J. Math. Math. Sci. (2026) nn-nnn

The P;-Margolis homology of the Dickson algebra
Ngo Anh Tuan (Hanoi, Vietnam)

Dedicated to Professor Ha Huy Khoai on the occasion of his 80 birthday.

(Received Apr. 13, 2026; accepted May 19, 2026)

Abstract. Let the mod 2 Steenrod algebra, A, and the general linear
group, GL(n,F2), act on Fa[z1,...,x,] with |z;] = 1 in the usual manner.
The element P; of the Steenrod algebra A has the property (P3)? = 0.
Homology of an A-module M with the differential to be the operation Py is
called the PJ}-Margolis homology of M. In this paper, we compute the Pj-
Margolis homology of the Dickson algebra D, := Fa[z1,... ,xn}GL("’]FZ’).
We also discuss an analog conjecture of Pengelley and Sinha. (See the last
remark.)

1. Introduction

Let A be the mod 2 Steenrod algebra. The Steenrod algebra A is the graded
[Fy-algebra generated by the Steenrod squares Sq' (i > 0) with |Sq¢’| = i and
subject to the Adem relations with S¢° = 1 (see Steenrod and Epstein [14]).

The action of A on the polynomial algebra Fo[zq,...,z,] with |z;| = 1 is
given by the formula

Tj, 1= 0,
Sq'(xj) = q a3, i=1,
0, otherwise,
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and satisfying to the Cartan formula

n

Sq"(f9) =Y _ Sq'(£)Sq"*(9),

=0

for f,g € Fa[z1,...,x,] (see Steenrod and Epstein [14]).

Milnor described the mod 2 dual Steenrod algebra A, as the graded poly-
nomial algebra (see Milnor [12])

A, =Fqlé1, &, &5, .-,

where |§;| = 2° — 1. The Steenrod algebra A has an Fa-basis dual to the
monomial basis of A,. The elements of the Fa-basis of A which is dual to
gtzs are denoted by P, and the elements P are denoted by @Q;_;. When
s < t, the elements P} has the property (P7)? = 0 (see Margolis [11, Lemma
4, p.232]). In particular, we have Py = S¢’Sq* + Sq*Sq®> and P}(xy) =
Pi(x)y + Q1(2)Q1(y) + xPs(y) for x,y in any A-algebra (see Margolis [11,
p.229]). The Milnor operation @); can be defined inductively as follows (see
Milnor [12, Cor. 2]).

oi+1 oi+1

Qo :Sqlan+1 =S¢ Q;+Q;Sq

Further, @; is primitive with respect to the coproduct of A (see Milnor [12,
Lemma 9]). Equivalently, Q; is a derivation on any A-algebra, i.e. Q;(zy) =

Qj(w)y +zQ;(y)-

Let us study the Dickson algebra of n variables
Dy = TFalr, .., ) OHOF),

where each generator z; is of degree 1, and the general linear group, GL(n,Fs),
acts canonically on Fs[x1,...,2,]. Dickson proved in [3] that D,, is a polyno-
mial algebra on the Dickson invariants

D, =T, [C7z,07 cee 7Cn,n—1]-

Since the action of GL(n,Fs) commutes with the action of the Steenrod algebra,
D,, is inherited the structure of an .A-module from Fo[x1, ..., x,]. In this article,
when n is fixed, the element ¢, ; will be denoted by ¢, for abbreviation.

Let M be any left A-module and 0 < s < t. The P7-Margolis homology
group of M is defined as (see Margolis [11])

H.(M;P}):= KerP;/ImP;.
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In [5], Hung computed the @);-Margolis homology of the Dickson algebra.
In this article, we compute the Pj- Margolis homology of the Dickson algebra.
Let us recall that P} is not a (mod 2) derivation, that is in general

Py (zy) # P3 (x)y + zP5 (y).

In particular, if # and y are some P,)-cycles, it does not imply that xy is also
a Pj-cycle. In other words, H,(D,;P}) does not admit any multiplicative
structure.

Let A(2) be the subalgebra of the Steenrod algebra generated by Sq', S¢?,
and Sq* and let A(Ps) be the exterior algebra on the generator P}. According
to P. Bhattacharya, I. Bobkova, and B. Thomas (see [2]), there is a map

q: Ext®! (Dy,Fa) — Eaxt®!

Ac2) A(ppy(Dn, F2).

Note that

Ext®!

A(P%)(Fz,]l‘}) = Fylha],

where |ho 1] = (1,6) and

Falho1] @ Hy(Dy; Py) C Ext®!

Ay (P F2).

So, the knowledge of H, (D,,; Ps) is essential for understanding Exti’zm (D, Fy).

This is the reason why the Pj-Margolis homology of the Dickson algebra is in-
teresting.

Let D} = Fa[cg,...,ct_;]. The following theorems are the main results of
the paper.

Theorem 1.1. (a) The Pj-Margolis homology of the Dickson algebra D is
isomorphic as Fa-vector spaces to

Facg)

2o & Falle, )

(b) The Ps-Margolis homology of the Dickson algebra Dy is isomorphic as
Fs-vector spaces to

FQ D F2<[Cocl]>.

(c) The Ps-Margolis homology of the Dickson algebra D3 is isomorphic as
Fo-vector spaces to

FQ[C(%’ czll’ Cg]

ety O Falleoct™ ] k2 2 0)
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Theorem 1.2. For n > 4, the P}-Margolis homology of the Dickson algebra
D,, s isomorphic as Fy-vector spaces to

D4
7) ]
Here, ia, ... 0n—1,02,--->Jn-1 = 0, at least one of the powers 253, ja,- - -, jn—1
is not divisible by 4, ko,..., kn—1 >0 and 0 < kg < 1.

(Cév €1

The paper is divided into 3 sections. In Section 2, we compute the action
of the operation P3y on the Dickson invariants. In Sections 3, we completely
compute the P}-Margolis homology of the Dickson algebra.

2. The action of the operation P21 on the Dickson invariants

The action of the Milnor operation, ¢);, on the Dickson invariants was
compute in [5].

Lemma 2.1. (Hung [5]) For 0 < s <mn,

Co, n>2:s=2,
0, n>28%#2,

Ql(cs) =
coCs, N =2,
g, n=1s5=0.

The action of the Steenrod algebra on the Dickson invariants was computed
in [4].

Theorem 2.1. (Hung [4])

Cr, 1=25-2"r<s,
i ey, i=2" -2t 425 2" r <5<t
Sq (CS) - 2 j=9m _9s
ER 9
0, otherwise.

Note that D; is the polynomial algebra Fo[z] and ¢y = =.

Lemma 2.2. The action of Py on D is given by
P21(.234k) — P21($4k+1) — O, P21($4k+2) — I4k+8,P21(l'4k+3) — $4k+9.

n 4ip 2i3 1 Gn—1 4jo 2753 ja Jn—1 ko 4ko+1 2ks k4 kn—1
1 ® Fa(lcocyc5™cyt -+ - c s [e5”* 5™ c) "‘Ciq]a[coocz gyt
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Proof. Since Q(z%) = 0, we have
Py (a'*) = Py (a® ) 2 (Qu(@®))? + 2 Py (a) = 0.
Since Sq¢'(z7) ( )x”‘J see [14]) and Py = Sq*Sq* + Sq?Sq*, we have
P}(z) =0, P}(2?) = 28, P} (2®) = 2°.

Therefore, we get

Pl (z* 1) = Pl (2"™)2 + Q1 (2)Q1 (2*F) + z** P} () = 0.

PHE?) = PY ) + Qua)Qi (%) + 2 P (a?) = 2+,

PHE3) = PH ) + Qua)Qi (%) + P (a) = a4+,

|

Lemma 2.3. Suppose that ig and iy are even numbers. The action of Ps on
Dy is given by
i)
o2l Gy = 4k + 2,01 = 4k,

Pl (ciociy = PP, i = dko, iy = 4ky + 2,
2 0 *~1

0, io = 4ko, i1 = 4k,
0, io = 4ko + 2,11 = 4ky + 2.
i)
g, o = dko + 2,1 = ki,
Céo+lcil+3 io = 4ko, i1 = 4k1 + 2,

Pl(coclocit)y = { ¢ o
0 €1 . )
Z"H “+3 + c“’+3c111, 19 = 4kg, i1 = 4k,

7’0+1 “+3 —+ Clo—"_?)C?il7 7:0 = 4]{30 —+ 2, 7;1 = 4]{31 —+ 2
i)
et PR g = Ako + 2,0y = 4k,
P 4 T, g = ko, iy = 4k + 2,

Pl (c c“)c“) =
2 (¢160 &1 . .
ettt ig = 4ko, 11 = 4k,

et ig = 4ko + 2,0 = 4k1 + 2.
i)
cotBt G = Ak + 2,0y = 4k,
Pl coerciscit) = el ““ io = ko, i1 = 4ky + 2,

o = 4ko, 11 = 4k,

0,
0, io = dko + 2,i1 = 4k + 2.
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Proof. By Theorem 2.1, we have
P} (co) = cocd + 3, Py (c1) = cf.
By Lemma 2.1, we have

Q1(co) = ¢3, Q1(c1) = cocr.
Therefore, we get
Py (coer) = Py (co)er + Qilco)Quler) + coPy (e1) = 0.
Py (") = (Qu(ch))? = w2, Py (c]") = (Qu(c}))? = et
i) Since ip and i; are even numbers, we have Q;(c) = Q1(c}') = 0. So,
Py(cger') = Py(cy)et! + Qu(cy)Qu(cl') + Py (e )y
= Py (cg’)et' + Py (ey')eqf
Céo+20i11’ 1o = 4ko + 2,11 = 4k,
o2l iy = dkg, iy = 4ky + 2,
0, io = 4ko, i1 = 4k,
0, ig = 4ko + 2,41 = 4k, + 2.

i) Since io and 4; are even numbers, we have Q;(c0¢!') = 0. By part i) of
Lemma 2.3, we get

Py (cocyct) = Py (co)clel + Qilco)Qu(ccit) + coPs (cfctt)

= Py (co)cfP el + coPy (e ctt)

o+l +3, io = 4dko + 2,41 = 4ky,

B cég+lclil+37 iO = 4k0,i1 = 4k‘l + 27

) ottt o3 g = Ak, iy = 4k,
C(Z']0+1Clil+3 + 060+3C'il, ig = 4k + 2,1 = 4ky + 2.

i) Since ig and 4, are even numbers, we have Q;(ci’c}') = 0. By part i) of

Lemma 2.3, we get
Py (crcge) = Py(c)eg’ el + Qi(e)@i(cgel) + e Py (e et
= Py (c1)e et + erPy(cp'ey’)

et g o2t G — Ak 42,0y = 4k,
Rt o2 g = Ak, iy = 4k + 2,
Céocil+4, io = 4k’07 il = 4k1,
cho et io = 4dko + 2,11 = 4ky + 2.
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iv) Since iy and i; are even numbers, we have Q1 (ci°ci') = 0. By part i) of
Lemma 2.3, we get

Py (cocrcg’cey) = Py (coc)eg’ et + Qu(cocr)Qu (e ert) + coer Py (e ct!)
0001P21(060 le)
C7(;)D+3C7il+17 iO = 4k0 + 27 il = 4k1’
060_;,_36@11-1-17 Z'O — 4k0’ 7:1 = 4]{)1 + 27
i = 4kg, i1 = 4k,
io = 4k + 2,11 = 4k + 2.

0,
0,
]

Lemma 2.4. Suppose that ig,i1, and iy are even numbers. The action of P}
on D3 is given by
i)
P1 10 01 02\ CSH_QC?C?_Q, 12 :4k2 +27
» (e ey ey’) = .
07 19 = 4]€2.

ii)

io+1 i1+l i | io+3 i1 ia—2 . _
ey et ey ey Uettey T, o = 4k 4 2,

P} (coclcirelz) = , ;
2 (CoCy €y Co )
e tley, iz = 4ks.
iii)
Pl o gingizy _ 4 €0 AT TR R e T, iy = Ak + 2,
celcite) =4 2 . )
2(1012 io d1+2 2 0 — 4k
Cp €1 Co 12 = 4Ra.
)
Pllneingingizy — 400G T H ey T iy = Ak 42,
coccte) =< -
2(20 12 io d1+41 io+1 o — 4k
CoCr Co 12 = 4Ka.

cgﬁ?’cllﬁlc?ﬂ, 19 = 4ko + 2,
0, iy = 4ks.

1 10 01 02\
Py (coercicitey?) =

vi)
043 i1 dz—1
ot iy = dky + 2,

1 io i1 4
Py (0002000011 cy') = .
0, 1o = 4kso.
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vii)

i0+2 di1+1 i2—1 S
pl( i1 12) _J% & & o, 2= dks + 2,
s (creacy el cyt) = 0

) io = 4ko.
viii)
o+l i1+2 s+l | io+3 g1+l ia—1
cy el ey T e e T ey T, i = 4k + 2,

P) (cocreac¥ciic) = ¢ . .
2 \(C0C1C2Cq €1 Cg )
CBO+10111+20l22+1, ig = 4ka.

Proof. By Lemma 2.1, we have
Q1(co) = Q1(c1) = 0,Q1(c2) = co.
By Theorem 2.1, we have
Py (co) = coc1, Py (c1) = 2, Pl (c2) = cyco.
So, we get

Py (cocr) = Py (co)er + Q1(co)Q1(c1) + coPy (c1) =

)

( ( 0
Py(cie2) = Py (c1)ez + Qu(er)Qi(ea) + e1 Py (e2) =0,
Py (coca) = Py (co)ea + Q1(co)Qi(c2) + co Py (c2) = 0,
P21 (C()ClCQ) P21(0001)62 —+ Ql(Cocl)Ql(CQ) —+ 6061P21(02) = COC%CQ.

i) From above computations and the fact that P3(c?) = Pi(c}') = Q1(cl) =
Q1(c?) = 0, we have

Pj(ccitc}) = Py (ciPei)ed + Qe e)Qu(c) + e i Py (c)
=P, (0600111) + e Py ()

__ i .01 2 i0+2 11 10—2
=C G Pz( = (i2/2)%cy ey ey
10+2 11 1a—2 .
_ ) e 022 ,ig =4dka + 2,
0, 1o = 4ko.

i) Since g, %1, and iy are even numbers, we have Q1 (cicici?) = 0. By part i)
of Lemma 2.4, we get
Py (cocei'cyt) = Py (co)eeitéyt + Qu(co)Qu ey ¢y i) + coPy (¢ ¢y )
0 7,1 7,2

= P21(CO)06082110122 + COP2 (Co cr'ey’)

z +1 z “+1 3 7 +3 i1 i2—2 L

_ 0 1 2+CO 1622 , 1274]{24’2’
Z +1 z +1 Z .
00 11 22, 12 —4]€2
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ili) Since 7,41, and iz are even numbers, we have Q1(ci’ci'cs?) = 0. By
art i) of Lemma 2.4, we get
b)
1 0 41 02\ __ 1 i0 i1 12 0 11 12 1/ o i1 2
Py (crcg' ey ci’) = Py (er)eg' ey ¢ + Qi(er)@u(cp el ¢5) + erPy (cpcf' ¢
= Py(c1)ey ey ey + e Py (et cy)
i0+2 d1+1 da—2 | o 142 i .
cy el T ey T T e ey, g =4ko 4 2,
i d1+2 i .
cye ey, 19 = 4ks.
iv) Since 49,41, and iy are even numbers, we have Qi (ci’ci'cy) = 0. By
art i) of Lemma 2.4, we get
)
1 0 11 02\ __ 1 ig i1 12 10 11 12 1/ o 11 2
Py (cacy’ el e5’) = Py (c2)cp ey ey + Qu(c2)Qu(cy’ el c5) + ca Py (e’ e ¢3)
= Py (ea)ey’ el ey + caPy(cycy c5)
e N O
io d1+1 ia+1 .
cel el ig = 4k,.
v) Since g, i1, and iz are even numbers, we have Q1 (¢ ci'¢z?) = 0. By part
i) of Lemma 2.4, we get
L S L S o Ui
Pl (cocrciycir?) = PHeocr)eld el ci? + Qu(coe)Qu(cf it el?) + coer PH(c cit )
_ 1 10 21 12 1/ 20 21 122
= P (coc1)eg’ it et + coer Py (¢ et )
AT, iy = Ak + 2,
0, 1o = 4ks.

vi) Since g, 41, and iy are even numbers, we have Qq(ci’ci'cy) = 0. By
part i) of Lemma 2.4, we get
1 io i1 i 1 io i1 i io 1 i 1/ do i1 i:
Py (coeacy’cii ey’ ) = Py (coca)ey it ey’ + Qi(coc2)Qu(cg' ey e5°) + coca Py (cp'cy' c5)
= coeaPy (cy' el c)
Tl iy = Ak +2,
0, 1o = 4ks.

vii) Since 49,41, and iy are even numbers, we have Q1(ci’ci*cy) = 0. By
part i) of Lemma 2.4, we get
1 0 41 42\ __ 1 10 11 12 10 11 12 1 i0 i1 12
Py (creacg' ey ¢3’) = Py (crez)eg' ey 5 + Qi(cic2)Qu(cg’ ey €5°) + crea Py (e’ e ¢f)
1 io i1 i 1/ do 1,0
=Py (cica)cg’ ey ¢’ + creaPy (e ey’ )
042 141 ia—1 . _
cy el ey, ig = 4ky + 2,

0, in = dks.
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viil) Since 49,41, and is are even numbers, we have Q1(ci’ci'cs?) = 0. By
part i) of Lemma 2.4, we get

Py (606162660 clf céz)
= P)(cocrca)cld ek 4+ Qr(cocica) Qi (el it k) + cocrea Py (el it c2)
= le(coclcg)céoclf c? + cocica Py (céoci1 c?)
B cg‘)HC?HC?H + cé°+3c§1+1ci2271, 1o = 4ko + 2,
cé”“cilﬁcéﬁl, o = 4ko.
|

Lemma 2.5. Forn >4, a monomial f in D, and ca,c31 f, the action of P}
on D, is given by

0, g = 4ka, i3 = 2ks,
ek, iy = 4ko, ig = 2ks + 1,
0, 1o = 4dko + 1,13 = 2k3,
Pl f) = CIC?(/’?ilfa ig = 4kg + 1,13 = 2k3 + 1,
2 A2, ig = ko + 2,i5 = 2ks,
R f 4 crce TV, g = Ay + 2,43 = 2ks + 1,
2 i2—2 i3 . .
cges Tes f, i = 4ko + 3,13 = 2kg,
c%c;rzc?f + clcézc?’*lf, 19 = 4ko + 3,13 = 2k3 + 1.

Proof. By Theorem 2.1, we have

=3
Pl ) = 5452 S2S4 ) = C1, S ;
5 (cs) = (5S¢ S¢° + Sq°5q")(cs) {07 s 43,

By Lemma 2.1, we have
co, S=2,
cs) =

@iles) {07 s # 2.
So, we obtain
0, Z‘2 = 4k27
0, 1o = 4ko + 1,
c%cérQ, io = 4ko + 2
6802272, io = 4ko + 3.

R =" BT
clc?_l, i3 = 2]€3 + 1.

Py(cy) =
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From the above computations and the fact that Q1(f) = P3(f) = 0, we get
Py (55 f) = ¢ Py (cx’ f) + Qu(c5)Qu(ex’ f) + e’ [Py (c5)
= ¢’ (Py () f + Qu(c3)Qu(f) + 5 Py (f)) + 5 f Py (c5)
=3Py (cy’)f + 5 f Py (c5’)

0, 1o = 4ko, i3 = 2k3,
61032033_1]0, io = 4ko,i3 = 2ks + 1,
0, 19 = 4ko + 1,13 = 2k3,
B clcézc?*lf, 1o = 4ko + 1,13 = 2k3 + 1,
) @R f, iy = dko + 2,3 = 2ks,
R f eV, g = dky 4 2,d3 = 2k3 + 1,
A2 f, iy = 4k + 3, i3 = 2ks,
c%cézfzcéff + clc?cérlf, 1o = 4ko + 3,13 = 2k3 + 1.

3. The P;-Margolis homology of the Dickson algebra

In this section, we will compute the Pj-Margolis homology of the Dickson
algebra D,,.

The following theorem is also numbered as Theorem 1.1 in the introduction.

Theorem 3.1. (a) The Pj-Margolis homology of the Dickson algebra D is
isomorphic as Fa-vector spaces to

Facg)

(cd)

® Fa([co], [cf])-

(b) The Ps-Margolis homology of the Dickson algebra Dy is isomorphic as
Fo-vector spaces to
]F2 D F2<[0001]>.

(¢) The P}-Margolis homology of the Dickson algebra Ds is isomorphic as
Fy-vector spaces to

FQ[C(%’ czll’ Cg]

ety O Falleoct™ ] k2 2 0)
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Proof. (a) By Lemma 2.2, KerP) is generated by 2% and z*+! for i > 0.

By Lemma 2.2, we have
24 = Py (2*7%) for i > 2 and 2! = P} (2%7P) for i > 2.

So, we get [2%] = [z%T1] = 0 in H.(Dy; P}) for i > 2.
Let W7 be the Fy-subspace of Dy generated by 0607 with ¢ not divisible by
4. The evident equality D; = D} & W; and Lemma 2.2 imply that
KerP} = D} ® (Wi N KerPy),
ImPy = (D} N ImPy) & (W, N ImPy).

By Lemma 2.2, we have D} N ImPy = Fo(cg**® | k > 0) = (¢§)D}.
From Lemma 2.2 and the above computations, we have

W1 N KerPs

WinImP! Fa([col, [¢5))-

So, we obtain

D} W1 N KerPs
DI ImPy ¥ Wi ImP}

H.(Dy;Py): = KerPy /ImP) =

_ Fafcf]

(cb)

& Fa([col, [c3])-

(b) By Lemma 2.3, KerPs is generated by the following elements (1)
through (8).

—_

. cgk"c;lkl for ko, k1 > 0.

o

c‘ék"JrzcszlJr2 for ko, k1 > 0.

Cgk"ﬂc%klﬂ for ko, k1 > 0.

- W

c§k°+3c%k1+3 for ko, k1 > 0.
Cgkﬁsc%kl + cgkOJrlcélu€1+3 for kg > 0,k; > 0.
c‘ék"ﬂciu‘wr2 + cgkoflcilkﬁs for ko > 1,k; > 0.

cgkﬁzczl“‘:1 + cékOJrzlcéllklf3 for ko > 0,k; > 1.

® N o o

Cgk‘)ci““Jr2 + Cék“zc‘fkl*l for kg > 0,k; > 1.
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By Lemma 2.3, we have

cgFom2ethy = 3Rtk for kg > 1,k > 0.
cako ity — cgkoc;lkl+4 for ko, k1 > 0.

Fo k1 t2) — BRot2 M2 for ko ky > 0.

ko—1 Ak +1 dko+1 Aki+1
0T M) = for kg > 1,k > 0.

coc;““_z) = coc;“““ for k; > 1.

k”“c‘llkﬁ?’) = c‘ék"""n’cikl"’?’ for kg, k1 > 0.

P (coc ko 4k1) _ 4k0+36411k1 i cgk°+1 AR+ for ko Ty > 0,

jo cocgk" 2 4k1+2) gk0+1cz11k:1+2 Ty 4k0 1 4k1+o for kg > 1.k > 0.

dko+2 Ak1—3 dko+2 Ak 4k 44kd
o023 = ot el gt ot M T for kg > 0,k > 1.

4ko Ak, —1\ _  4ko 4k1+2 4dko+2 4ki—1
Co e ) =¢g e +cp 0T for ko > 0,k > 1.
From the above computations, we get

o"0ci™] = 0in H,(Dy; Py) for kg + k7 # 0.
aRot24t2] — 0 in H,(Dy; Py) for ko, ki > 0.
kol Akt — 0 in H,(Dy; P) for ko > 1,k > 0.
SRSt = 0'in H, (Do P3) for ko, ky > 0.

ko+3 4k1 + C4ko+1 4k1+3] =0 in H,(Dy; Py) for ko, ky > 0.
dko+1 4k1+2 +c4ko 1 4k1+5] 0in H.(Dy; Py) for ko > 1,k1 > 0.
Ako+2 4k1 + ekt ethi=3) = 0 in H,(Dy; P}) for ko > 0,k > 1.
Cgkoczllklﬁ +e 4k0+2 4’“1* ]=0in H*(D2§P2l) for ko > 0, k1 > 1.

(o
[¢o
[c
[0
[
(o
(o
[

By Lemma 2.3, we see that cqcp is not in the image of P). So, [coc1] # 0 in
H.(Dy; Py).

Let W5 be the Fao-subspace of Dy generated by cg‘)cﬁl with at least one of
the powers ig,4; not divisible by 4. The evident equality Dy = Dj & W5 and
Lemma 2.3 imply that

KerPy = Dy @ (Wo N KerPy),

ImPy = (D3N ImPy) & (Wo N ImPy).

By Lemma 2.3, we have DiNImPy = Fo(cgFott etk caio ot | ko Ky g, iy >
0) = (cp, ¢1) Ds-
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From Lemma 2.3 and the above computations, we have

Wa N KerPs

L2162 .
Worimpr ~ F2lleocd

So, we obtain

D3 Wo N KerPs

H.(Dy; Py) := KerPy /ImPy =
(D2; Py) erPy [ImPy D3ynImP; = WanImPj

_ Fy [637 céll]
(cg,c1)

=F, ® F2<[0001]>.

® Fa([coci])

(c) By Lemma 2.4, Ker P} is generated by the following elements (1) through

(6).
1. cgk"cfklcg’62 for ko, k1,ko > 0.
2. cgk"ﬂc%kﬁlcgk2 for ko, k1,ke > 0.
3. c%k°+1ciklcgk2+1 for ko, k1, ko > 0.
4. g MG for ko, b, ky > 0.
5. cgkoc?ﬂc;ﬂm-‘rQ T C(Q)ko—&-QC?kl—ngkg for ko, ks > 0, ky > 1.
6. cgk"ﬂcfklc;m2 + cgkoflc?klﬂcghﬂ for kg > 1,k1,ke > 0.
7. 2ok kel | 2ho=2 2kl et o s g Bk > 0.

8. cgk°+lc§klcgk2+3 + c§k°+3c%k1_1cgk2+l for ko, ke > 0,k1 > 1.
By Lemma 2.4, we have

Py (cBFom2chr gk t2) = (ZRo b cike for ko > 1, kg, kg > 0.
Py (cho 2Rt edkey — (2Ro 2R ctke for oo ke > 0,k > 1.
So, we get [c2*c?F1e3¥2) = 0 in H.(Ds; Py) for k3 + k? # 0,ky > 0. By

Lemma 2.4, we see that 32 (ks > 0) is not in the image of Py}, so [¢3"2] # 0 in

By Lemma 2.4, we have
Py (cgko_lc%klcgb"’_?’) = C(2)I~c0+16?k10421k2+1 for kg > 1,k1, ko > 0.

P%(coc%krlcgkzﬂ) = (:Oc?kltzgkfrl for kg, ko > 0,k > 1.
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So, we get [caFott2kicdk2 T — 0 in H,(Ds; P}) for k2 + k¥ # 0,ky > 0.
By Lemma 2.4, we see that cocy™2 " (ky > 0) is not in the image of Py, so
[cocs™ ] # 0 in H.(D3; P}).

By Lemma 2.4, we have

P2l( 2ko+1 2k1 4k2) _ (2)k0+lcfk1+16421k:2 for ko, kl,kQ Z 0.

P21< (2)7600?1% 3k2+1) — C(Q)koc%k1+1cé21k2+1 for ko, k1, ko > 0.

Py (cglocthi—2eyta ) = cgho i ghat® o (o2 ek for kg kg > 0,k > 1.

p21( 2ko—1 2klc4k2+2) _ Cgko+1C%klc§k2 + Cgko—lc%kl"rlcgkz"rQ for ko > 1 ki, ko > 0.
P21( 2ko—2 2’€1 4k2+3) — Qkocfklcgkz-i-l + Cgko—2c%lc1+16421kz+3 for ko > 1, k1, ks > 0.
P21( 2ko+1 2k1*1 4k2+3) gk0+16?k103k2+3 + Cgko+3c%klflc;1k2+1 for k‘o,kg > 0.k > 1.

From the above computations, we get

[cRRott 2kt k] — (0 in H,(Ds; P}) for ko, k1, ka > 0.

[c2F 2’“1“(;3’“2“] = 0in H,(Ds; P}) for ko, k1, ky > 0.

2 2ko 2/€1 4k2+2 +e 2k0+2 2k171 4k2] = 0in H,(Ds; PL) for ko, ko > 0,k > 1.
[ 2ko+1 2k1 4k2 _1_621%71 2k1+1 4k2+2] 0 in H*(D3;P21) for ko > 1, k1, ks > 0.
[Cgkocfkl 4k2+1 +e 2k0 2 2k1+1 4k2+3] 0in H,(Ds; PL) for ko > 1, k1, ks > 0.
[co

2Zko+1 2’“ 4k2+3 + cgk°+30%k1_1c§k2+l] = 0in H,.(Ds3; le) for ko, ko > 0,k > 1.

Let W3 be the Fa-subspace of Dy generated by cici!cy with at least one
of the powers ig, 1,72 not divisible by 4. The evident equality D3 = D§ ® W3
and Lemma 2.4 imply that

KerPy = D3 & (W3 KerPy),
ImPy = (D3N ImPy) & (Ws N ImPy).
By Lemma 2.4, we have
D3N ImP;)
= TFa{c, dko+4 %klcgkz célo ‘1“”'4 iz | ko, k1, k2, 0,171,192 > 0) = (cé,c‘ll)Dg.
From Lemma 2.4 and the above computations, we have

W3 N KerPy

=F 52T | ke > 0).
ng]mpg 2<[C 0C2 ] | 2 = >

So, we obtain
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Dj W3 N KerP;
DiNnImP; ~ WsnImPs

H,.(Ds3; P)) : = KerPy /ImPy =

_ Fy [037 Céll’ 0421]

4 4

(C c ) @F2<[6003k2+1] | kg 2 0>
0> ™1

The following theorem is also numbered as Theorem 1.2 in the introduction.

Theorem 3.2. For n > 4, the P}-Margolis homology of the Dickson algebra
D, is isomorphic as Fo-vector spaces to

D ;

4iy 2i3 g Gn—1 452 243 ja Jn 1 ko Ako+1 2k3 k4 kn—1
(c )@F2<[6002 gocht o] [ et e e e T e et e ).
5 i
Here, io,...,0n-1,72,--,Jn—1 > 0, at least one of the powers 2j3, ja, ..., jn—1

is not divisible by 4, ko, ..., kn_1 >0 and 0 < kg < 1.

Proof. By Lemma 2.5, KerP) is generated by the following elements (1)
through (4).

1. c;“”cg]%f for ko, ks > 0, a monomial f in D,, and ¢a,c3 1 f.
2. ¢ 4k2+1 2k3f for ko, ks > 0, a monomial f in D,, and ca,c3 1 f.

3. c%cék2 2k3+1f + c4k2+2 2k“”f for kg, k3 > 0, a monomial f in D, and
cz,c31 f.
4. ¢ c4k2+3 2k‘q’f + 3¢, Ak t1 2kSJrlf for ko, k3 > 0, a monomial f in D, and

02,03J(f

If ¢ | f and c2,c31 f then P}(c3™2c3* L) = 3" c3* f (by Lemma 2.5).
0

If ¢; | f and co, 31 f then Py (c3™2c3Fs ™ Ly = )22 f (by Lemma 2.5).

c1
If ¢2,¢1,¢9,¢31 f then ¢3*2¢ k?’f is not in the image of P} (by Lemma 2.5).
So [c;“fz ks ] # 0 in H,(D,y; Py).
If & | f and ¢, ¢3 1 f then P} (cak2 ™3 gk"’ L) = ekt e2ks f (by Lemma 2.5).
O
Ifc; | fand ¢y, ¢3 1 f then Py (c3F2 ™+t §k3+1 L -) = cak2teZks f (by Lemma 2.5).
If 3, c1, ¢a, c3 1 f then 3211 2%s £ is not in the image of Py (by Lemma 2.5).
So [e3F2 T e ] £ 0 in H, (Dn, Ph).
By Lemma 2.5, for ¢, c3,1 f we have

1/ Ako+3 2ks+1 4k: +3 .2k 24I~c +1 2k +1
P2(022 3’ f) : 3o f ey T

=
1/ Ako+2 2ks+1 41<: +2 2k 2 41<: 2k +1
Py (™ g™ f) = TP+ cgey Pt L
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So [ercak2 32k f 4 ek Rt ] = [y 2R f 4 g2 2t f] = 0 i
H.(Dy; P3).

Let W, be the Fy-subspace of D,, generated by céo oo™l with at least

n—1
one of the powers ig,...,%i,_1 not divisible by 4. The evident equality D,, =
D* @ W,, and Lemma 2.5 imply that
KerPy = D} @ (W, N KerP)),
ImPy = (D} N ImPy) & (W,, N ImPy).
By Lemma 2.5, we have
DiNImP)

dko-+4 Ak Akn—1  dio Aii+4 4i din—1 : :
=TFo(cy ™ ey e, et T e e, T L Koy kn—1, G0, - - i1 > 0)

= (¢, 1) D

From Lemma 2.5 and the above computations, we have

W, N KerPs
W, N ImP]
= Fa(leocs e clt - oy, [ g et o), [efees™ gt - ey)
with 49,...,0p-1,72,.-.,Jn—1 > 0, at least one of the powers 2js, j4,...,Jn-1
not divisible by 4, ks, ..., kp_1 > 0and 0 < kg < 1.
So, we obtain
D W, N KerP;
H.(Dy; P KerPy /ImPy = 2 - 2
(Do Py) := KerP, [ImP; DinImP! ~ W, NImP}
D4
NG
& Fa(lcocy 23 et -+ i) g™ g et - i) legeeg™ g e e )),
with dg9,...,0h-1,72,.--,Jn—1 > 0, at least one of the powers 2js, j4, ..., jn-1
not divisible by 4, ko,...,kp—1 > 0and 0 < kg < 1.
The theorem is proved. |

Remark 3.1. (a) Pengelley and Sinha stated their conjecture only for the
@ ;-Margolis homology of the Dickson algebra (see [13]). However, follow-
ing their idea, an analog conjecture for the P}-Margolis homology of the
Dickson algebra should be as follows: any representative of a homology
class in H,(D,; Ps) can be taken in D2,
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(b) Let E™ = (Z/p)™ be the elementary abelian group. N. H. V. Hung and

N. H. V. Hung - N. D. Nga proved that the (analog) Pengelley - Sinha
conjecture is invalid. More precisely, for

(i) G = San, the Margolis homology of the image for the restriction
ImRes(G, E™) is not only generated by D2, (see [5, 6]),

no

(ii) G = Sp» and p an odd prime, the Margolis homology of the image
ImRes(G,E™) is not only generated by the Dickson algebra D,,,
(see [7, 8]),

(iii) G = Ap» and p an odd prime, the Margolis homology of the image
ImRes(G, E™) is not only generated by

Dn = ]Fp[Ln,Cl, .. .,Cn_l],

where L2 = ¢y, (see [9]),

(iv) G = San 2, the Margolis homology of the image I'mRes(G, E™) is
not only generated by M2, where M,, = ImRes(San 2, E™) denotes
the Mui algebra of rank n, (see [10]).

Here S, Arm, and So» o denote respectively the symmetric group on m
letters, the alternating group on m letter, and the 2-Sylow subgroup of
Son. In all the above cases, the “new” generators of the Margolis homology
for the image ImRes(G, E™) are called the critical elements.

Theorem 3.1 and Theorem 3.2 show that the analog Pengelley - Sinha
conjecture is not correct for n > 1 because there are critical elements in
H.(D,; Ps) with n > 1. For n = 1, the critical elements are [cy] and [cf].
For n = 2, the critical element is [coc1]. For n = 3, the critical elements

are [cocgk”l] with k9 > 0. For n > 4, the critical elements are
4io 23 g in—1 472 2j3 ja in—1 ko A4ko+1 2ks kg kn—1
[cocy 5™yt - e 1], [e? e g "'0771—1}7[00 Co ez leyt e,
with 4o, ..., %n—1,J2,---,Jn—1 => 0, at least one of the powers 2js, ja, ...,

Jn—1 not divisible by 4, ko, ..., ky,—1 > 0and 0 < kg < 1.
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