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Abstract. This paper investigates the split variational inequality problem
in real Hilbert spaces. We propose a novel iterative algorithm that com-
bines Tseng’s modified forward–backward splitting method with an inertial
extrapolation technique and self-adaptive step sizes. The proposed method
requires only monotonicity and Lipschitz continuity of the operators, with-
out assuming co-coerciveness. A key feature of the algorithm is that the
step sizes are updated at each iteration via simple computations, elimi-
nating the need for prior knowledge of the norm of the transfer operator
or the Lipschitz constants. Strong convergence of the generated sequence
is established under standard conditions. As an application, we model
traffic network equilibrium as a split variational inequality problem and
present numerical experiments to demonstrate the efficiency and practical
implementability of the proposed method.

1. Introduction

Let C0 be a nonempty, closed, and convex subset of a real Hilbert space
H0, and B0 : C0 → H0 be an operator. The variational inequality problem on
the set C0 with operator B0 (VIP(C0, B0)) is defined as follows: Find x∗ ∈ C0

such that

(1.1) ⟨B0x
∗, x− x∗⟩ ≥ 0, ∀x ∈ C0.
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This is a fundamental problem in optimization. The VIP has a wide range
of applications in diverse fields, including signal processing, optimal control,
image restoration and composite minimization (see [1,12,17,22]). The VIP was
later generalized to the following split variational inequality problem (SVIP)
by Censor et al. [8]: Find x∗ ∈ C0 such that x∗ solves VIP (1.1) and y∗ =
Fx∗ ∈ C1 solves

(1.2) ⟨B1y
∗, y − y∗⟩ ≥ 0, ∀y ∈ C1,

where C1 is a nonempty, closed, and convex subset of real Hilbert space H1,
B1 : H1 → H1 is an operator, and F : H0 → H1 is a bounded linear operator.
We denote the solution set of SVIP (1.1)–(1.2) by

Γ := {x∗ ∈ S(C0, B0) | Fx∗ ∈ S(C1, B1)},

where S(Cj , Bj) denotes the solution set of VIP(Cj , Bj) for each j = 0, 1.

The SVIP seeks a solution to the VIP(C0, B0) such that its image under
the bounded linear operator F also solves the VIP(C1, B1). In this sense, the
SVIP combines the VIP with the split feasibility problem (SFP) introduced
and studied by Censor and Elfving [6]:

(1.3) Find x ∈ C0 such that y = Fx ∈ C1.

In particular, when B0 = B1 = 0, the SVIP reduces to the SFP (1.3).

The SVIP has been widely applied in various fields such as intensity-modulated
radiation therapy (IMRT), phase retrieval, medical image reconstruction, signal
processing, and network traffic equilibrium (see [3,5,8,15]).

Censor et al. [8] proposed and studied the following iterative method for
solving SVIP (1.1)–(1.2): for x1 ∈ H0, the sequence {xn} is generated by

xn+1 = U
(
xn + τF ∗(V − I)Fxn

)
, n ≥ 1,(1.4)

where U = PC0
(I − λB0), V = PC1

(I − λB1) and τ ∈
(
0, 1

R

)
with R being

the spectral radius of the operator F ∗F . They proved that the sequence {xn}
generated by (1.4) converges weakly to a solution of SVIP (1.1)–(1.2), provided
that the solution set of problem SVIP (1.1)–(1.2) is nonempty, B0, B1 are α0-,
α1-co-coercive operators, and λ ∈ (0, 2δ], where δ := min{α0, α1}. However,
the co-coercivity assumption imposed on the operators B0 and B1 is quite
restrictive, which limits the applicability of the algorithm.

To overcome the co-coercivity restriction, researchers have turned to projection-
based methods originally developed for the classical VIP. Among these, the ex-
tragradient method (EGM), introduced by Korpelevich [14] for finite-dimensional
saddle-point problems, stands as the most prevalently employed algorithm. For
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a monotone and L0-Lipschitz continuous operator B0 : C0 → H0, the EGM
generates a sequence {xn} via

(1.5)

{
zn = PC0(xn − δB0xn),

xn+1 = PC0
(xn − δB0zn),

where δ ∈ (0, 1/L0) is a fixed step size. Under these conditions, the sequence
{xn} generated by (1.5) converges weakly to a point in VIP(C0, B0), provided
the solution set is nonempty. A notable drawback of the EGM, however, is
that it requires two projections onto C0 at each iteration, which can severely
impair the overall computational efficiency when such projections are costly.

To reduce the per-iteration projection cost, Tseng [26] introduced the forward–
backward–forward method, commonly referred to as Tseng’s extragradient
method (TEGM). The iterative scheme reads

(1.6)

{
zn = PC0

(xn − δB0xn),

xn+1 = zn − δ(B0zn −B0xn).

Unlike (1.5), the scheme (1.6) requires only one projection per iteration. Under
the same assumptions of monotonicity and L0-Lipschitz continuity with step
size δ ∈ (0, 1/L0), the sequence {xn} generated by (1.6) converges weakly to a
solution in VIP(C0, B0).

As an alternative approach, Censor et al. [7] introduced the subgradient
extragradient method (SEGM), which replaces the second projection in (1.5)
with a projection onto a constructible half-space Tn:

(1.7)


zn = PC0

(xn − δB0xn),

Tn = {x ∈ H0 | ⟨xn − δB0xn − zn, x− zn⟩ ≤ 0},
xn+1 = PTn(xn − δB0zn).

Under the conditions that B0 is L0-Lipschitz continuous and monotone with
step size δ ∈ (0, 1/L0), the scheme (1.7) converges weakly to a solution of
monotone variational inequality problem [7].

A shared limitation of the methods (1.5)–(1.7) is their reliance on a fixed
step size δ ∈ (0, 1/L0), which requires prior knowledge of the Lipschitz constant
L0. Since L0 is often unavailable in practice, several authors have proposed self-
adaptive step-size rules that update δn at each iteration using only information
already computed (see [1,16,18]).

A further acceleration technique that has attracted considerable attention is
the inertial method, originating from the heavy-ball method of Polyak [20] and
the inertial proximal algorithm of Alvarez and Attouch [2]. In the context of
variational inequalities, inertial methods augment the standard iterative update
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by an extrapolation term θk(x
k − xk−1) that exploits the momentum of past

iterates to accelerate convergence (see [1,16,18]). In existing inertial algorithms
for SVIP, however, the inertial extrapolation and the Halpern-type anchoring
are typically treated as separate components applied in successive steps.

Motivated by the SVIP formulation of Censor et al. [8] and the projection-
based methods described above, several authors have proposed algorithms for
solving SVIP (1.1)–(1.2) under the weaker assumption that B0 and B1 are
monotone and Lipschitz continuous. To overcome the co-coercivity restric-
tion while retaining strong convergence, Izuchukwu et al. [11] proposed an
inertial projection-and-contraction method for SVIP that establishes strong
convergence without product-space transformation. However, their algorithm
requires the Lipschitz constants L0 and L1 to be known in advance to initialize
and bound the step sizes, and the inertial parameter is bounded by a fixed
constant that itself depends on L0, L1.

Motivated by these developments, in this paper we propose a new one-
step inertial self-adaptive Tseng’s forward–backward splitting algorithm for
solving SVIP (1.1)–(1.2) under monotonicity and Lipschitz continuity of B0,
B1, requiring no prior knowledge of L0, L1, or ∥F∥. A distinguishing feature
of the proposed algorithm is that the viscosity anchor (1− αk)x

k is integrated
directly into the inertial extrapolation step, yielding

(1.8) wk = (1− αk)x
k + θk(x

k − xk−1),

so that acceleration and stabilization toward the minimum-norm solution are
achieved simultaneously in a single step. This differs from the standard inertial
update wk = xk+θk(x

k−xk−1) used in [1,16,18], where the anchor and inertial
components are treated separately. The main contributions of this paper are
as follows:

1. We propose a new algorithm that does not require prior knowledge of
the Lipschitz constants L0, L1 of operator B0, B1, respectively, or the
operator norm ∥F∥, thanks to a self-adaptive step size update rule.

2. We prove strong convergence of the generated sequence to the minimum-
norm solution of SVIP under standard and mild assumptions.

3. We introduce a two-phase viscosity control parameter {αk} whose de-
cay exponent transitions smoothly between two polynomial rates via a
sigmoid function, providing larger step sizes in early iterations for faster
progress and smaller ones in later iterations for enhanced stability near
the solution.

4. We apply the proposed algorithm to a split variational inequality prob-
lem arising from a two-city traffic network equilibrium model, thereby
illustrating the practical applicability of the proposed method.
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The rest of this paper is organized as follows. Section 2 recalls some neces-
sary preliminaries. Section 3 presents the proposed algorithm and establishes
its strong convergence theorem. Section 4 is devoted to the application to the
traffic network model. Numerical experiments are provided in Section 5 to
illustrate the efficiency of the method.

2. Preliminaries

In this section, we recall some definitions, notations, and lemmas that will
be used throughout the paper. LetH be a real Hilbert space with inner product
⟨·, ·⟩ and induced norm ∥ · ∥. We write xn ⇀ x and xn → x to denote weak and
strong convergence of {xn} to x, respectively.

The following identities hold for all x, y ∈ H and λ ∈ R:

∥x± y∥2 = ∥x∥2 ± 2⟨x, y⟩+ ∥y∥2,(2.1)

∥λx+ (1− λ)y∥2 = λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)∥x− y∥2.(2.2)

Definition 2.1 (see [4]). Let C be a nonempty closed convex subset of H. For
each x ∈ H, there exists a unique element PCx ∈ C such that

∥x− PCx∥ = inf
y∈C

∥x− y∥.

The mapping PC : H → C is called the metric projection onto C and satisfies
the following characterization properties [4], for all x ∈ H and for all y ∈ C:

⟨x− PCx, y − PCx⟩ ≤ 0,(2.3)

∥PCx− y∥2 ≤ ∥x− y∥2 − ∥x− PCx∥2.(2.4)

Remark 2.1. Let C be a nonempty closed convex subset of H. The element of
minimum norm in C is u∗ = PC(0), which is the unique solution of ⟨u∗, u∗ −
y⟩ ≤ 0 for all y ∈ C, or equivalently ⟨u∗, y − u∗⟩ ≥ 0 for all y ∈ C.

Definition 2.2 (see [4]). An operator B : H → H is said to be:

(i) monotone if ⟨Bx−By, x− y⟩ ≥ 0 for all x, y ∈ H;

(ii) L-Lipschitz continuous if there exists L > 0 such that ∥Bx − By∥ ≤
L∥x− y∥ for all x, y ∈ H;

(iii) α-co-coercive (or α-inverse strongly monotone) if there exists α > 0 such
that ⟨Bx−By, x− y⟩ ≥ α∥Bx−By∥2 for all x, y ∈ H.
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We note that every α-co-coercive operator is monotone and 1
α -Lipschitz

continuous, but the converse does not hold in general [16].

Definition 2.3 (see [4]). Let H0 and H1 be two real Hilbert spaces and let F :
H0 → H1 be a bounded linear operator. The adjoint operator F ∗ : H1 → H0 is
the unique bounded linear operator satisfying ⟨Fx, y⟩ = ⟨x, F ∗y⟩ for all x ∈ H0,
y ∈ H1. Moreover, ∥F ∗∥ = ∥F∥.

The following lemma characterizes solutions of the split variational inequal-
ity problem for monotone operators.

Lemma 2.1 (see [24]). Let C be a nonempty closed convex subset of H and
let B : H → H be a continuous monotone operator. Then x∗ ∈ C is a solution
of the VIP(C,B) if and only if

⟨By, y − x∗⟩ ≥ 0, ∀ y ∈ C.

Lemma 2.2 (see [25]). Let {ak} and {bk} be two sequences of non-negative
real numbers such that ak+1 ≤ ak + bk for all k ≥ 1. If

∑∞
k=1 bk < +∞, then

lim
k→∞

ak exists.

Lemma 2.3 (see [21]). Let {sk} be a sequence of non-negative real numbers,
{αk} ⊂ (0, 1) with

∑∞
k=1 αk = ∞, and {dk} be a sequence of real numbers.

Suppose that
sk+1 ≤ (1− αk)sk + αkdk, ∀ k ≥ 1.

If lim sup
l→∞

dkl
≤ 0 for every subsequence {skl

} of {sk} satisfying lim inf
l→∞

(skl+1 −

skl
) ≥ 0, then lim

k→∞
sk = 0.

Lemma 2.4 (see [15]). Let a, b, c be positive real numbers satisfying 0 < a < ā < 1,
0 < b < b̄ < 2, 0 < c < c̄ < 1. Let {ak}, {bk}, {ck} be non-negative se-
quences with lim

k→∞
ak = lim

k→∞
bk = lim

k→∞
ck = 0, and let {λk} be a sequence with

limk→∞ λk = λ∗ > 0. Then there exists k0 ∈ N such that for all k ≥ k0

λk(ak + a)

λk+1
∈ (0, 1), bk + b ∈ (0, 2), ck + c ∈ (0, 1).

3. Main Results

Throughout this section, we work under the following standing hypotheses.
Let H0 and H1 be two real Hilbert spaces; let C0 ⊆ H0 and C1 ⊆ H1 be
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nonempty closed convex subsets. Let B0 : H0 → H0 and B1 : H1 → H1 be
monotone and L0-, L1-Lipschitz continuous operators, and let F : H0 → H1

be a bounded linear operator. For notational convenience we set F1 := F
and F0 := I (the identity on H0), and we assume that the solution set Γ of
SVIP (1.1)–(1.2) is nonempty.

3.1. The Proposed Algorithm

We first collect the standing assumptions on the control parameters, which
will be in force for the strong convergence analysis.

Assumption 3.1. The control sequences satisfy the following conditions:

(C1) {αk} ⊂ (0, 1), lim
k→∞

αk = 0, and
∑∞

k=1 αk = ∞.

(C2) {ηk} ⊂ (0,∞) with lim
k→∞

ηk
αk

= 0.

(C3) {ϕk} ⊂ [a, b] ⊂ (0, 1).

(C4) 0 < aj < āj < 1, 0 < bj < b̄j < 2, 0 < cj < c̄j < 1 for each j = 0, 1.

(C5) aj,k, bj,k, cj,k ≥ 0 with lim
k→∞

aj,k = lim
k→∞

bj,k = lim
k→∞

cj,k = 0 for each

j = 0, 1.

(C6) {ρj,k} ⊂ R+ and
∑∞

k=1 ρj,k < +∞ for each j = 0, 1.

(C7) 0 < dj ≤ ξj ≤ dj < 1, for each j = 0, 1 and ξ0 + ξ1 = 1.

For brevity, we set for each j = 0, 1

aj,k + aj = ãj,k, bj,k + bj = b̃j,k, cj,k + cj = c̃j,k.

Algorithm 3.1. One-step inertial self-adaptive algorithm for SVIP

Initialization: Choose x0, x1 ∈ H0 arbitrarily. Let λj,1 = λ1 > 0 for
j = 0, 1, a bounded sequence {τk} ⊂ R+, and parameter sequences satisfying
Assumption 3.1.
for k = 1, 2, . . . do

Step 1 (One-step inertial extrapolation). Compute

wk = (1− αk)x
k + θk(x

k − xk−1),
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where

(3.1) θk =

min

{
ηk

∥xk − xk−1∥
, τk

}
, if xk ̸= xk−1,

τk, otherwise.

Step 2 (Projection step). For each j = 0, 1, set

ykj = PCj

(
Fjw

k − λj,kBjFjw
k
)
,

and update the self-adaptive step size

(3.2) λj,k+1 =


min

{
ãj,k∥Fjw

k − ykj ∥
∥BjFjwk −Bjykj ∥

, λj,k + ρj,k

}
,

if ∥BjFjw
k −Bjy

k
j ∥ ̸= 0,

λj,k + ρj,k, otherwise.

Step 3 (Tseng-type correction). For each j = 0, 1, set

uk
j = Fjw

k − βj,k v
k
j ,

where

(3.3) vkj = Fjw
k − ykj − λj,k

(
BjFjw

k −Bjy
k
j

)
,

and

(3.4) βj,k =


b̃j,k⟨Fjw

k − ykj , v
k
j ⟩

∥vkj ∥2
, if vkj ̸= 0,

0, otherwise.

Step 4 (Convex combination of adjoint corrections).

zk =

1∑
j=0

ξj
(
wk − γj,kF

∗
j (Fjw

k − uk
j )
)
,

with

(3.5) γj,k =


c̃j,k∥Fjw

k − uk
j ∥2

∥F ∗
j (Fjwk − uk

j )∥2
, if ∥F ∗

j (Fjw
k − uk

j )∥ ̸= 0,

0, otherwise.

Step 5 (Update). xk+1 = (1− ϕk)w
k + ϕk z

k.
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end for

Remark 3.1 (Intuition behind each step).

(i) Step 1. The Halpern factor (1−αk) anchors the iterate toward the origin,
selecting the minimum-norm solution; the inertial term θk(x

k − xk−1)
extrapolates along recent displacement to accelerate convergence.

(ii) Step 2. The forward–projection pair implements a gradient-descent move
onto Cj; the self-adaptive rule for λj,k implicitly tracks the Lipschitz con-
stant Lj without requiring it explicitly.

(iii) Step 3. The Tseng-type correction replaces the costly second projection
of the extragradient method by a free forward step, chosen so that uk

j lies

no farther from Fju than Fjw
k does (cf. inequality (3.13)).

(iv) Step 4. The adjoint term γj,kF
∗
j (Fjw

k − uk
j ) pulls the iterate toward

feasibility of the split constraint; the self-adaptive γj,k eliminates any de-
pendence on ∥F∥.

Remark 3.2. The following is one concrete instance of parameter sequences
satisfying Assumption 3.1, serving as an illustration that such choices are read-
ily constructible without any problem-dependent constants:

λ1 = 1, aj = 0.96, bj = 1.96, cj = 0.95, ξj =
1
2 ,

αk = 1
k+1 , aj,k = 1

k+1 , bj,k = 3
(2k+1)3 , cj,k = 5

(2k+1)5 ,

ηk = 1
(5k+1)1.01 , τk = k

k+1 , ϕk = k+1
2k+3 , ρj,k = 1

(k+1)2 .

We emphasize that the convergence theorem applies to any sequences satisfy-
ing Assumption 3.1; the choices above are not privileged. A sigmoid-scheduled
variant of {αk} with improved early-stage convergence behaviour is introduced
in Proposition 3.1 below.

Proposition 3.1 (Two-Phase Viscosity Control Parameter). Let c > 0, 0 <
p1 ≤ p2 < 1, K0 ∈ N, and σ0 > 0. Define

(3.6) αk = (k + c)−p(k), p(k) = p1 + (p2 − p1)σ

(
k −K0

σ0

)
,

where σ(t) =
(
1 + e−t

)−1
is the sigmoid function. Then {αk} ⊂ (0, 1),

lim
k→∞

αk = 0, and

∞∑
k=1

αk = ∞, i.e., {αk} satisfies (C1) of Assumption 3.1.
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Proof. Since σ(t) ∈ (0, 1) for all t ∈ R and 0 < p1 ≤ p2 < 1, we have
p1 ≤ p(k) < p2 < 1 for all k ≥ 1. Moreover, since k ≥ 1 and c > 0, the base
k + c > 1. It follows that αk = (k + c)−p(k) ∈ (0, 1).

(i) αk → 0. Since p(k) ≥ p1 > 0, we have 0 < αk ≤ (k + c)−p1 . As k → ∞,
(k + c)−p1 → 0, hence αk → 0.

(ii)
∑

αk = ∞. Since p(k) < p2 for all k ≥ 1, we have:

αk = (k + c)−p(k) > (k + c)−p2 , ∀k ≥ 1.

Since p2 < 1, the series
∑∞

k=1(k+ c)−p2 diverges by the p-series test. By
the direct comparison test,

∑∞
k=1 αk = ∞.

This construction provides a smooth transition between two polynomial
decay regimes: larger step sizes in early iterations (governed by p1) and smaller
ones in later iterations (governed by p2), which is beneficial for both progress
and stability of the iterative process.

Remark 3.3. Algorithm 3.1 is free of the Lipschitz constants L0, L1 and free of
the operator norm ∥F∥. These quantities are implicitly tracked through the self-
adaptive rules (3.2) and (3.5), thereby substantially reducing the per-iteration
cost.

Before turning to the convergence analysis, we record three technical facts
that will be used repeatedly.

Remark 3.4. (i) By the assumptions (C1), (C2) and (3.1), we have

lim
k→∞

θk
αk

∥xk − xk−1∥ = 0. Consequently, there exists a constant M > 0

such that

(3.7)
θk
αk

∥xk − xk−1∥ ≤ M, ∀ k ≥ 1.

(ii) Since Bj is Lj-Lipschitz continuous for each j = 0, 1

∥BjFjw
k −Bjy

k
j ∥ ≤ Lj∥Fjw

k − ykj ∥.

Hence, when ∥BjFjw
k −Bjy

k
j ∥ ̸= 0,

ãj,k∥Fjw
k − ykj ∥

∥BjFjwk −Bjykj ∥
≥ ãj,k

Lj
≥ aj

Lj
,

which combined with the assumptions (C4)–(C6) and (3.2) shows that
λj,k ≥ min{ aj

Lj
, λ1} and λj,k ≤ λ1 + sj with sj :=

∑∞
k=1 ρj,k. From

Lemma 2.2 the limit exists and for each j = 0, 1

(3.8) lim
k→∞

λj,k = λ∗
j ∈

[
min

{
aj
Lj

, λ1

}
, λ1 + sj

]
.
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(iii) From the assumptions (C3), (C4), (3.8) and Lemma 2.4, there is an
integer k0 ∈ N such that for each j = 0, 1 and every k ≥ k0,

λj,k ãj,k
λj,k+1

∈ (0, 1), b̃j,k ∈ (0, 2), c̃j,k ∈ (0, 1).

3.2. Convergence Analysis

The strong convergence of Algorithm 3.1 is proved through a sequence of
four lemmas, culminating in Theorem 3.2.

Lemma 3.1. Let {wk} and {zk} be generated by Algorithm 3.1 under Assump-
tion 3.1. Then, for every u ∈ Γ and every k ≥ k0,

∥zk − u∥2 ≤ ∥wk − u∥2 −
1∑

j=0

ξj γj,k (1− c̃j,k) ∥uk
j − Fjw

k∥2.(3.9)

Proof. Fix u ∈ Γ arbitrarily; then Fju ∈ S(Cj , Bj) ⊂ Cj for each j = 0, 1.
By Step 2 and (2.3), for each j = 0, 1

(3.10) ⟨ykj − Fju, y
k
j − Fjw

k + λj,kBjFjw
k⟩ ≤ 0.

Using the definition of vkj in (3.3), (3.10), and the monotonicity of Bj , we have,
for each j = 0, 1,

⟨ykj − Fju, v
k
j ⟩ = ⟨ykj − Fju, Fjw

k − ykj − λj,kBjFjw
k⟩+ λj,k⟨ykj − Fju, Bjy

k
j ⟩

≥ λj,k

[
⟨ykj − Fju, Bjy

k
j −BjFju⟩+ ⟨ykj − Fju, BjFju⟩

]
≥ 0.(3.11)

From (3.11), we deduce

(3.12) ⟨Fjw
k − Fju, v

k
j ⟩ ≥ ⟨Fjw

k − ykj , v
k
j ⟩.

Step 3 gives ∥βj,kv
k
j ∥2 = ∥uk

j − Fjw
k∥2. By Remark 3.4(iii), 0 < b̃j,k < 2 for

all k ≥ k0, and, when vkj ̸= 0, (3.4) yields βj,k∥vkj ∥2 = b̃j,k⟨Fjw
k − ykj , v

k
j ⟩.

Combining these facts with (2.1) and (3.12), for each j = 0, 1 and k ≥ k0,

∥uk
j − Fju∥2 = ∥Fjw

k − Fju∥2 + β2
j,k∥vkj ∥2 − 2βj,k⟨Fjw

k − Fju, v
k
j ⟩

≤ ∥Fjw
k − Fju∥2 + β2

j,k∥vkj ∥2 − 2βj,k⟨Fjw
k − ykj , v

k
j ⟩

= ∥Fjw
k − Fju∥2 +

(
1− 2

b̃j,k

)
∥uk

j − Fjw
k∥2
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≤ ∥Fjw
k − Fju∥2.(3.13)

When vkj = 0, Step 3 gives uk
j = Fjw

k and (3.13) trivially holds.

Since ∥ · ∥2 is convex and ξ0 + ξ1 = 1, Step 4 implies

(3.14) ∥zk − u∥2 ≤
1∑

j=0

ξj
∥∥wk − γj,kF

∗
j (Fjw

k − uk
j )− u

∥∥2.
Using (2.1) and the adjoint identity, together with (3.13),∥∥wk − γj,kF

∗
j (Fjw

k − uk
j )− u

∥∥2
= ∥wk − u∥2 + γ2

j,k∥F ∗
j (Fjw

k − uk
j )∥2

− 2γj,k⟨Fjw
k − uk

j , Fj(w
k − u)⟩

= ∥wk − u∥2 + γ2
j,k∥F ∗

j (Fjw
k − uk

j )∥2

+ γj,k
(
∥uk

j − Fju∥2 − ∥Fjw
k − Fju∥2 − ∥uk

j − Fjw
k∥2

)
≤ ∥wk − u∥2 − γj,k

[
∥uk

j − Fjw
k∥2 − γj,k∥F ∗

j (Fjw
k − uk

j )∥2
]
.(3.15)

By (3.5), whenever ∥F ∗
j (Fjw

k − uk
j )∥ ̸= 0, for all k ≥ k0

∥uk
j − Fjw

k∥2 − γj,k∥F ∗
j (Fjw

k − uk
j )∥2 = (1− c̃j,k) ∥uk

j − Fjw
k∥2.(3.16)

Substituting (3.15)–(3.16) into (3.14) yields (3.9). When ∥F ∗
j (Fjw

k−uk
j )∥ = 0,

uk
j = Fjw

k and (3.9) still holds. ■

Lemma 3.2. Under Assumption 3.1, the sequence {xk} generated by Algo-
rithm 3.1 is bounded.

Proof. Fix u ∈ Γ. From Step 1 and (3.7),

∥wk − u∥ =
∥∥(1− αk)(x

k − u)− αku+ θk(x
k − xk−1)

∥∥
≤ (1− αk)∥xk − u∥+ αk∥u∥+ θk∥xk − xk−1∥
≤ (1− αk)∥xk − u∥+ αk(∥u∥+M).(3.17)

By Remark 3.4(iii), (1 − c̃j,k)∥uk
j − Fjw

k∥2 ≥ 0, ∀k ≥ k0, for each j = 0, 1
so (3.9) gives

(3.18) ∥zk − u∥ ≤ ∥wk − u∥, ∀ k ≥ k0.

Combining (3.17), (3.18) with Step 5 and the convexity of the norm, for every
k ≥ k0,

∥xk+1 − u∥ ≤ (1− ϕk)∥wk − u∥+ ϕk∥zk − u∥
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≤ ∥wk − u∥
≤ (1− αk)∥xk − u∥+ αk(∥u∥+M)

≤ max{∥xk − u∥, ∥u∥+M}.(3.19)

A straightforward induction then gives

∥xk+1 − u∥ ≤ max{∥xk0 − u∥, ∥u∥+M}, ∀k ≥ k0.

Hence, {xk} is bounded. The boundedness of {wk} follows from (3.17), and
the boundedness of {ykj }, {uk

j }, {vkj }, {zk}, {Fjw
k} is a consequence of the def-

initions of ykj , u
k
j , v

k
j in Algorithm 3.1, the Lipschitz continuity of Bj and the

boundedness of Fj . ■

Lemma 3.3. Let {wk} and {zk} be two sequences generated by Algorithm 3.1
under Assumption 3.1 with subsequences {wkl} and {zkl}, respectively. If
wkl ⇀ û in H0 and lim

l→∞
∥wkl − zkl∥ = 0, then û ∈ Γ.

Proof. From (3.9) and (2.1), for k = kl ≥ k0,

1∑
j=0

ξjγj,kl
(1− c̃j,kl

)∥ukl
j − Fjw

kl∥2 ≤ ∥wkl − u∥2 − ∥zkl − u∥2

= ∥wkl − zkl + zkl − u∥2 − ∥zkl − u∥2

= ∥wkl − zkl∥2 + 2⟨wkl − zkl , zkl − u⟩
≤ ∥wkl − zkl∥2 + 2∥wkl − zkl∥ ∥zkl − u∥.(3.20)

Since ∥wkl − zkl∥ → 0 and {zkl} is bounded (Lemma 3.2),

1∑
j=0

ξjγj,kl
(1− c̃j,kl

)∥ukl
j − Fjw

kl∥2 → 0 as l → ∞,

Since each term is non-negative (Remark 3.4(iii)), for each j = 0, 1

(3.21) ξjγj,kl
(1− c̃j,kl

)∥ukl
j − Fjw

kl∥2 → 0 as l → ∞.

From (3.5) and (3.21), we have, for each j = 0, 1,

ξj c̃j,kl
(1− c̃j,kl

)
∥ukl

j − Fjw
kl∥4

∥F ∗
j (Fjwkl − ukl

j )∥2
→ 0 as l → ∞,

which implies

∥ukl
j − Fjw

kl∥4

∥F ∗
j (Fjwkl − ukl

j )∥2
→ 0 as l → ∞, j = 0, 1.
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From the boundedness of {uk
j } and {Fjw

k}, the sequence {∥F ∗
j (Fjw

k −uk
j )∥2}

is bounded. Hence

(3.22) ∥ukl
j − Fjw

kl∥ → 0 as l → ∞, j = 0, 1.

From (3.2) and the definition (3.3) of vkj , when vkl
j ̸= 0, for each j = 0, 1,

⟨Fjw
kl − ykl

j , vkl
j ⟩ = ⟨Fjw

kl − ykl
j , Fjw

kl − ykl
j − λj,kl

(
BjFjw

kl −Bjy
kl
j

)
⟩

= ∥Fjw
kl − ykl

j ∥2 − λj,kl
⟨Fjw

kl − ykl
j , BjFjw

kl −Bjy
kl
j ⟩

≥ ∥Fjw
kl − ykl

j ∥2 − λj,kl
∥Fjw

kl − ykl
j ∥ ∥BjFjw

kl −Bjy
kl
j ∥

=

(
1− λj,kl

λj,kl+1
ãj,kl

)
∥Fjw

kl − ykl
j ∥2.(3.23)

Denote µj,kl
:=

λj,kl

λj,kl+1
ãj,kl

. Using Step 3, (3.2), (3.4), (3.23), and the

definitions of {vkl
j } and {ukl

j }, when vkl
j ̸= 0, for each j = 0, 1,

∥Fjw
kl − ykl

j ∥2 ≤ 1

b̃j,kl
(1− µj,kl

)
βj,kl

∥vkl
j ∥2

≤ 1

b̃j,kl
(1− µj,kl

)
βj,kl

∥vkl
j ∥

×
(
∥Fjw

kl − ykl
j ∥+ λj,kl

∥BjFjw
kl −Bjy

kl
j ∥

)
≤ 1

b̃j,kl
(1− µj,kl

)
βj,kl

∥vkl
j ∥

× (1 + µj,kl
) ∥Fjw

kl − ykl
j ∥

≤ 1 + µj,kl

b̃j,kl
(1− µj,kl

)
∥Fjw

kl − ykl
j ∥ ∥Fjw

kl − ukl
j ∥.(3.24)

Consequently, for each j = 0, 1,

∥Fjw
kl − ykl

j ∥ ≤ 1 + µj,kl

b̃j,kl
(1− µj,kl

)
∥Fjw

kl − ukl
j ∥.(3.25)

From Remark 3.4(ii)–(iii), lim
l→∞

λj,kl
/λj,kl+1 = 1, and there exists k0 ∈ N such

that 1 − µj,kl
> 0, ∀kl ≥ k0, for each j = 0, 1. Therefore, combining (3.22)

and (3.25) we obtain

(3.26) ∥Fjw
kl − ykl

j ∥ → 0 as l → ∞, j = 0, 1.

If vkl
j = 0, then Step 3 yields ykl

j = Fjw
kl and (3.26) is immediate.
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Now, by the monotonicity of Bj , the projection characterization (2.3), and
Step 2, we obtain, for each j = 0, 1 and every uj ∈ Cj ,

0 ≤ ⟨ykl
j − Fjw

kl + λj,kl
BjFjw

kl , uj − ykl
j ⟩

= ⟨ykl
j − Fjw

kl , uj − ykl
j ⟩

+ λj,kl
⟨BjFjw

kl , Fjw
kl − ykl

j ⟩+ λj,kl
⟨BjFjw

kl , uj − Fjw
kl⟩

≤ ∥ykl
j − Fjw

kl∥ ∥uj − ykl
j ∥+ λj,kl

∥BjFjw
kl∥ ∥Fjw

kl − ykl
j ∥

+ λj,kl

(
⟨BjFjw

kl −Bjuj , uj − Fjw
kl⟩+ ⟨Bjuj , uj − Fjw

kl⟩
)

≤ ∥ykl
j − Fjw

kl∥ ∥uj − ykl
j ∥+ λj,kl

∥BjFjw
kl∥ ∥Fjw

kl − ykl
j ∥

+ λj,kl
⟨Bjuj , uj − Fjw

kl⟩.(3.27)

By the Lj-Lipschitz continuity of Bj and (3.26),

(3.28) ∥BjFjw
kl −Bjy

kl
j ∥ → 0 as l → ∞, j = 0, 1.

Since wkl ⇀ û and Fj is a bounded linear operator for each j = 0, 1, we have

Fjw
kl ⇀ Fj û, j = 0, 1. Hence, by (3.26), ykl

j ⇀ Fj û, j = 0, 1. Letting l → ∞
in (3.27) and using (3.26) and (3.28), we obtain, for each j = 0, 1,

⟨Bjuj , uj − Fj û⟩ ≥ 0, ∀uj ∈ Cj .

By Lemma 2.1, Fj û ∈ S(Cj , Bj) for each j = 0, 1. Therefore, û ∈ Γ. ■

Lemma 3.4. Let {xk} be generated by Algorithm 3.1 under Assumption 3.1.
Then, for every u ∈ Γ, the following inequality holds:

(3.29) ∥xk+1 − u∥2 ≤ (1− αk)∥xk − u∥2 + αkdk, k ≥ k0,

where {dk} is a real sequence.

Proof. Let u ∈ Γ. From Step 1, we have

∥wk − u∥2 =
∥∥(1− αk)x

k − (1− αk)u− αku+ θk(x
k − xk−1)

∥∥2
= ∥(1− αk)(x

k − u)− αku∥2 + θ2k∥xk − xk−1∥2

+ 2⟨(1− αk)(x
k − u)− αku, θk(x

k − xk−1)⟩
≤ ∥(1− αk)(x

k − u)− αku∥2 + θ2k∥xk − xk−1∥2

+ 2θk
[
(1− αk)∥xk − u∥+ αk∥u∥

]
∥xk − xk−1∥

≤ ∥(1− αk)(x
k − u)− αku∥2 + θ2k∥xk − xk−1∥2

+ 2θk
[
∥xk − u∥+ αk∥u∥

]
∥xk − xk−1∥, k ≥ k0.(3.30)
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Using (2.1), we observe that

∥(1− αk)(x
k − u)− αku∥2

= ∥(1− αk)(x
k − u)∥2 + α2

k∥u∥2 − 2αk(1− αk)⟨xk − u, u⟩
= (1− αk)

2∥xk − u∥2 + α2
k∥u∥2 + 2α2

k⟨xk − u, u⟩ − 2αk⟨xk − u, u⟩
= (1− αk)

2∥xk − u∥2 − α2
k∥u∥2 + 2α2

k⟨xk, u⟩ − 2αk⟨xk − u, u⟩
≤ (1− αk)∥xk − u∥2 + 2α2

k∥xk∥ ∥u∥ − 2αk⟨xk − u, u⟩, k ≥ k0.(3.31)

From (3.30) and (3.31), we obtain

(3.32) ∥wk − u∥2 ≤ (1− αk)∥xk − u∥2 + αkdk, k ≥ k0,

where

dk := 2⟨u− xk, u⟩+ 2αk∥xk∥ ∥u∥+ θ2k
αk

∥xk − xk−1∥2

+ 2
θk
αk

∥xk − xk−1∥
[
∥xk − u∥+ αk∥u∥

]
, k ≥ k0.(3.33)

From Step 5, (2.2), Lemma 3.1 and (3.32), we obtain

∥xk+1 − u∥2 = ∥(1− ϕk)w
k + ϕkz

k − (1− ϕk)u− ϕku∥2

= ∥(1− ϕk)(w
k − u) + ϕk(z

k − u)∥2

= (1− ϕk)∥wk − u∥2 + ϕk∥zk − u∥2

− ϕk(1− ϕk)∥wk − zk∥2

≤ (1− ϕk)∥wk − u∥2 − ϕk(1− ϕk)∥wk − zk∥2

+ ϕk

[
∥wk − u∥2 −

1∑
j=0

ξjγj,k(1− c̃j,k)∥uk
j − Fjw

k∥2
]

= ∥wk − u∥2 − ϕk(1− ϕk)∥wk − zk∥2

− ϕk

1∑
j=0

ξjγj,k(1− c̃j,k)∥uk
j − Fjw

k∥2

≤ (1− αk)∥xk − u∥2 + αkdk − ϕk(1− ϕk)∥wk − zk∥2

− ϕk

1∑
j=0

ξjγj,k(1− c̃j,k)∥uk
j − Fjw

k∥2, k ≥ k0.(3.34)

From (3.34), the definitions of {ξj}, {γj,k}, the inclusion {ϕk} ⊂ (0, 1), and
the fact that (1− c̃j,k) > 0 for all k ≥ k0, we obtain (3.29). ■
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Theorem 3.2. Let {xk} be generated by Algorithm 3.1 under Assumption 3.1.
Then {xk} converges strongly to u∗ ∈ Γ, where ∥u∗∥ = min{∥u∥ | u ∈ Γ}.

Proof. Assume u∗ ∈ Γ. Then Fju
∗ ∈ S(Cj , Bj) for each j = 0, 1. From

Lemma 3.4, we obtain

(3.35) ∥xk+1 − u∗∥2 ≤ (1− αk)∥xk − u∗∥2 + αkd
∗
k,

where

d∗k := 2⟨u∗ − xk, u∗⟩+ 2αk∥xk∥ ∥u∗∥+ θ2k
αk

∥xk − xk−1∥2

+ 2
θk
αk

∥xk − xk−1∥
[
∥xk − u∗∥+ αk∥u∗∥

]
, k ≥ k0.(3.36)

We now show that the sequence {∥xk−u∗∥} converges to zero. By Lemma 2.3,
to complete the proof, it suffices to show that lim sup

l→∞
d∗kl

≤ 0 for every subse-

quence {∥xkl − u∗∥} of {∥xk − u∗∥} satisfying

(3.37) lim inf
l→∞

(
∥xkl+1 − u∗∥ − ∥xkl − u∗∥

)
≥ 0.

Suppose {∥xkl−u∗∥} is a subsequence of {∥xk−u∗∥} satisfying (3.37). From (3.34),
we obtain

0 ≤ ϕkl
(1− ϕkl

)∥wkl − zkl∥2 + ϕkl

1∑
j=0

ξjγj,kl
(1− c̃j,kl

)∥ukl
j − Fjw

kl∥2

≤ (1− αkl
)∥xkl − u∗∥2 − ∥xkl+1 − u∗∥2 + αkl

d∗kl

=
(
∥xkl − u∗∥2 − ∥xkl+1 − u∗∥2

)
− αkl

∥xkl − u∗∥2 + αkl
d∗kl

, kl ≥ k0.

From (3.37) and lim
l→∞

αkl
= 0, letting l → ∞, we obtain

ϕkl
(1− ϕkl

)∥wkl − zkl∥2

+ ϕkl

1∑
j=0

ξjγj,kl
(1− c̃j,kl

)∥ukl
j − Fjw

kl∥2 → 0.(3.38)

Therefore, ∥wkl − zkl∥2 → 0 and ∥ukl
j − Fjw

kl∥2 → 0 for each j = 0, 1.

From Step 1, we have

∥wkl − xkl∥ =
∥∥−αkl

xkl + θkl
(xkl − xkl−1)

∥∥
≤ αkl

∥xkl∥+ θkl
∥xkl − xkl−1∥,
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which, combined with Remark 3.4(i), yields

(3.39) ∥wkl − xkl∥ → 0 as l → ∞.

We consider

0 ≤ ∥zkl − xkl∥ ≤ ∥zkl − wkl∥+ ∥wkl − xkl∥,

from which (3.38) and (3.39) imply

(3.40) ∥zkl − xkl∥ → 0 as l → ∞.

From Step 5, (3.39), and (3.40), we obtain

∥xkl+1 − xkl∥ ≤ (1− ϕkl
)∥wkl − xkl∥+ ϕkl

∥zkl − xkl∥ → 0 as l → ∞.(3.41)

From (3.39) and (3.41), we deduce

∥xkl+1 − wkl∥ ≤ ∥xkl+1 − xkl∥+ ∥xkl − wkl∥ → 0 as l → ∞.(3.42)

Since {xk} is bounded, there exists a subsequence {xkl} of {xk} such that
xkl ⇀ û. From (3.39), wkl ⇀ û. Therefore, by (3.38) and Lemma 3.3, we
obtain û ∈ Γ.

By the boundedness of {xkl}, there exists a subsequence {xklm } of {xkl}
converging weakly to ũ ∈ H0 such that

lim sup
l→∞

⟨u∗, u∗ − xkl⟩ = lim
m→∞

⟨u∗, u∗ − xklm ⟩ = ⟨u∗, u∗ − ũ⟩.(3.43)

Moreover, from (3.38) and Lemma 3.3, we obtain ũ ∈ Γ. Since, by definition,
u∗ is the element of minimum norm, Remark 2.1 yields u∗ = PΓ(0), and (2.3)
gives ⟨u∗, u∗ − ũ⟩ ≤ 0. Combined with (3.43), this leads to

(3.44) lim sup
l→∞

⟨u∗, u∗ − xkl⟩ ≤ 0.

Now, by Remark 3.4(i), the boundedness of {xkl}, and (3.44), it follows
from (3.36) that lim sup

l→∞
d∗kl

≤ 0. Finally, applying Lemma 2.3 to (3.35), we

conclude that the sequence {∥xk − u∗∥} converges to zero, that is, {xk} con-
verges strongly to u∗ ∈ Γ. ■

4. Application

In this section, we reformulate the equilibrium-flow problem of a time-
dependent two-city traffic network as a time-dependent split variational in-
equality problem (TSVIP) and show how Algorithm 3.1 applies after discretiza-
tion.
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4.1. Traffic Network Model for Two Cities

Let X0 and X1 denote two cities. For each j = 0, 1, the traffic network of
city Xj is described by the tuple

Gj =
(
Mj , Lj , Wj , Vj

)
,

where Mj is the set of nodes, Lj is the set of directed edges, Wj is the set
of origin–destination (O–D) pairs, and Vj is the set of routes (paths). Each
wj = (aj , bj) ∈ Wj represents a source node aj and a destination node bj , and
we denote by Vj(wj) ⊆ Vj the set of paths from aj to bj . The full route set is
Vj =

⋃
wj∈Wj

Vj(wj). Each path carries a flow xrj ≥ 0, and each O–D pair wj

is associated with a positive demand dwj
> 0.

Feasible sets. For each O–D pair wj ∈ Wj , the demand-balance constraint∑
rj∈Vj(wj)

xrj = dwj , xrj ≥ 0 ∀ rj ∈ Vj(wj),

defines the feasible set of city Xj

Cj :=
{
xj ∈ R|Vj |

∣∣∣ ∑
rj∈Vj(wj)

xrj = dwj
∀wj ∈ Wj ; xrj ≥ 0 ∀ rj ∈ Vj

}
.

Clearly, Cj is a nonempty, convex, closed, and bounded subset of R|Vj |.

Path–edge incidence and edge flow. For each path rj ∈ Vj and each edge
ej ∈ Lj , define

ϕrj ,ej =

{
1, if edge ej lies on path rj ,

0, otherwise.

Given a path-flow vector xj = (xrj )rj∈Vj
, the induced flow on an edge ej ∈ Lj

is
Aej (xj) =

∑
rj∈Vj

ϕrj ,ej xrj =
∑

wj∈Wj

∑
rj∈Vj(wj)

ϕrj ,ej xrj .

Edge and path costs. The cost on each edge is a (possibly nonlinear) function
of the edge flow: for every edge ej ∈ Lj ,

tej (xj) = Cej

(
Aej (xj)

)
,

where Cej : R+ → R+ is the edge-cost function. The cost of a path rj is the
sum of the edge costs along it:

(4.1) Brj (xj) =
∑

ej∈Lj

ϕrj ,ej tej (xj).
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Static Wardrop equilibrium as an SVIP. A feasible flow vector x∗
0 ∈ C0

is said to be in (static) Wardrop equilibrium if, for every O–D pair w0 ∈ W0

and every path r0 ∈ V0(w0),

(4.2) x∗
r0 > 0 =⇒ Br0(x

∗
0) = min

p0∈V0(w0)
Bp0

(x∗
0).

That is, among paths serving the same O–D pair, only those of minimum cost
carry positive flow. If, in addition, the two cities are coupled by a bounded
linear transfer operator F : R|V0| → R|V1|, the image y∗0 := Fx∗

0 ∈ C1 must
satisfy the analogous Wardrop condition in X1, ∀r1 ∈ V1(w1), ∀w1 ∈ W1

(4.3) y∗r1 > 0 =⇒ Br1(y
∗
0) = min

p1∈V1(w1)
Bp1

(y∗0).

It was shown in [13] that x∗
0 ∈ C0 satisfies (4.2)–(4.3) if and only if it solves

the static SVIP (1.1)–(1.2) with the operators B0, B1, F above.

4.2. Time-Dependent Formulation

To model congestion and demand varying over a planning horizon [0, T ], all
quantities are promoted to time-dependent trajectories. The path-flow vector
becomes

xj(t) =
(
xrj (t)

)
rj∈Vj

∈ R|Vj |,

with xrj (t) the flow on rj at time t. A flow is feasible if, for j = 0, 1,

(4.4) λj(t) ≤ xj(t) ≤ µj(t), Φj xj(t) = ρj(t), a.e. on [0, T ],

where λj , µj ∈ L2([0, T ];R|Vj |) are capacity bounds, ρj ∈ L2([0, T ];R|Wj |) is the
nonnegative time-varying demand, and Φj = [ϕrj ,wj

] is the pair–route incidence
matrix defined by ϕrj ,wj

= 1 if rj connects the pair wj and 0 otherwise. Under
the compatibility condition Φjλj(t) ≤ ρj(t) ≤ Φjµj(t), the time-dependent
feasible set

(4.5) C
(t)
j :=

{
xj(t) ∈ L2([0, T ];R|Vj |)

∣∣ (4.4) holds}
is nonempty, convex, closed, and bounded.

The flow trajectories live in the Hilbert space L2([0, T ];R|Vj |) equipped with
the canonical bilinear form

(4.6) ⟨⟨xj , yj⟩⟩Xj
:=

∫ T

0

⟨xj(t), yj(t)⟩ dt,

where ⟨·, ·⟩ is the Euclidean inner product. The cost operator B
(t)
j : C

(t)
j →

L2([0, T ];R|Vj |) is the pointwise extension of (4.1), (B
(t)
j xj)(t) = Bj(xj(t)),
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and the transfer operator F (t) : L2([0, T ];R|V0|) → L2([0, T ];R|V1|) is bounded

linear. In keeping with Section 3, we set F
(t)
0 = I and F

(t)
1 = F (t).

Following [9,13], the TSVIP for two cities reads: find x∗(t) ∈ C
(t)
0 such that

(4.7)
〈〈
B

(t)
0 x∗(t), x(t)− x∗(t)

〉〉
X0

≥ 0, ∀x(t) ∈ C
(t)
0 ,

and y∗(t) := F (t)x∗(t) ∈ C
(t)
1 solves

(4.8)
〈〈
B

(t)
1 y∗(t), y(t)− y∗(t)

〉〉
X1

≥ 0, ∀ y(t) ∈ C
(t)
1 .

Its solution set is

Γ(t) :=
{
x∗(t) ∈ S(C

(t)
0 , B

(t)
0 )

∣∣F (t)x∗(t) ∈ S(C
(t)
1 , B

(t)
1 )

}
.

Definition 4.1 (see [9,23]). x∗(t) ∈ C
(t)
0 is a time-dependent equilibrium flow

if and only if x∗(t) ∈ Γ(t).

4.3. Discretization and Algorithmic Scheme

We discretize the horizon as

(4.9) 0 = t0 < t1 < · · · < tn = T.

At each ti, problem (4.7)–(4.8) reduces to the static SVIP: find x∗(ti) ∈ C
(ti)
0

such that x∗(ti) solves VIP(C
(ti)
0 , B

(ti)
0 ) and y∗(ti) := F (ti)x∗(ti) ∈ C

(ti)
1 solves

VIP(C
(ti)
1 , B

(ti)
1 ).

This is exactly the SVIP (1.1)–(1.2) of Section 3 under the identifications

Cj ↔ C
(ti)
j , Bj ↔ B

(ti)
j , F ↔ F (ti). Hence Algorithm 3.1 can be applied at

each ti, producing the discrete equilibrium curve {(ti, x∗(ti), y
∗(ti))}ni=0.

Remark 4.1. If B
(ti)
j is monotone and Lipschitz continuous and F (ti) is

bounded linear, Theorem 3.2 guarantees strong convergence of the inner iterates
of Algorithm 3.1 to the minimum-norm equilibrium flow at each ti.

5. Numerical illustrations

Here we carry out numerical experiments to demonstrate the applicability
of our proposed method. All numerical computations were carried out using
Python 3.13.1 on an Apple M1 with an 8-core CPU @ 3.20GHz and 8GB
unified memory.
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Example 5.1. Let H0 = H1 = L2([0, 1]) be endowed with the inner product

⟨x, y⟩ =
∫ 1

0

x(t) y(t) dt, x, y ∈ L2([0, 1]),

and the induced norm ∥x∥ =
(∫ 1

0
|x(t)|2 dt

)1/2
.

Constraint sets. Let

C0 = {x ∈ L2([0, 1]) : ⟨y, x⟩ ≤ 2}, y(t) = t+ e3t,

with metric projection

PC0
(x) =


x, if ⟨y, x⟩ ≤ 2,

x+
2− ⟨y, x⟩

∥y∥2
y, otherwise;

and
C1 = {x ∈ L2([0, 1]) : ∥x− e∥ ≤ 1}, e(t) = t,

with metric projection

PC1
(x) =


x, if x ∈ C1,

e+
x− e

∥x− e∥
, otherwise.

Operators. Define B0 : L2([0, 1]) → L2([0, 1]) by

(B0x)(t) = x(t)− c tet
∫ 1

0

τeτ cosx(τ) dτ + c tet,

where c = 2
e
√
e2−1

. Then B0 is monotone and 2-Lipschitz continuous on

L2([0, 1]) (see [10]). Define B1 : L2([0, 1]) → L2([0, 1]) by

(B1x)(t) =

∫ t

0

x(s) ds, x ∈ L2([0, 1]).

Then B1 is monotone and 2
π -Lipschitz continuous. Define F : L2([0, 1]) →

L2([0, 1]) (Fredholm operator) by

(Fx)(s) =

∫ 1

0

e−stx(t) dt, x ∈ L2([0, 1]).

Then F is a bounded, self-adjoint linear operator, F ∗x(s) =
∫ 1

0
e−tsx(t) dt.
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Stopping criterion. We iterate until

TOL(k) = 1
2

[∥∥xk − PC0

(
(I − 1

2B0)x
k
)∥∥2

+
∥∥Fxk − PC1

(
(I − 1

2B1)Fxk
)∥∥2] < ε = 10−7,(5.1)

or the iteration count reaches a cap of 500. All operators are discretised on a
uniform grid of N = 500 points using the trapezoidal rule.

Default parameters of the proposed algorithm. Unless otherwise stated
we use

λ1 = 1.0, aj = 0.96, bj = 1.96, cj = 0.95, ξj =
1

2
,

αk =
1

k + 1
, aj,k =

1

k + 1
, bj,k =

3

(2k + 1)3
, cj,k =

5

(2k + 1)5
,

ηk =
1

(5k + 1)1.01
, τk =

k

k + 1
, ϕk =

k + 1

2k + 3
, ρj,k =

1

(k + 1)2
.

We fix x1(t) = x0(t) = 2et + t2 and vary one parameter sequence at a time,
keeping all other sequences at their default values. For every admissible choice
we record the number of iterations and the CPU time (in seconds) needed to
reach TOL(k) < 10−7.

The sensitivity plots are shown in Figures 1–4. Each figure presents two
panels: (left) TOL(k) vs. iteration count; (right) TOL(k) vs. cumulative CPU
time.

Figure 1: Performance of the algorithm with different choices of αk.

where αsig
k = (k + 2)−p(k) and ηsigk = (5k + 1)−1.01, with p(k) = p1 + (p2 −

p1)σ
(

k−K0

σ0

)
and σ(t) = 1

1+e−t , where p1 = 0.25, p2 = 0.75 < 1, K0 = 20,

σ0 = 8.
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Figure 2: Performance of the algorithm with different choices of aj,k.

Figure 3: Performance of the algorithm with different choices of bj,k.

Figure 4: Performance of the algorithm with different choices of cj,k.
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We compare our algorithm (Our Alg.) with the following two methods:

• Izuchukwu Alg. (Algorithm 3.2 in [11]): αk = 1
5k+2 , λ = 0.4, µ = 1.4,

τ = 0.05, θk = 1
2 − αk.

• Pham Alg. (Algorithm 1 in [19]): αk = 1
5k+2 , λ0 = 0.4, µ0 = 1.4,

λ = µ = 0.8, δk = k+1
2k+8 .

• Our Alg. (Algorithm 3.1): αk = 1
5k+2 , λ1 = 0.4, ηk = 1

(5k+1)1.01 ,

τk = k
k+1 , aj = 0.96, bj = 1.96, cj = 0.95, aj,k = 1

k+1 , bj,k = 3
(2k+1)3 ,

cj,k = 5
(2k+1)5 , ρj,k = 1

(k+1)2 , ϕk = k+1
2k+3 , ξj =

1
2 .

Initial points. We test three choices of initial iterate x0 = x1:

• Case I: x1(t) = sin(2t),

• Case II: x1(t) = 2et + t2,

• Case III: x1(t) = t+ t3.

Stopping criterion. Stop if (5.1) is satisfied or if the iteration count reaches
500.

The numerical results are reported in Figure 5. It can be observed that
the proposed algorithm outperforms the methods of Izuchukwu and Pham in
terms of both iteration count and CPU time for all tested initial points. Fur-
thermore, when equipped with the adaptive step-size {αsig

k }, the proposed algo-
rithm shows a clear improvement over its variant with the conventional choice
of {αk}.
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Figure 5: Performances of the three algorithms.

Example 5.2 (see [23]). The traffic network of city X0 comprises six nodes
and eight links, while city X1 comprises five nodes and seven links, with a
planning horizon T = 6. In city X0, the food company has branches at nodes
P 1
0 , P

2
0 (sources) that must deliver to nodes P 3

0 , P
5
0 (destinations). In city X1,

branches at P 1
1 , P

4
1 deliver to P 2

1 , P
3
1 .

P 1
0 P 2

0

P 3
0

P 4
0P 5

0

P 6
0

X0

P 1
1 P 2

1 P 3
1

P 4
1 P 5

1

X1

Figure 6: Traffic network of two cities X0 (6 nodes, 8 links) and X1 (5 nodes,
7 links). Red nodes: source (supply); green nodes: destination (demand).
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Route sets. With |V0| = 4 routes in X0 and |V1| = 5 routes in X1, the
origin–destination pairs are w1

0 = (P 1
0 , P

3
0 ), w

2
0 = (P 2

0 , P
5
0 ) and w1

1 = (P 1
1 , P

2
1 ),

w2
1 = (P 4

1 , P
3
1 ), with the following connecting paths:

w1
0 :

{
r10 = P 1

0 → P 2
0 → P 3

0 ,

r20 = P 1
0 → P 6

0 → P 5
0 → P 2

0 → P 3
0 ,

w2
0 :

{
r30 = P 2

0 → P 3
0 → P 6

0 → P 5
0 ,

r40 = P 2
0 → P 3

0 → P 4
0 → P 5

0 ,

w1
1 :

{
r11 = P 1

1 → P 2
1 ,

r21 = P 1
1 → P 4

1 → P 2
1 ,

w2
1 :


r31 = P 4

1 → P 2
1 → P 3

1 ,

r41 = P 4
1 → P 5

1 → P 3
1 ,

r51 = P 4
1 → P 2

1 → P 5
1 → P 3

1 .

Time-dependent feasible sets. The flow trajectories live in L2([0, 6];R|Vj |).
The time-dependent feasible sets are

C
(t)
0 =

{
x(t) ∈ L2([0, 6];R4) | x1 + x2 = t+ 2, x3 + x4 = 2t+ 3 a.e. in [0, 6]

and (0, 0, 0, 0) ≤ x(t) ≤ (t+ 1, t+ 2, 2t+ 2, t+ 3)
}
,

C
(t)
1 =

{
y(t) ∈ L2([0, 6];R5) | y1 + y2 = 3t+ 5, y3 + y4 + y5 = 3t+ 6 a.e. in [0, 6]

and (0, 0, 0, 0, 0) ≤ y(t) ≤ (t+ 6, t+ 6, 2t+ 2, t+ 4, 4t+ 4)
}
.

Cost operators. The path-cost operators are defined pointwise:

B
(t)
0 x(t) = x(t), B

(t)
1 y(t) =

(
y21(t), y

2
2(t), y

2
3(t), y

2
4(t), y

2
5(t)

)
.

Here B
(t)
0 is linear and monotone (identity cost model), while B

(t)
1 is strictly

monotone and models nonlinear congestion in X1. Both operators are Lipschitz
continuous on the respective feasible sets, so the hypotheses of Theorem 3.2
are satisfied.

Transfer operator. The bounded linear operator F
(t)
1 : L2([0, 6];R4) →

L2([0, 6];R5) is defined pointwise by F
(t)
1 x(t) = Fmat x(t), where

Fmat =


1 0 0 1
0 1 1 0
1 1 0 0
2 0 0 0
0 2 −1 1

 ∈ R5×4,
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and its adjoint satisfies F
(t)∗
1 y = F⊤

maty. We set F
(t)
0 = I (identity on L2([0, 6];R4)).

Stopping criterion. For a fixed ti, the static residual at iteration k is

TOL(k) =
1

2

[∥∥xk − P
C

(ti)
0

(
xk − 1

2B
(ti)
0 xk

)∥∥2
+
∥∥F (ti)

1 xk − P
C

(ti)
1

(
F

(ti)
1 xk − 1

2B
(ti)
1 F

(ti)
1 xk

)∥∥2].

Algorithm parameters. We discretize [0, 6] as ti = i/3, i = 0, 1, . . . , 18
(∆t = 1/3) and apply Algorithm 3.1 at each ti with the same parameters as in
Example 5.1. The stopping tolerance is ε = 10−4.

Initial point (Case I). The algorithm is initialized at the upper-capacity
midpoint: x0 = x1 is initialized as a heavily skewed point by assigning up to
85% of the total demand to the first element of each group (within the upper-
capacity bound), with the remaining demand distributed equally among the
subsequent elements.

Equilibrium results. Tables 1, 2 and Figure 7 report the computed equilib-
rium flows x∗(ti) in X0 and y∗(ti) in X1 at every grid point ti.

Table 1: Equilibrium flow trajectories for city X0: x
∗(ti) = (x∗

1, x
∗
2, x

∗
3, x

∗
4)(ti).

ti x∗
1 x∗

2 x∗
3 x∗

4 ti x∗
1 x∗

2 x∗
3 x∗

4

0 1.0000 1.0000 1.5000 1.5000 3 2.5000 2.5000 4.5000 4.5000

1/3 1.1667 1.1667 1.8333 1.8333 10/3 2.6667 2.6667 4.8333 4.8333

2/3 1.3333 1.3333 2.1667 2.1667 11/3 2.8333 2.8333 5.1667 5.1667

1 1.5000 1.5000 2.5000 2.5000 4 3.0000 3.0000 5.5000 5.5000

4/3 1.6667 1.6667 2.8333 2.8333 13/3 3.1667 3.1667 5.8333 5.8333

5/3 1.8333 1.8333 3.1667 3.1667 14/3 3.3333 3.3333 6.1667 6.1667

2 2.0000 2.0000 3.5000 3.5000 5 3.5000 3.5000 6.5000 6.5000

7/3 2.1667 2.1667 3.8333 3.8333 16/3 3.6667 3.6667 6.8333 6.8333

8/3 2.3333 2.3333 4.1667 4.1667 17/3 3.8333 3.8333 7.1667 7.1667

6 4.0000 4.0000 7.5000 7.5000
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Table 2: Equilibrium flow trajectories for city X1: y∗(ti) =
(y∗1 , y

∗
2 , y

∗
3 , y

∗
4 , y

∗
5)(ti).

ti y∗1 y∗2 y∗3 y∗4 y∗5 ti y∗1 y∗2 y∗3 y∗4 y∗5

0 2.5000 2.5000 2.0000 2.0000 2.0000 3 7.0000 7.0000 5.0000 5.0000 5.0000

1/3 3.0000 3.0000 2.3333 2.3333 2.3333 10/3 7.5000 7.5000 5.3333 5.3333 5.3333

2/3 3.5000 3.5000 2.6667 2.6667 2.6667 11/3 8.0000 8.0000 5.6667 5.6667 5.6667

1 4.0000 4.0000 3.0000 3.0000 3.0000 4 8.5000 8.5000 6.0000 6.0000 6.0000

4/3 4.5000 4.5000 3.3333 3.3333 3.3333 13/3 9.0000 9.0000 6.3333 6.3333 6.3333

5/3 5.0000 5.0000 3.6667 3.6667 3.6667 14/3 9.5000 9.5000 6.6667 6.6667 6.6667

2 5.5000 5.5000 4.0000 4.0000 4.0000 5 10.0000 10.0000 7.0000 7.0000 7.0000

7/3 6.0000 6.0000 4.3333 4.3333 4.3333 16/3 10.5000 10.5000 7.3333 7.3333 7.3333

8/3 6.5000 6.5000 4.6667 4.6667 4.6667 17/3 11.0000 11.0000 7.6667 7.6667 7.6667

6 11.5000 11.5000 8.0000 8.0000 8.0000

Figure 7: Equilibrium flow curves in city X0 (left) and city X1 (right).

6. Conclusion

In this work, we developed a unified framework for solving split varia-
tional inequality problems by integrating inertial acceleration with a fully self-
adaptive step-size strategy. The proposed approach offers an effective alterna-
tive to existing methods by removing the need for parameter tuning based on
problem-dependent constants.

The convergence analysis establishes that the algorithm is robust under mild
and practically verifiable conditions, while guaranteeing strong convergence to
a minimum-norm solution. This result underscores the stability of the method,
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particularly for large-scale or implicitly defined problems.

From a practical perspective, the numerical results indicate that the algo-
rithm achieves competitive performance in terms of computational efficiency
and accuracy. In particular, its behavior in the traffic network model high-
lights its applicability to structured equilibrium problems arising in real-world
settings.
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