP 1

2 ).

By Lemma 2.4, we have

D4
3 ∩ ImP 1

2

= F2⟨c4k0+4
0 c4k1

1 c4k2
2 , c4i00 c4i1+4

1 c4i22 | k0, k1, k2, i0, i1, i2 ≥ 0⟩ = (c40, c
4
1)D

4
3.

From Lemma 2.4 and the above computations, we have

W3 ∩KerP 1
2

W3 ∩ ImP 1
2

= F2⟨[c0c4k2+1
2 ] | k2 ≥ 0⟩.

So, we obtain
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H∗(D3;P
1
2 ) : = KerP 1

2 /ImP 1
2
∼=

D4
3

D4
3 ∩ ImP 1

2

⊕ W3 ∩KerP 1
2

W3 ∩ ImP 1
2

=
F2[c

4
0, c

4
1, c

4
2]

(c40, c
4
1)

⊕ F2⟨[c0c4k2+1
2 ] | k2 ≥ 0⟩.

■

The following theorem is also numbered as Theorem 1.2 in the introduction.

Theorem 3.2. For n ≥ 4, the P 1
2 -Margolis homology of the Dickson algebra

Dn is isomorphic as F2-vector spaces to

D4
n

(c40, c
4
1)

⊕ F2⟨[c0c4i22 c2i33 ci44 · · · cin−1

n−1 ], [c
4j2
2 c2j33 cj44 · · · cjn−1

n−1 ], [c
k0
0 c4k2+1

2 c2k3
3 ck4

4 · · · ckn−1

n−1 ]⟩.

Here, i2, . . . , in−1, j2, . . . , jn−1 ≥ 0, at least one of the powers 2j3, j4, . . . , jn−1

is not divisible by 4, k2, . . . , kn−1 ≥ 0 and 0 ≤ k0 ≤ 1.

Proof. By Lemma 2.5, KerP 1
2 is generated by the following elements (1)

through (4).

1. c4k2
2 c2k3

3 f for k2, k3 ≥ 0, a monomial f in Dn and c2, c3 ∤ f .

2. c4k2+1
2 c2k3

3 f for k2, k3 ≥ 0, a monomial f in Dn and c2, c3 ∤ f .

3. c20c
4k2
2 c2k3+1

3 f + c1c
4k2+2
2 c2k3

3 f for k2, k3 ≥ 0, a monomial f in Dn and
c2, c3 ∤ f .

4. c1c
4k2+3
2 c2k3

3 f + c20c
4k2+1
2 c2k3+1

3 f for k2, k3 ≥ 0, a monomial f in Dn and
c2, c3 ∤ f .

If c20 | f and c2, c3 ∤ f then P 1
2 (c

4k2+2
2 c2k3

3
f
c20
) = c4k2

2 c2k3
3 f (by Lemma 2.5).

If c1 | f and c2, c3 ∤ f then P 1
2 (c

4k2
2 c2k3+1

3
f
c1
) = c4k2

2 c2k3
3 f (by Lemma 2.5).

If c20, c1, c2, c3 ∤ f then c4k2
2 c2k3

3 f is not in the image of P 1
2 (by Lemma 2.5).

So [c4k2
2 c2k3

3 f ] ̸= 0 in H∗(Dn;P
1
2 ).

If c20 | f and c2, c3 ∤ f then P 1
2 (c

4k2+3
2 c2k3

3
f
c20
) = c4k2+1

2 c2k3
3 f (by Lemma 2.5).

If c1 | f and c2, c3 ∤ f then P 1
2 (c

4k2+1
2 c2k3+1

3
f
c1
) = c4k2+1

2 c2k3
3 f (by Lemma 2.5).

If c20, c1, c2, c3 ∤ f then c4k2+1
2 c2k3

3 f is not in the image of P 1
2 (by Lemma 2.5).

So [c4k2+1
2 c2k3

3 f ] ̸= 0 in H∗(Dn;P
1
2 ).

By Lemma 2.5, for c2, c3, ∤ f we have

P 1
2 (c

4k2+3
2 c2k3+1

3 f) = c1c
4k2+3
2 c2k3

3 f + c20c
4k2+1
2 c2k3+1

3 f,

P 1
2 (c

4k2+2
2 c2k3+1

3 f) = c1c
4k2+2
2 c2k3

3 f + c20c
4k2
2 c2k3+1

3 f.
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So [c1c
4k2+3
2 c2k3

3 f + c20c
4k2+1
2 c2k3+1

3 f ] = [c1c
4k2+2
2 c2k3

3 f + c20c
4k2
2 c2k3+1

3 f ] = 0 in
H∗(Dn;P

1
2 ).

Let Wn be the F2-subspace of Dn generated by ci00 · · · cin−1

n−1 with at least
one of the powers i0, . . . , in−1 not divisible by 4. The evident equality Dn =
D4

n ⊕Wn and Lemma 2.5 imply that

KerP 1
2 = D4

n ⊕ (Wn ∩KerP 1
2 ),

ImP 1
2 = (D4

n ∩ ImP 1
2 )⊕ (Wn ∩ ImP 1

2 ).

By Lemma 2.5, we have

D4
4 ∩ ImP 1

2

= F2⟨c4k0+4
0 c4k1

1 · · · c4kn−1

n−1 , c4i00 c4i1+4
1 c4i22 · · · c4in−1

n−1 | k0, . . . , kn−1, i0, . . . , in−1 ≥ 0⟩
= (c40, c

4
1)D

4
n.

From Lemma 2.5 and the above computations, we have

Wn ∩KerP 1
2

Wn ∩ ImP 1
2

= F2⟨[c0c4i22 c2i33 ci44 · · · cin−1

n−1 ], [c
4j2
2 c2j33 cj44 · · · cjn−1

n−1 ], [c
k0
0 c4k2+1

2 c2k3
3 ck4

4 · · · ckn−1

n−1 ]⟩,

with i2, . . . , in−1, j2, . . . , jn−1 ≥ 0, at least one of the powers 2j3, j4, . . . , jn−1

not divisible by 4, k2, . . . , kn−1 ≥ 0 and 0 ≤ k0 ≤ 1.

So, we obtain

H∗(Dn;P
1
2 ) := KerP 1

2 /ImP 1
2
∼=

D4
n

D4
n ∩ ImP 1

2

⊕ Wn ∩KerP 1
2

Wn ∩ ImP 1
2

=
D4

n

(c40, c
4
1)

⊕ F2⟨[c0c4i22 c2i33 ci44 · · · cin−1

n−1 ], [c
4j2
2 c2j33 cj44 · · · cjn−1

n−1 ], [c
k0
0 c4k2+1

2 c2k3
3 ck4

4 · · · ckn−1

n−1 ]⟩,

with i2, . . . , in−1, j2, . . . , jn−1 ≥ 0, at least one of the powers 2j3, j4, . . . , jn−1

not divisible by 4, k2, . . . , kn−1 ≥ 0 and 0 ≤ k0 ≤ 1.

The theorem is proved. ■

Remark 3.1. (a) Pengelley and Sinha stated their conjecture only for the
Qj-Margolis homology of the Dickson algebra (see [13]). However, follow-
ing their idea, an analog conjecture for the P 1

2 -Margolis homology of the
Dickson algebra should be as follows: any representative of a homology
class in H∗(Dn;P

1
2 ) can be taken in D4

n.



18 Ngo Anh Tuan

(b) Let En = (Z/p)n be the elementary abelian group. N. H. V. Hưng and
N. H. V. Hưng - N. Đ. Ngà proved that the (analog) Pengelley - Sinha
conjecture is invalid. More precisely, for

(i) G = S2n , the Margolis homology of the image for the restriction
ImRes(G,En) is not only generated by D2

n, (see [5, 6]),

(ii) G = Spn and p an odd prime, the Margolis homology of the image
ImRes(G,En) is not only generated by the Dickson algebra Dn,
(see [7, 8]),

(iii) G = Apn and p an odd prime, the Margolis homology of the image
ImRes(G,En) is not only generated by

D̃n = Fp[L̃n, c1, . . . , cn−1],

where L̃2
n = c0, (see [9]),

(iv) G = S2n,2, the Margolis homology of the image ImRes(G,En) is
not only generated by M2

n, where Mn = ImRes(S2n,2, E
n) denotes

the Mùi algebra of rank n, (see [10]).

Here Sm, Am, and S2n,2 denote respectively the symmetric group on m
letters, the alternating group on m letter, and the 2-Sylow subgroup of
S2n . In all the above cases, the “new” generators of the Margolis homology
for the image ImRes(G,En) are called the critical elements.

Theorem 3.1 and Theorem 3.2 show that the analog Pengelley - Sinha
conjecture is not correct for n ≥ 1 because there are critical elements in
H∗(Dn;P

1
2 ) with n ≥ 1. For n = 1, the critical elements are [c0] and [c50].

For n = 2, the critical element is [c0c1]. For n = 3, the critical elements
are [c0c

4k2+1
2 ] with k2 ≥ 0. For n ≥ 4, the critical elements are

[c0c
4i2
2 c2i33 ci44 · · · cin−1

n−1 ], [c
4j2
2 c2j33 cj44 · · · cjn−1

n−1 ], [c
k0
0 c4k2+1

2 c2k3
3 ck4

4 · · · ckn−1

n−1 ]

with i2, . . . , in−1, j2, . . . , jn−1 ≥ 0, at least one of the powers 2j3, j4, . . . ,
jn−1 not divisible by 4, k2, . . . , kn−1 ≥ 0 and 0 ≤ k0 ≤ 1.
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