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Abstract. This paper investigates the split variational inequality problem
in real Hilbert spaces. We propose a novel iterative algorithm that com-
bines Tseng’s modified forward—backward splitting method with an inertial
extrapolation technique and self-adaptive step sizes. The proposed method
requires only monotonicity and Lipschitz continuity of the operators, with-
out assuming co-coerciveness. A key feature of the algorithm is that the
step sizes are updated at each iteration via simple computations, elimi-
nating the need for prior knowledge of the norm of the transfer operator
or the Lipschitz constants. Strong convergence of the generated sequence
is established under standard conditions. As an application, we model
traffic network equilibrium as a split variational inequality problem and
present numerical experiments to demonstrate the efficiency and practical
implementability of the proposed method.

1. Introduction

Let Cy be a nonempty, closed, and convex subset of a real Hilbert space
Hy, and By : Cy — Hy be an operator. The variational inequality problem on
the set Cy with operator By (VIP(Cy, By)) is defined as follows: Find z* € Cj
such that

(1.1) (Box™,x —a*) >0, Yz € Cp.
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This is a fundamental problem in optimization. The VIP has a wide range
of applications in diverse fields, including signal processing, optimal control,
image restoration and composite minimization (see [1,12,17,22]). The VIP was
later generalized to the following split variational inequality problem (SVIP)
by Censor et al. [8]: Find z* € Cp such that z* solves VIP (1.1) and y* =
Fa* € C; solves

(12) <B1y*ﬂy_y*> 207 Vyech

where Cy is a nonempty, closed, and convex subset of real Hilbert space Hj,
B; : Hy — H; is an operator, and F' : Hy — H; is a bounded linear operator.
We denote the solution set of SVIP (1.1)-(1.2) by

I':.= {LU* S S(Co,Bo) | Fz* e S(C1,Bl)}7

where S(Cj, B;) denotes the solution set of VIP(C, B;) for each j =0, 1.

The SVIP seeks a solution to the VIP(Cy, By) such that its image under
the bounded linear operator F' also solves the VIP(Cy, By). In this sense, the
SVIP combines the VIP with the split feasibility problem (SFP) introduced
and studied by Censor and Elfving [6]:

(1.3) Find z € Cj such that y = Fz € (4.

In particular, when By = B; = 0, the SVIP reduces to the SFP (1.3).

The SVIP has been widely applied in various fields such as intensity-modulated
radiation therapy (IMRT), phase retrieval, medical image reconstruction, signal
processing, and network traffic equilibrium (see [3,5,8,15]).

Censor et al. [8] proposed and studied the following iterative method for
solving SVIP (1.1)—(1.2): for x; € Hy, the sequence {z,} is generated by

(1.4) Tni1 =U(zy +7F*(V = I)Fzy,), n>1,

where U = Pg,(I — ABy), V = Pc,(I — ABy) and 7 € (0, %) with R being
the spectral radius of the operator F*F. They proved that the sequence {x,}
generated by (1.4) converges weakly to a solution of SVIP (1.1)—(1.2), provided
that the solution set of problem SVIP (1.1)—(1.2) is nonempty, By, B; are «p-,
ay-co-coercive operators, and A € (0,24], where § := min{ap, @1 }. However,
the co-coercivity assumption imposed on the operators By and B is quite
restrictive, which limits the applicability of the algorithm.

To overcome the co-coercivity restriction, researchers have turned to projection-
based methods originally developed for the classical VIP. Among these, the ex-
tragradient method (EGM), introduced by Korpelevich [14] for finite-dimensional
saddle-point problems, stands as the most prevalently employed algorithm. For
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a monotone and Lg-Lipschitz continuous operator By : Cy — Hy, the EGM
generates a sequence {z,} via
(1.5) {Zn = PCO (xn - 5B0'Tn)a

Tnt1 = Poy(xn — 0Bozy),

where 0 € (0,1/Lg) is a fixed step size. Under these conditions, the sequence
{zn} generated by (1.5) converges weakly to a point in VIP(Cy, By), provided
the solution set is nonempty. A notable drawback of the EGM, however, is
that it requires two projections onto Cy at each iteration, which can severely
impair the overall computational efficiency when such projections are costly.

To reduce the per-iteration projection cost, Tseng [26] introduced the forward—
backward—forward method, commonly referred to as Tseng’s extragradient
method (TEGM). The iterative scheme reads
(1.6) zn = Poy(zn, — 0Boxy),

Znt1 = 2n — 0(Bozp — Boxy).
Unlike (1.5), the scheme (1.6) requires only one projection per iteration. Under
the same assumptions of monotonicity and Lg-Lipschitz continuity with step

size 6 € (0,1/Ly), the sequence {z,} generated by (1.6) converges weakly to a
solution in VIP(Cy, By).

As an alternative approach, Censor et al. [7] introduced the subgradient
extragradient method (SEGM), which replaces the second projection in (1.5)
with a projection onto a constructible half-space T,:

zn = Poy(zn, — 0Boxy),
(1.7) T, ={x € Ho | (xn — 0Boxn — 2n, T — 2,) < 0},
ZTnt1 = Pr, (xn, — 0Bozy).

Under the conditions that By is Lg-Lipschitz continuous and monotone with
step size § € (0,1/Lgp), the scheme (1.7) converges weakly to a solution of
monotone variational inequality problem [7].

A shared limitation of the methods (1.5)—(1.7) is their reliance on a fized
step size 6 € (0,1/Lg), which requires prior knowledge of the Lipschitz constant
Lg. Since Ly is often unavailable in practice, several authors have proposed self-
adaptive step-size rules that update §,, at each iteration using only information
already computed (see [1,16,18]).

A further acceleration technique that has attracted considerable attention is
the inertial method, originating from the heavy-ball method of Polyak [20] and
the inertial proximal algorithm of Alvarez and Attouch [2]. In the context of
variational inequalities, inertial methods augment the standard iterative update



4 Le Canh Hai

by an extrapolation term 6y (z* — 2¥~!) that exploits the momentum of past
iterates to accelerate convergence (see [1,16,18]). In existing inertial algorithms
for SVIP, however, the inertial extrapolation and the Halpern-type anchoring
are typically treated as separate components applied in successive steps.

Motivated by the SVIP formulation of Censor et al. [8] and the projection-
based methods described above, several authors have proposed algorithms for
solving SVIP (1.1)—(1.2) under the weaker assumption that By and B; are
monotone and Lipschitz continuous. To overcome the co-coercivity restric-
tion while retaining strong convergence, Izuchukwu et al. [11] proposed an
inertial projection-and-contraction method for SVIP that establishes strong
convergence without product-space transformation. However, their algorithm
requires the Lipschitz constants Ly and Ly to be known in advance to initialize
and bound the step sizes, and the inertial parameter is bounded by a fixed
constant that itself depends on Lg, L.

Motivated by these developments, in this paper we propose a new one-
step inertial self-adaptive Tseng’s forward—backward splitting algorithm for
solving SVIP (1.1)—(1.2) under monotonicity and Lipschitz continuity of By,
By, requiring no prior knowledge of Lo, Ly, or ||F||. A distinguishing feature
of the proposed algorithm is that the viscosity anchor (1 — oy )" is integrated
directly into the inertial extrapolation step, yielding

(1.8) wh = (1 — ag)z® + 0 (zF — 2*71),

so that acceleration and stabilization toward the minimum-norm solution are
achieved simultaneously in a single step. This differs from the standard inertial
update w® = ¥ + 0, (2% —2¥~1) used in [1,16,18], where the anchor and inertial
components are treated separately. The main contributions of this paper are
as follows:

1. We propose a new algorithm that does not require prior knowledge of
the Lipschitz constants Lg, L; of operator By, By, respectively, or the
operator norm ||F'||, thanks to a self-adaptive step size update rule.

2. We prove strong convergence of the generated sequence to the minimum-
norm solution of SVIP under standard and mild assumptions.

3. We introduce a two-phase viscosity control parameter {aj} whose de-
cay exponent transitions smoothly between two polynomial rates via a
sigmoid function, providing larger step sizes in early iterations for faster
progress and smaller ones in later iterations for enhanced stability near
the solution.

4. We apply the proposed algorithm to a split variational inequality prob-
lem arising from a two-city traffic network equilibrium model, thereby
illustrating the practical applicability of the proposed method.
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The rest of this paper is organized as follows. Section 2 recalls some neces-
sary preliminaries. Section 3 presents the proposed algorithm and establishes
its strong convergence theorem. Section 4 is devoted to the application to the
traffic network model. Numerical experiments are provided in Section 5 to
illustrate the efficiency of the method.

2. Preliminaries

In this section, we recall some definitions, notations, and lemmas that will
be used throughout the paper. Let H be a real Hilbert space with inner product
(-,-) and induced norm || - ||. We write 2™ — 2z and 2™ — x to denote weak and
strong convergence of {2} to x, respectively.

The following identities hold for all z,y € H and X\ € R:
(2.1) lz £yl = |21 £ 2(z, ) + [y,
(2.2) IAa + (1= Nyl? = Alle]* + (1 = Myl = A1 =Nz - y]*.

Definition 2.1 (see [4]). Let C be a nonempty closed convex subset of H. For
each x € H, there exists a unique element Pcx € C such that

— P = inf ||z — y|-
lz = Pez|| = inf o -yl

The mapping Pc : H — C' is called the metric projection onto C' and satisfies
the following characterization properties [4], for all x € H and for all y € C:

(2.3) (x — Pox, y — Pox) <0,
(2.4) 1Poz = yl|* < ||z — y||* — [lz — Poz||*.

Remark 2.1. Let C' be a nonempty closed convex subset of H. The element of
minimum norm in C is u* = Pc(0), which is the unique solution of (u*,u* —
y) <0 for ally € C, or equivalently (u*,y —u*y >0 for ally € C.

Definition 2.2 (see [4]). An operator B : H — H is said to be:

(i) monotone if (Bx — By, x —y) >0 for all z,y € H;

(ii) L-Lipschitz continuous if there exists L > 0 such that ||Bx — By| <
L||x —yl|| for all x,y € H;

(iil) a-co-coercive (or a-inverse strongly monotone) if there exists a > 0 such
that (Bx — By, x —y) > o||Bx — By||? for all z,y € H.
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We note that every a-co-coercive operator is monotone and é—Lipsehitz
continuous, but the converse does not hold in general [16].

Definition 2.3 (see [4]). Let Hy and H; be two real Hilbert spaces and let F :
Hy — H; be a bounded linear operator. The adjoint operator F* : Hy — Hy is
the unique bounded linear operator satisfying (Fx,y) = (x, F*y) for allx € Hy,
y € H1. Moreover, |F*|| = | F||.

The following lemma characterizes solutions of the split variational inequal-
ity problem for monotone operators.

Lemma 2.1 (see [24]). Let C be a nonempty closed convexr subset of H and
let B: H— H be a continuous monotone operator. Then x* € C is a solution
of the VIP (C, B) if and only if

(By,y—2*) >0, Vy e C.

Lemma 2.2 (see [25]). Let {ar} and {by} be two sequences of non-negative
real numbers such that a1 < a + by for all k > 1. If Zzozl b < 400, then
lim ay exists.
k—o0
Lemma 2.3 (see [21]). Let {sx} be a sequence of non-negative real numbers,
{ag} € (0,1) with Yy, ar = oo, and {d} be a sequence of real numbers.
Suppose that

Spr1 < (1 —ag)sg + agdy, VE > 1.
Iflimsupdy, <0 for every subsequence {sk,} of {sr} satisfying lilm inf(sg,+1 —

—00

=00

Sk,) >0, then lim s, = 0.
k—o0

Lemma 2.4 (see [15]). Let a,b, c be positive real numbers satisfying0 < a < a <1,
0<b<b<2 0<ec<ce<ll. Let{ar}, {bx}, {ck} be non-negative se-
quences with hm ap = hm b, = hm ¢y =0, and let { i} be a sequence with

limg_ oo A = )\* > 0. Then there emsts ko € N such that for all k > kg

Ak (ak + a)

€ (07 1)a bk +be (072)7 cktce (07 1)
Akt1

3. Main Results

Throughout this section, we work under the following standing hypotheses.
Let Hy and H; be two real Hilbert spaces; let Cy € Hy and Cy C H; be
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nonempty closed convex subsets. Let By : Hy — Hp and By : Hy — H; be
monotone and Lgy-, Li-Lipschitz continuous operators, and let F' : Hy — H;
be a bounded linear operator. For notational convenience we set F; := F
and Fy := I (the identity on Hy), and we assume that the solution set T' of
SVIP (1.1)—(1.2) is nonempty.

3.1. The Proposed Algorithm

We first collect the standing assumptions on the control parameters, which
will be in force for the strong convergence analysis.

Assumption 3.1. The control sequences satisfy the following conditions:

(C1) {ax} C(0,1), leH;O ap =0, and D77 o = 00.

(C2) {m} C (0,00) with lim £ = .

k—oo Qi
(C3) {¢x} C [a,b] C (0,1).
(C4) 0<aj<&j<1,0<bj<5j<2,0<cj<6j<1f0reachj:0,1.

(C5) ajk,bjk,cjr > 0 with kli_g)lo ajp = klggo bjk = kli_)nolo ¢k = 0 for each
j=0,1.

(C6) {pjr} CRT and Y 72, pjr < +oc for each j =0,1.
(C7) 0<d; <& <d; <1, for each j =0,1 and & + & = 1.
For brevity, we set for each j = 0,1

ajk+aj =ajk, bjk+bj=0bjk, cjk+ci=7Cjp

Algorithm 3.1. One-step inertial self-adaptive algorithm for SVIP

Initialization: Choose 2°,z' € Hj arbitrarily. Let A\;; = A\ > 0 for
j = 0,1, a bounded sequence {7} C R}, and parameter sequences satisfying
Assumption 3.1.
for k=1,2,...do

Step 1 (One-step inertial extrapolation). Compute

wh = (1 — ag)z® + 0 (z% — 2*71),
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where
. Nk ek k—1
min —————— 7 0, ifx v
(31) g - [l ey
Tk, otherwise.
Step 2 (Projection step). For each j =0, 1, set
yy = Po, (Fjw® — X\ x BjFu")

and update the self-adaptive step size

| airll Pk =y
min ) A i,k + Pk (s
{ 1B, Fut — Byl 9 T

if || B Fyw* — By} || # 0,

(3.2) Nkl =

Ajk + Pk otherwise.
Step 3 (Tseng-type correction). For each j = 0,1, set

k_ ok ok
uj = Fyjw" — B kv,

where
(3.3) v = Fyw® —yi = \jw (B Fyw® — Bjyf),
and
BalFet — i o) g
(3.4) Bik = 0% 12 7 ! ’
0, otherwise.

Step 4 (Convex combination of adjoint corrections).

[

=38 (wh = F (Fywh — b)),

=0
with
Gkl Fywh —uf|?
’ f || Fr(Fwk — ok 0,
(3.5) Yk = HF],*(Fjwk _ uﬁc)”y if || j ( jW u])|| #*

0, otherwise.

Step 5 (Update). z**! = (1 — ¢) w* + ¢y 2*.
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end for

Remark 3.1 (Intuition behind each step).

(i) Step 1. The Halpern factor (1—ay,) anchors the iterate toward the origin,
selecting the minimum-norm solution; the inertial term O (x® — z*~1)
extrapolates along recent displacement to accelerate convergence.

(ii) Step 2. The forward—projection pair implements a gradient-descent move
onto Cj; the self-adaptive rule for \; . implicitly tracks the Lipschitz con-
stant L; without requiring it explicitly.

(iii) Step 3. The Tseng-type correction replaces the costly second projection
of the extragradient method by a free forward step, chosen so that uf lies
no farther from Fju than Fjw* does (cf. inequality (3.13)).

(iv) Step 4. The adjoint term 'yj,ij?"(Fjwk - uf) pulls the iterate toward
feasibility of the split constraint; the self-adaptive ;. eliminates any de-
pendence on || F||.

Remark 3.2. The following is one concrete instance of parameter sequences
satisfying Assumption 3.1, serving as an illustration that such choices are read-
ily constructible without any problem-dependent constants:

M=1 a; =096, b; =196, ¢; =095 ¢ =1,

— _1 o= 1 o 3 o 5
Ok = 570 Gk = 5y 0ik = @mne Gk T @EeDs

_ 1 _ _k _ k41 R 1
Mk = Gernrot, Tk = Fyis o = 2k+3>  Pik = Gtz

We emphasize that the convergence theorem applies to any sequences satisfy-
ing Assumption 3.1; the choices above are not privileged. A sigmoid-scheduled
variant of {ay} with improved early-stage convergence behaviour is introduced
in Proposition 8.1 below.

Proposition 3.1 (Two-Phase Viscosity Control Parameter). Let ¢ > 0, 0 <
p1 <p2 <1, Kg €N, and o9 > 0. Define

B o=+ ) =pit (- p)a ).

where o(t) = (1 + e_t)_l is the sigmoid function. Then {ax} C (0,1),

klim ap =0, and E ap = 00, i.e., {ag} satisfies (Cl) of Assumption 3.1.
—00
k=1
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Proof. Since o(t) € (0,1) for all t € R and 0 < p; < pa < 1, we have
p1 < p(k) < p2 <1 for all k > 1. Moreover, since k > 1 and ¢ > 0, the base
k4 ¢ > 1. Tt follows that ap = (k + ¢)~P*) € (0, 1).

(i) ax — 0. Since p(k) > p; > 0, we have 0 < a, < (k+¢) 7P, As k — oo,
(k+¢)7P1 — 0, hence ay — 0.

(ii) > g = oco. Since p(k) < po for all k > 1, we have:
ap=(k+¢)P® > (E+¢)7P2, VE>1.

Since p < 1, the series > - | (k+ ¢) P2 diverges by the p-series test. By
. . o0
the direct comparison test, Y, ; ap = oo.

This construction provides a smooth transition between two polynomial
decay regimes: larger step sizes in early iterations (governed by p;) and smaller
ones in later iterations (governed by ps), which is beneficial for both progress
and stability of the iterative process.

Remark 3.3. Algorithm 3.1 is free of the Lipschitz constants Lo, Ly and free of
the operator norm ||F||. These quantities are implicitly tracked through the self-
adaptive rules (3.2) and (3.5), thereby substantially reducing the per-iteration
cost.

Before turning to the convergence analysis, we record three technical facts
that will be used repeatedly.

Remark 3.4. (i) By the assumptions (C1), (C2) and (3.1), we have

lim — 2% — 2*1|| = 0. Consequently, there exists a constant M > 0
k—oo (¢
such that
0
(3.7) ZE gk — 2P < M, V> 1

Ok
(ii) Since B; is Lj-Lipschitz continuous for each j = 0,1
|BjFjw® — Byl < Ly[|Fjw® — y} |-
Hence, when || B;Fjw* — Bjy;?H #0,

Gl Fwt =il e ey

1B Fywh — Biyfll — Ly — L
which combined with the assumptions (C4)-(C6) and (3.2) shows that
ANk = min{7, A} and N < A +s; with s; = Y 07 pi. From

Lemma 2.2 the limit exists and for each j = 0,1

(38) lim )\j,k: = )\;< S [min {Zj, )\1} , A1+ Sj:| .

k—o0 j



A self-adaptive inertial algorithm for split variational inequalities . .. 11

(iii) From the assumptions (C3), (C4), (3.8) and Lemma 2.4, there is an
integer ko € N such that for each j = 0,1 and every k > ko,

Ao s - N
2R GIE 2 (0,1), By € (0,2), T € (0,1).
Aj k1

3.2. Convergence Analysis
The strong convergence of Algorithm 3.1 is proved through a sequence of

four lemmas, culminating in Theorem 3.2.

Lemma 3.1. Let {w"} and {z*} be generated by Algorithm 3.1 under Assump-
tion 3.1. Then, for every u € I and every k > kyq,

1
(3.9) 129 = ll® < Jw* = ul® =& (1= ) lluf = Fu®||*.
§=0

Proof. Fix u € I' arbitrarily; then F;ju € S(C;, B;) C C; for each j = 0, 1.
By Step 2 and (2.3), for each j = 0,1

(310) <y;c — Fju, yf — Fjwk + )\chBijwk) S 0.

Using the definition of v;-“ in (3.3), (3.10), and the monotonicity of B;, we have,
for each 7 = 0,1,

<Z/§€ — Fju, vf> = <l/;'€ — Fju, Fjw® —y¥

§ = Nk BiFwt) + Xy — Fju, Bjyj)

2 )\j,k <y;C — Fju, Bjyf — Bij’LL> + <y;C — Fju, Biju>
(3.11) > 0.
From (3.11), we deduce

(3.12) (Fywk — Fyu, vf) > (Fuk —yf, of).

Step 3 gives ||6]kv;‘3||2 = Hu;C — Fjw*|?. By Remark 3.4(31), 0< Fl;j,k < 2 for
all k > ko, and, when v¥ # 0, (3.4) yields Sjx|[vf[|> = bjx(Fjw® — y¥, v}).
Combining these facts with (2.1) and (3.12), for each j = 0,1 and k > ko,
Julf — Fyul® = || Fjw® — Fyull® + 82 4 [[oF]1? — 28; 1 (Fjw* — Fju, o)
< || Fyw® — Fyul® + 87 g [0f I — 28; k (Fyw® —yj, vf)

= [Fpwt = Fyul? + (1= 72 ) uf = |
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(3.13) < ||Fjw® — Fjyul?.
When v;’? =0, Step 3 gives u;“ = Fjwk and (3.13) trivially holds.
Since || - ||? is convex and & + & = 1, Step 4 implies
- 2
(3.14) 25 —ul? < Y& [|wh — v Fy (Fwb —uf) —ul|”.
§=0

Using (2.1) and the adjoint identity, together with (3.13),

[ = i F (Fyw® = uf) = u|”
= w* —ul|® + 42| Ff (Fyw® —uf)|?
- 2*yj7k<Fjwk - uf, Fj(wk —u))
= [l —u|l® + 43 | F (Fjw® —uf)|?
+ vk (1w — Fyull® = | Fjw® — Fyul® — |uf — Fyw®|?)

(3.15) < =l = [l — k) = s

|y (P = ub)|?].
By (3.5), whenever ||F;‘(Fjw’C — u§)|| # 0, for all k > ko
(3.16) [luf — Fjw®||> — v 1l Fy (Fjw® — ul) || = (1= &) luf — Fjw|.

Substituting (3.15)~(3.16) into (3.14) yields (3.9). When ||F} (Fjw* —uf)|| =0,
uf = Fyw® and (3.9) still holds. [ ]

Lemma 3.2. Under Assumption 3.1, the sequence {x*} generated by Algo-
rithm 3.1 is bounded.

Proof. Fix v € I'. From Step 1 and (3.7),

Hwk —ul = H(l — o%)(gc]C —u) — apu+ Gk(mk — xk_l)H
< (1 —ap)llz® —ull + axllull + 8, )|z* — =1

(3.17) < (1= ap)ll2” — ull + ax(|lu] + M).

By Remark 3.4(iii), (1 — ¢;x)|luf — Fyw*||> > 0, Vk > ko, for each j = 0,1
so (3.9) gives

(3.18) 128 — || < |Jw* —ul, VE> k.

Combining (3.17), (3.18) with Step 5 and the convexity of the norm, for every
k Z kOa

2"+ —ull < (1= gp)|lw” —ul| + dxllz" —ul
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< JJw® = u
< (1—ag)|l2" —ul + ar(|Jull + M)
(3.19) < max{||z* — ul|, [|ul| + M}.

A straightforward induction then gives
|2F T — || < max{|lz* — wul|, ||u|| + M}, Yk > k.

Hence, {z*} is bounded. The boundedness of {w*} follows from (3.17), and
the boundedness of {y}}, {u}}, {vF}, {zF}, {F;w*} is a consequence of the def-

initions of y;-“, uf ,vf in Algorithm 3.1, the Lipschitz continuity of B; and the
boundedness of Fj. |

Lemma 3.3. Let {w*} and {z*} be two sequences generated by Algorithm 3.1
under Assumption 3.1 with subsequences {w*'} and {z%}, respectively. If
wkt — 4 in Hy and llim |wkt — 2% || =0, then @ € T.

— 00

Proof. From (3.9) and (2.1), for k = k; > ko,

1
D & (=)l — Fju®|? <kt —ul® — |25 — u®
7=0

=t = 2 24— = R =
=t = 4+ 2t = 4, R — )

(3.20) <l — 22 4 2l — 2R ]| — .

Since ||w* — zF|| — 0 and {z*} is bounded (Lemma 3.2),
1
ij'yj&ﬂ — Ej,kl)Hu?’ — Fjwkl | = 0 as I — oo,
3=0

Since each term is non-negative (Remark 3.4(iii)), for each j = 0,1
(3.21) &k (1= G [t — Fjwk||> = 0 as 1 — oo.
From (3.5) and (3.21), we have, for each j =0, 1,
Ju = Fyut?

* k
1E5 (Fjwh — g2

& Gk (1 = Ciy) —0asl— oo,

which lmphes
k F 4
|| u‘jl jwkl ||

1E7 (Fywkt — ug")||?

—0asl— o0, j=0,1.
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From the boundedness of {u¥} and {Fjw*}, the sequence {||F}(Fjw* —u¥)|?}
is bounded. Hence

(3.22) [uft — Fjw*|| = 0 as 1 — oo, j =0, 1.
From (3.2) and the definition (3.3) of vf, when v;-“ #0, for each j = 0,1,

k k k k k
(Fjwkl — yjl, Ujl> = <Fjwkl — yjl, Fjwkl — yjl — Aij (Bijwkl — Bjyjl)>
= || Fywkt — yf|1* = Njg, (Fyw™ =y, B;Fywkt — Bjyt)
k k k k k k
> || Fjw™ =yt P = N [|Fyw™ — gt 1| B Fyw®™ — Byl

Nk ~
329 ~ (1= 2 ) B P
VAL

Denote g, = /\)'\.ij»laLkL. Using Step 3, (3.2), (3.4), (3.23), and the
3.k
definitions of {vf’} and {u?l}, when U;-“ # 0, for each j = 0,1,

1

|Fjwkt — 52 < = B 052
’ bjk (1 — k) !
1 k
Sz Bi V5l
by (1 = k) !
k c k
(1Bt = g+ Ay 1Byt = By )
1 k
< = Bjkllojll
by (1 — k) !
X (14 g p) (1w =yt
1 .
(3:24) < Bt )t = )
by (1 = f15,5,)

Consequently, for each j = 0,1,

1 .
(3.25) |yt — gt < - Hik

[ Fywkt —ubt].
by, (1= Hj.1,) !

From Remark 3.4(ii)—(iii), llim Ajk /A1 = 1, and there exists ky € N such
— 00

that 1 — p 5, > 0, Yk > ko, for each j = 0,1. Therefore, combining (3.22)
and (3.25) we obtain

(3.26) [Fjwh — yi|| = 0as 1 — oo, j=0,1.

If v = 0, then Step 3 yields y}' = Fw™ and (3.26) is immediate.
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Now, by the monotonicity of B;, the projection characterization (2.3), and
Step 2, we obtain, for each j = 0,1 and every u; € C},

0 < (Y — Fyw + X, B Fyw®, uj — y5)
= (yi' — Fyu™, u; —yi)
+ N (BiFywh, Fywkt —yi) 4+ X, (BjFyw™, uj — Fyuwht)
k k k
< lyy* = Fyw | luy — g5 | + Ao | By Fyw™ || [ Fjw™ =y |
+ Ajik (<Bijwkl — Bjuj, uj — Fjw*) + (Bju;, uj — Fjwk’>)
k k k
< lyy' = Fyw | luy — g5 [| + Ajow || By Fyw™ || || Fjw™ =y |
(327) + )\j7kl <BjUj, Uj — Fjwkl>.
By the L;-Lipschitz continuity of B; and (3.26),
(3.28) |B; Fjw™ — Bjyht|| = 0 as 1 — oo, j=0,1.

Since w® — 7 and F} is a bounded linear operator for each j = 0,1, we have
Fjwh — F;u, j = 0,1. Hence, by (3.26), y;-” — F;u, j =0,1. Letting [ — oo
in (3.27) and using (3.26) and (3.28), we obtain, for each j = 0,1,

(Bjuj, u; — F;u) >0, Vu; € Cj.
By Lemma 2.1, F;u € S(Cj}, B;j) for each j =0, 1. Therefore, u € I". |
Lemma 3.4. Let {z*} be generated by Algorithm 3.1 under Assumption 3.1.
Then, for every u € T', the following inequality holds:
(3.29) 2" —u)® < (1 — )|l — ul® + ardy, k> ko,
where {d} is a real sequence.

Proof. Let u € I'. From Step 1, we have

lw* —ul* = H(l —ag)z” — (1 — a)u — apu + O (z¥ — xk71)||2
— 10— o) (& — ) — au]® + 62* — 212
+2((1 — ap)(z® —u) — apu, O (z* — 2F1))
<1 - )@ — ) — agul? + B — 2+
+ 205, [(1 — ap)||z" — ul| + aglfu]] [[2* — 2F71
< 01— )& — ) — gl + B — <P

(3.30) + 20, [[|2* — ul| + ag|ul] |l2* — 2571, k> ko.
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Using (2.1), we observe that

(3.31) <

11 = ) (@* —u) — agul®

(L = aw) (2" = w)l* + allul]® — 20k (1 — ar)(e" —u, )
(1= ar)?[lz" = ull® + a[|u)]? + 20 ("

(1= ar)?[|z" —ull® — allul]? + 203 (2", u) — 20 (2" —u, u)
(

1= a)]la® = ul® + 203 "] Jull - 20k (2" —u, w), k > ko.

—u, u) — 204, (zF — u, u)

From (3.30) and (3.31), we obtain

(3.32) ”wk — u||2 <(1- ak)||xk — UH2 + agdy, k> ko,

where

. 2
(3.33) 2o

92
di == 2(u — 2, u) + 20 )|2"|| [Jul] + akaIk — 22
k
Ok & k-1 k
—|lz® — 2* | [l — ull + o llull], k> ko.

From Step 5, (2.2), Lemma 3.1 and (3.32), we obtain

" =l = (1 = gr)w” + drz" — (1 = dr)u — ppul®
= [1(1 = ¢n) (w" —u) + ¢p (=" — w)|?
= (1= on)[[w” —ul® + opl 2" — ul)?
— o (1 — ¢)[lw* — 2*|?
< (1= ¢p)[[w* —ull® = ¢r(1 — ) w* — 22

1
+ ok [Ilwk —ull? =) gyl = ) luf — Fywk|?
j=0
= Jlwb —u|? — ¢p(1 — o)lJwk — 2F||?

1
— 6 Y &rin(l = EGalluf — Fyut|?
7=0

< (1 —aw)llz”® —ull® + arde — dr(1 — ¢p) [w* — 2|

1
(3.34) — 6 Y &k (1= Tp) uf — Fju®|?, k> ko.
j=0

From (3.34), the definitions of {{;}, {7 1}, the inclusion {¢x} C (0,1), and

the fact that (1 —¢; ) > 0 for all k > kg, we obtain (3.29). [ |
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Theorem 3.2. Let {2*} be generated by Algorithm 3.1 under Assumption 3.1.
Then {z*} converges strongly to u* € T, where ||u*|| = min{||u|| | u € T'}.

Proof. Assume u* € I'. Then Fju* € S(Cj, B;) for each j = 0,1. From
Lemma 3.4, we obtain

(3.35) "+ — w2 < (1= ap)lla® — ¥ + cwdy,
where

92
=2 — b, ) + 2ot ] 4+ Ll — b

0

(3.36) +2- 2% — 2| [|2% — w*|| + arllu ], &> ko.
k

We now show that the sequence {||z*—u*||} converges to zero. By Lemma 2.3,
to complete the proof, it suffices to show that limsup dj, < 0 for every subse-

=00
quence {[|z* — u*||} of {||z* — u*||} satisfying
(3.37) liminf (|| — u*|| — ||lz" — ) > 0.
=00

Suppose {||zF —u*||} is a subsequence of {||z* —u*||} satisfying (3.37). From (3.34),
we obtain

1
0 < i (1= i) [k = 221 + b, Y & (1= Ty )|l — Py |2
j=0

< (1 —ag) 2™ =2 = 2" — [+ o, d,

= (l2® =) = 2" = |?) = a2 — | + andy,, ki > ko.

From (3.37) and llim ay, = 0, letting { — 0o, we obtain
—00

gbkz(l - d)kl)Hwkl - zkl H2

1
(3.38) + ok Y & (1= G Ul = Fywkt]? = 0.
j=0

Therefore, ||w* — 2%||2 — 0 and ||u§’ — Fjw*t]|2 — 0 for each j =0, 1.
From Step 1, we have
lwk — zkt|| = H—Ozkll‘kl + Oy, (zF1 — xk’_l)H

T L R e
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which, combined with Remark 3.4(i), yields
(3.39) lwk — 2P || = 0 as | — oco.
We consider
0 < |4 — 2| < 25 — bt + - 2],
from which (3.38) and (3.39) imply
(3.40) |2* — 2k — 0 as | — oo.
From Step 5, (3.39), and (3.40), we obtain
(3.41) |Jam Tt — 2R | < (1 — o) ||l w™ — 2P| + b, ||2* — 2¥|| = 0 as | — oc.
From (3.39) and (3.41), we deduce
(3.42) 2P+t — k)| < ekt — 2P+ 2P — wh | = 0 as I — oo
Since {2*} is bounded, there exists a subsequence {z*'} of {*} such that

o — 4. From (3.39), w® — 4. Therefore, by (3.38) and Lemma 3.3, we
obtain u € T".

By the boundedness of {x*'}, there exists a subsequence {z¥im} of {x*}
converging weakly to u € Hy such that

(3.43) limsup(u®, u* — z") = lim (u*, u* — z"m) = (u*, u* - 0).
=00 m—r00

Moreover, from (3.38) and Lemma 3.3, we obtain @ € I'. Since, by definition,
u* is the element of minimum norm, Remark 2.1 yields uv* = Pr(0), and (2.3)
gives (u*, u* — u) < 0. Combined with (3.43), this leads to
(3.44) lim sup(u*, u* — z*) <0.

l—o0

Now, by Remark 3.4(i), the boundedness of {z*}, and (3.44), it follows
from (3.36) that limsupdy, < 0. Finally, applying Lemma 2.3 to (3.35), we

=00
conclude that the sequence {||z¥ — u*||} converges to zero, that is, {z*} con-
verges strongly to u* € T |

4. Application

In this section, we reformulate the equilibrium-flow problem of a time-
dependent two-city traffic network as a time-dependent split variational in-
equality problem (TSVIP) and show how Algorithm 3.1 applies after discretiza-
tion.
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4.1. Traffic Network Model for Two Cities

Let Xy and X3 denote two cities. For each j = 0,1, the traffic network of
city X; is described by the tuple

Gj = (Mj, Lj, Wy, Vj),

where M; is the set of nodes, L; is the set of directed edges, W; is the set
of origin—destination (O-D) pairs, and Vj is the set of routes (paths). Each
w; = (aj,b;) € W; represents a source node a; and a destination node b;, and
we denote by Vj(w;) C V; the set of paths from a; to b;. The full route set is
Vi =Uuw,ew, Vi(w;). Each path carries a flow x,;, > 0, and each O-D pair w
is associated with a positive demand d.,; > 0.

Feasible sets. For each O-D pair w; € W}, the demand-balance constraint
Z Tr, = du,, Tr; 20 Vr; € Vi(w;),
i €Vj(wy)
defines the feasible set of city X;
Cj = {Ij ER‘VJ“ Z xrj:dwj V’LUJ'GWJ'; Tr; ZOVTJE‘/J}
rj€Vi(w;)

Clearly, C; is a nonempty, convex, closed, and bounded subset of RIVil.

Path—edge incidence and edge flow. For each path r; € V; and each edge
ej € Lj, define

p _J 1, if edge e; lies on path ry,
190G 0, otherwise.

Given a path-flow vector x; = (2, )r;ev;, the induced flow on an edge e; € L;
is
Aej (zj) = Z Pre; Try = Z Z Pre; Try-
ri€Vj w; €EW; r; €Vj(wy)

Edge and path costs. The cost on each edge is a (possibly nonlinear) function
of the edge flow: for every edge e¢; € L;,

te, (z;) = Cej(Aej (%)) )

where C¢, : Ry — R, is the edge-cost function. The cost of a path r; is the
sum of the edge costs along it:

(41) Brj(xj) = Z ¢rj,ej tej'(xj)'

e;€L;
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Static Wardrop equilibrium as an SVIP. A feasible flow vector 2 € Cj
is said to be in (static) Wardrop equilibrium if, for every O-D pair wy € W)
and every path rg € Vo(wo),
(4.2) x>0 = By (r5) = min B, (7).

Po€Vo(wo)
That is, among paths serving the same O-D pair, only those of minimum cost
carry positive flow. If, in addition, the two cities are coupled by a bounded
linear transfer operator F : RIVoI — RIVil the image yg := Fxj € C; must
satisfy the analogous Wardrop condition in X1, Vr; € Vi(wy), Yw; € Wi

(4.3) Yr, >0 = B, (yg) = min By (y5).
! p1E€VI(wr)

It was shown in [13] that z € Cy satisfies (4.2)—(4.3) if and only if it solves
the static SVIP (1.1)—(1.2) with the operators By, By, F' above.

4.2. Time-Dependent Formulation

To model congestion and demand varying over a planning horizon [0, 77, all
quantities are promoted to time-dependent trajectories. The path-flow vector
becomes

2j(t) = (21, (1)), v, € RIVil,
with @, (t) the flow on r; at time ¢. A flow is feasible if, for j = 0,1,
(4.4) Aj(t) < xj(t) < py(t), ®jxi(t) = p;(t), ae on [0,7],

where \;, u; € L2([0,T); RIVil) are capacity bounds, p; € L2([0, T]; RIWil) is the
nonnegative time-varying demand, and ®; = [¢; ., ] is the pair-route incidence
matrix defined by ¢, .., = 1 if 7; connects the pair w; and 0 otherwise. Under
the compatibility condition ®;\;(t) < p;(t) < ®;p;(t), the time-dependent
feasible set

(4.5) O\ = {z;(t) € L*([0,T;RIV7!) | (4.4) holds }

is nonempty, convex, closed, and bounded.

The flow trajectories live in the Hilbert space L([0, T]; RIY3!) equipped with
the canonical bilinear form

(4.6) (@5 u)x, == / (5(), ;1)) dt,

where (-,-) is the Euclidean inner product. The cost operator B](-t) : C’J(-t) —

L%([0, T];RIVil) is the pointwise extension of (4.1), (Bj(t)xj)(t) = Bj(z;(1)),
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and the transfer operator F(®) : L2([0, T]; RIVol) — L2([0, T]; R"1l) is bounded
linear. In keeping with Section 3, we set Fo(t) =TI and Fl(t) =F®,

Following [9,13], the TSVIP for two cities reads: find z*(t) € Cét) such that
(47) (B2 (1), a(t) =" (1))), 20, Valt) € G,
and y*(t) := FWa*(t) € Cft) solves
(4.8) (By (1), y() =y )5, 20, Vy@) €l
Its solution set is
r® = {a*(t) e S(C", BY) | FOa*(t) e S(C{", B{Y) }.

Definition 4.1 (see [9,23]). z*(¢) € C’(()t) is a time-dependent equilibrium flow
if and only if *(t) € T®).

4.3. Discretization and Algorithmic Scheme

We discretize the horizon as
(4.9) O=to<ti <---<t,=T.

At each t;, problem (4.7)—(4.8) reduces to the static SVIP: find z*(¢;) € Céti)
such that z*(¢;) solves VIP(C(()t'i), Béti)) and y*(t;) := Fta*(t;) € C’{ti) solves
VIP(C{"™, B{").

This is exactly the SVIP (1.1)—(1.2) of Section 3 under the identifications
C; « C’J(-ti)7 B; < B](.t")7 F < F®)_ Hence Algorithm 3.1 can be applied at
each t;, producing the discrete equilibrium curve {(¢;, z*(¢;), y*(¢:)) }7p-

Remark 4.1. If BJ(ti) is monotone and Lipschitz continuous and F(i) s
bounded linear, Theorem 3.2 guarantees strong convergence of the inner iterates
of Algorithm 3.1 to the minimum-norm equilibrium flow at each t;.

5. Numerical illustrations

Here we carry out numerical experiments to demonstrate the applicability
of our proposed method. All numerical computations were carried out using
Python 3.13.1 on an Apple M1 with an 8-core CPU @ 3.20 GHz and 8 GB
unified memory.
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Example 5.1. Let Hy = Hy = L?([0,1]) be endowed with the inner product

1
(2, ) = / £(t) y(t)dt, xy € L([0,1]),

and the induced norm ||z|| = (fol |z(t)]? dt)l/z.

Constraint sets. Let
Co={x e L*([0,1)) : (y,z) <2}, y(t) =t + e,

with metric projection

z, if (y,x) <2,

P, () = 2 —(y,x)

T+ 5 Y, otherwise;
[yl

and
Cr={z e L*([0,1]) : |z — e[ <1}, e(t) =t,
with metric projection

X, if v € Cq,

PC xTr) = —
(@) e—i—u, otherwise.
[z — el

Operators. Define By : L*([0,1]) — L?([0,1]) by

1
(Box)(t) = z(t) — ctet/ re” cosxz(7) dT + cte’,
0

_ 2 . B . . .
where ¢ = T Then By is monotone and 2-Lipschitz continuous on

L2([0,1]) (see [10]). Define By : L?([0,1]) — L*([0,1]) by

(Byz)(t) :/0 2(s)ds, @ € L2([0,1]).

Then By is monotone and 2-Lipschitz continuous. Define F : L([0,1]) —

K

L?([0,1]) (Fredholm operator) by
(F)(s) = /0 e=ta(t)dt, z € L2([0,1]).

Then F is a bounded, self-adjoint linear operator, F*x(s) = fol e~ tx(t) dt.
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Stopping criterion. We iterate until

TOL(k) =3 |2 — Pe, (1 = 1Bo) a*) |

(5.1) + [Pt = Pe, (1= §By) Fa*) ] <2 =107,
or the iteration count reaches a cap of 500. All operators are discretised on a

uniform grid of N = 500 points using the trapezoidal rule.

Default parameters of the proposed algorithm. Unless otherwise stated
we use

1
A =10, a; =096, bj =196, ¢; =0.95, & = 7,

1 1 3 5
B L L A R A YA D EA N OV D
1 k k+1 1

G ) T E T T ks PR e

We fix z1(t) = 2°(t) = 2 +t? and vary one parameter sequence at a time,
keeping all other sequences at their default values. For every admissible choice
we record the number of iterations and the CPU time (in seconds) needed to
reach TOL(k) < 1077,

The sensitivity plots are shown in Figures 1-4. Each figure presents two
panels: (left) TOL(k) vs. iteration count; (right) TOL(k) vs. cumulative CPU
time.

(a) Varying «, — iterations (b) Varying «; — CPU time

10F —— = 1/k+1) (default) 1ot
U\Vk+1

27 (sigmoid) 10-1f i

2 4 6 8 10 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007
Iteration k CPU time (s)

Figure 1: Performance of the algorithm with different choices of ay.
where azig = (k4 2)7P®) and niig = (5k + 1)"101 with p(k) = p1 + (p2 —

pﬁa(%) and o(t) = ﬁ, where p; = 0.25, po = 0.75 < 1, Ky = 20,
gpg = 8.
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TOL

TOL

TOLg

102

1073

1077

10!

10-!

1073

10!

(a) Varying q;;, — iterations

—e— ax=1/(k+1) (default)
- a=1k+1)
—A-e au=12k+1)

t o gp=e

Iteration k

(b) Varying g, — CPU time

~n
N
]
£
L L N L s L
0.000 0.001 0.002 0.003 0.004 0.005
CPU time (s)

Figure 2: Performance of the algorithm with different choices of a; .

(a) Varying b;; — iterations

—o— by ;=3/(2k+1)’ (default)

=B bu=1ik+1)
= b=1k+1
L & b=

Iteration &

(b) Varying b;; — CPU time

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040
CPU time (s)

Figure 3: Performance of the algorithm with different choices of b; ;.

(a) Varying ¢;; — iterations

—e— ¢, =5/(2k+1)° (default)

Iteration k

(b) Varying ¢;; — CPU time

10t

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040
CPU time (s)

Figure 4: Performance of the algorithm with different choices of ¢; .
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We compare our algorithm (Our Alg.) with the following two methods:

e Izuchukwu Alg. (Algorithm 3.2 in [11]): ay =
T = 0.057 Hk = % — 0.

1 _ —
k12’ )\ = 047 Hn = 147

e Pham Alg. (Algorithm 1 in [19]): ap = =25, Ao = 0.4, pg = 1.4,

. 5h+2°

— = — kit

A—M—OS,ék—m

e Our Alg. (Algorithm 3.1): «ap = ﬁ, A o= 04, np = W,

k
Te = i1, a; = 0.96, bj = 1.96, ¢; = 0.95, a;x = 177, bjk = @iy

R 5 R 1 — k+1 1
Cik = @rr15 Pik = erD2s Pk = 35530 & = 3

Initial points. We test three choices of initial iterate 20 = x!:

e Case I: a!'(t) =sin(2t),

o Case II:  z'(t) = 2et +t2,

o Case IIl: z'(t) =t -+t

Stopping criterion. Stop if (5.1) is satisfied or if the iteration count reaches
500.

The numerical results are reported in Figure 5. It can be observed that
the proposed algorithm outperforms the methods of Izuchukwu and Pham in
terms of both iteration count and CPU time for all tested initial points. Fur-
thermore, when equipped with the adaptive step-size {a} ®}, the proposed algo-
rithm shows a clear improvement over its variant with the conventional choice

of {Olk}.
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(a) Case I — iterations (b) Case 1I — iterations

(c) Case III — iterations
107 —+ Izuchukwu Alg 1o'f,
Y —a- Pham Alg
102 SO % OurAlg. (m = 1/(5k+2)) o
-‘ T3\ —® OwrAlg. (m sigmoid) 10
02 1 e
Vo
1 % -3
U S Y 10
1 s
105 i’
. ] >
1, B -5
o 1
o L
10 W
+ 1077
-7 L L4
10 W
.
108
10° 10 107
Iteration k

Iteration k Iteration k

(d) Case 1 — CPU time (e) Case II — CPU time (f) Case III — CPU time

107*

1077

107* 10'3 107 107!
CPU time (s)

107* 107* 1072 107!

107 10°* 1072 107!
CPU time (s)

CPU time (s)

Figure 5: Performances of the three algorithms.

Example 5.2 (see [23]). The traffic network of city Xo comprises siz nodes
and eight links, while city X1 comprises five nodes and seven links, with a
planning horizon T = 6. In city Xy, the food company has branches at nodes

Py, P} (sources) that must deliver to nodes Py, Py (destinations). In city X1,
branches at Pl, P} deliver to P2, P}.

VANANEE
N/ /s

5‘ PO

X(] Xl

Figure 6: Traffic network of two cities Xy (6 nodes, 8 links) and X; (5 nodes,
7 links). Red nodes: source (supply); green nodes: destination (demand).
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Route sets. With |Vp| = 4 routes in Xy and |Vi| =5 routes in X, the
origin—destination pairs are w} = (P}, P3), wg = (P$, P§) and w} = (P}, P?),
w} = (P}, P}), with the following connecting paths:
\ =Py - P} = F§,
YOz =P P P P2 B
0o =10 0 0 0 0>
2 Jri=PF§ = P} — P§ — P},
Y\t =PE P P o B
0 =10 0 0 05
1. ’I"% = Pll — P127
|\ ri=Pl - P! — P},
r$ =P} — P? — P},
wi: {ri=Pt - PS5 P},
r =Pt — P} — P} — P}.
Time-dependent feasible sets. The flow trajectories live in L?([0, 6]; RIVil).
The time-dependent feasible sets are
cit) :{x(t) € L2([0,6; RY) | 21 + 20 =t + 2, 25 + 24 = 2t + 3 a.e. in [0, 6]
and (0,0,0,0) < z(t) < (t+ 1, £ +2, 2t + 2, t+3)},
Cf ={y(t) € L*([0,6;R%) | yy +y2 = 3L +5, ys+ya+ys =3¢+ 6 ace. in [0,6
and (0,0,0,0,0) < y(t) < (t+6, t+6, 2t + 2, ¢ + 4, 4t+4)}.

Cost operators. The path-cost operators are defined pointwise:
t t
Bia(t) = 2(t), Biy(t) = (5 (1), 3(0), 43(0), 3(0), 3(0)).

Here B(()t) is linear and monotone (identity cost model), while BY’) is strictly
monotone and models nonlinear congestion in X;. Both operators are Lipschitz
continuous on the respective feasible sets, so the hypotheses of Theorem 3.2
are satisfied.

Transfer operator. The bounded linear operator Fl(t) . L2([0,6];RY) —
L2([0,6]; R%) is defined pointwise by Fl(t)m( Finat z(t), where

Fmat = € R5X47

oSO = O

t) =
1
0
0
0
1

SO = O =
N O == O

-1
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and its adjoint satisfies Fl(t)*y =F] .y. Weset Fo(t) = I (identity on L?([0, 6]; R%)).

a

Stopping criterion. For a fixed ¢;, the static residual at iteration k is

TOL (k) :%[ka S

e — 18872

[ F ek — P (P ek — LB F b)),

Algorithm parameters. We discretize [0,6] as t; = /3, ¢ = 0,1,...,18
(At = 1/3) and apply Algorithm 3.1 at each ¢; with the same parameters as in
Example 5.1. The stopping tolerance is € = 104,

Initial point (Case I). The algorithm is initialized at the upper-capacity
midpoint: 2 = z! is initialized as a heavily skewed point by assigning up to
85% of the total demand to the first element of each group (within the upper-
capacity bound), with the remaining demand distributed equally among the

subsequent elements.

Equilibrium results. Tables 1, 2 and Figure 7 report the computed equilib-
rium flows z*(¢;) in Xy and y*(¢;) in X; at every grid point ¢;.

Table 1: Equilibrium flow trajectories for city Xo: a*(¢;) = (a7, 5, x5, 25)(t;).

0 | 1.0000 1.0000 1.5000 1.5000 3 2.5000  2.5000 4.5000 4.5000
1/3 | 1.1667 1.1667 1.8333 1.8333 || 10/3 | 2.6667 2.6667 4.8333 4.8333
2/3 | 1.3333 1.3333 2.1667 2.1667 || 11/3 | 2.8333 2.8333 5.1667 5.1667

1 1.5000 1.5000 2.5000 2.5000 4 3.0000 3.0000 5.5000 5.5000
4/3 | 1.6667 1.6667 2.8333 2.8333 || 13/3 | 3.1667 3.1667 5.8333 5.8333
5/3 | 1.8333 1.8333 3.1667 3.1667 || 14/3 | 3.3333 3.3333 6.1667 6.1667

2 | 2.0000 2.0000 3.5000 3.5000 5 3.5000 3.5000 6.5000 6.5000
7/3 | 2.1667 2.1667 3.8333 3.8333 || 16/3 | 3.6667 3.6667 6.8333 6.8333
8/3 | 2.3333 2.3333 4.1667 4.1667 || 17/3 | 3.8333 3.8333 7.1667 7.1667
6 4.0000 4.0000 7.5000 7.5000
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Table 2: Equilibrium flow trajectories for city Xi: y*(t;) =
(yfa y;, y§7 yZv y;)(tl)
t; \ yi 3 Y3 Y1 5 H t \ yi Y3 Y3 Yi 5
0 125000 2.5000 2.0000 2.0000 2.0000 3 7.0000  7.0000 5.0000 5.0000 5.0000
1/3 | 3.0000 3.0000 2.3333 2.3333 2.3333 | 10/3 | 7.5000 7.5000 5.3333 5.3333 5.3333
2/3 1 3.5000 3.5000 2.6667 2.6667 2.6667 | 11/3 | 8.0000 8.0000 5.6667 5.6667 5.6667
1 | 4.0000 4.0000 3.0000 3.0000 3.0000 4 8.5000  8.5000 6.0000 6.0000 6.0000
4/3 | 4.5000 4.5000 3.3333 3.3333 3.3333 || 13/3 | 9.0000 9.0000 6.3333 6.3333 6.3333
5/3 | 5.0000 5.0000 3.6667 3.6667 3.6667 || 14/3 | 9.5000 9.5000 6.6667 6.6667 6.6667
2 | 5.5000 5.5000 4.0000 4.0000 4.0000 5 10.0000 10.0000 7.0000 7.0000 7.0000
7/3 1 6.0000 6.0000 4.3333 4.3333 4.3333 || 16/3 | 10.5000 10.5000 7.3333 7.3333 7.3333
8/3 1 6.5000 6.5000 4.6667 4.6667 4.6667 | 17/3 | 11.0000 11.0000 7.6667 7.6667 7.6667
6 11.5000 11.5000 8.0000 8.0000 8.0000

City Xo

City X,

—e— x(0) (path r})

= ;{0 (path 3

<

—a— x3(t) (path r3)
- x; ) (path r§)

IS w £y

Equilibrium flow

Equilibrium flow

—e— yi(t) (path r})
=y} (path 1)
—a y3(8) (path 1)
- yio (path )
—— y3(0) (path r})

Figure 7: Equilibrium flow curves in city X (left) and city X; (right).

6. Conclusion

In this work, we developed a unified framework for solving split varia-
tional inequality problems by integrating inertial acceleration with a fully self-
adaptive step-size strategy. The proposed approach offers an effective alterna-
tive to existing methods by removing the need for parameter tuning based on
problem-dependent constants.

The convergence analysis establishes that the algorithm is robust under mild
and practically verifiable conditions, while guaranteeing strong convergence to
a minimum-norm solution. This result underscores the stability of the method,
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particularly for large-scale or implicitly defined problems.

From a practical perspective, the numerical results indicate that the algo-

rithm achieves competitive performance in terms of computational efficiency
and accuracy. In particular, its behavior in the traffic network model high-
lights its applicability to structured equilibrium problems arising in real-world
settings.
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