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Abstract. The aim of this note is to prove weak convergence in the class
D(Q) and of the corresponding non-polar part (NP)(dd°e)™ of Monge-
Ampere measures in the relationship with the convergence in C\,-capacity
on an open subset 2 of C". In the end of the note we investigate the
solvability of the Monge—Ampere equation for the non-polar part in the
class D(Q).

1. Introduction

The study of the continuity of the complex Monge-Ampeére measures (dd“e)”
plays an important role in many problems of pluripotential theory. The original
results in the direction of this research stem from the seminal work of Bedford
and Taylor in [2]. In this paper, Bedford-Taylor proved that if a sequence
of locally bounded plurisubharmonic functions (u;) C PSH(Q2) N LS (),
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where PSH () denotes the set of plurisubharmonic functions on an open sub-
set 0 C C™ is decreasing to a locally bounded plurisubharmonic function
then (dd°u;)™ is weakly convergent to (dd°u)™. They also established a re-
sult about weak convergence of sequence of the complex Monge-Ampeére mea-
sures (dd°u;)™ to (dd°u)”™ under the assumption that (u;) is an increasing
sequence and a.e convergent with respect to the Lebesgue measure dVs, to
a locally bounded plurisubharmonic u. In summary, by relying on the re-
sults obtained by Bedford-Taylor, we observe that the complex Monge-Ampeére
measures (dd®e)™ is continuous in weak*-topology along monotonic sequences
in the class of locally bounded plurisubharmonic functions. However, mono-
tone convergence of the sequence of plurisubharmonic functions (u;) to the
plurisubharmonic function u does not always occur. Hence, a natural question
is whether the monotone convergence condition can be replaced by a weaker
condition, such as convergence in LP,1 < p < +oo0, which still ensures the
convergence in the weak*-topology of the sequence of the complex Monge-
Ampere measures (dd°u;)" to (dd®u)™ ? Unfortunately, that does not happen.
Due to a counterexample given in [6], Cegrell showed that there exists a se-
quence of continuous plurisubharmonic functions (u;) in C? converging in the
LP;1 < p < +4oo-topology to a plurisubharmonic function u, but the cor-
responding sequence of Monge-Ampere measures (dd“u;)? does not converge
in the weak*-topology to (ddu)?. Thus, convergence in the LP-topology for
p > 1 does not imply the weak continuity of the sequence of Monge-Ampeére
measures. At this point, one seeks for a condition weaker than the monotone
convergence of sequences of plurisubharmonic functions, yet strong enough to
establish the continuity of a sequence of the complex Monge-Ampere measures
in the weak*-topology. In 1996, in the paper [19], Xing introduced for the first
time the concept of convergence in C),-capacity for a sequence of plurisubhar-
monic functions (u;) to a plurisubharmonic function u, and proved that if a
sequence of plurisubharmonic functions (u;), which is uniformly bounded on
an open set ) in C”, converges in C,-capacity to a locally bounded plurisub-
harmonic function u, then the sequence of Monge-Ampere measures (dd®u;)"
converges weakly (i.e., in the weak*-topology) to (dd“w)™. Also in that pa-
per, based on the concept of convergence in C,,-capacity, Xing obtained several
other forms of weak convergence for sequences of Monge-Ampeére measures. For
more details on these results, we refer readers to [19]. However, in the above
mentioned results of Xing we all recognize that there is a requirement for the
uniform boundedness of the given sequence of plurisubharmonic functions (u;).
In 2004, in seminal work [8], Cegrell introduced and investigated some classes
of unbounded plurisubharmonic functions on a bounded hyperconvex domain
2 C C™ on which the complex Monge-Ampeére measures (dd“e)” is well-defined
and it is continuous on decreasing sequences. The most notable result in [8]
is the introduction of the class £(Q2). For this class of unbounded plurisub-
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harmonic functions, Cegrell proved that it is the largest class on which the
complex Monge-Ampere measure (dd®e)™ is well-defined and continuous under
decreasing sequences. A natural question that arises is whether, if a sequence
(uj) C () converges in Cy,-capacity to a function v € £(2), then the sequence
of Monge-Ampere measures (dd°u;)"™ converges *-weakly to (dd°u)”. The an-
swer to this problem is addressed in [9]. A notable concern regarding the class of
plurisubharmonic functions introduced by Cegrell is that these functions need
to be defined on a bounded hyperconvex domain. So, one may ask whether it
is possible to introduce a class of plurisubharmonic functions on an open set
in C™ such that the complex Monge-Ampeére measure is also well-defined and
continuous on decreasing sequences. This problem was addressed in Blocki’s
2006 work [4]. There, Blocki introduced the class D(2) of unbounded plurisub-
harmonic functions on an open set in C™ such that for every u € D(Q), the
measure (ddu)™ is well-defined and this measure is continuous on decreasing
sequences. Note that in the case when € is a bounded hyperconvex domain of
C™ then D(Q)NPSH—(2) = £(Q2) where PSH~(2) denotes the set of negative
plurisubharmonic functions on 2. Therefore, the natural question that arises
here is: if a sequence (u;) C D(£2) which converges in C,,-capacity to some func-
tion u € D(Q), does it follow that (dd°u;)" is weakly convergent to (dd°u)"?
So far, we have not seen any results addressing this problem. Therefore, the
first problem in this note is to give conditions such that if (u;) C D(£2) which
is convergent in C,-capacity to v € D({2) then (dd®u;)" weakly converges to
(dd°u)™. Next, the second problem we are concerned with in this paper is to
find conditions under which, if (u;) C PSH™(Q) is convergent in C,-capacity
to u € PSH~ (), then their non-polar parts NP(dd°u;)" converge weakly to
the non-polar part NP (ddu)™ where () is an open subset of C™.

The paper is organized as follows. Besides the introduction, the paper has the
other four sections. In Section 2, we recall the definition of the class D(f2)
which was introduced and studied by Blocki in [4]. Next, we deal with the
results concerning the presentation of the concept of the non-polar part of the
Monge-Ampeére measure of a plurisubharmonic function on an open set in C™
introduced and investigated by Bedford-Taylor in [3]. We also provide some
results concerning this non-polar part when we consider this non-polar part
within the class D(Q2). Section 3 is devoted to the proof of some inequalities
concerning the non-polar part (N P)(dd“e)™ including a variant of the Demailly-
type inequality in the class D(€2). Section 4 discusses the weak convergence
of the Monge-Ampere measures (dd°u;)” — (dd°u)™ when u;,u € D(Q2) and
u; — u in Cj-capacity, as well as the weak convergence of the non-polar
part (NP)(dd°u;)™ — (NP)(dd°u)™. Finally, in Section 5, we investigate the
solvability of the Monge-Ampeére equation for the non-polar part in the class
D(£2), where Q is a bounded open subset of C". We consider the problem for
the case where the Radon measure p can be bounded by the Monge-Ampere
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measures of two functions u,v € D(£2). This can be viewed as an extended

version of a result of Kolodziej in [17] which was proved by Kolodziej in the

case where u and v are locally bounded entire plurisubharmonic functions on

C™. Namely, in [17], Kolodziej proved the following result: given two locally

bounded entire plurisubharmonic functions u and v on in C™ satisfying u < v,

(dd°v)™ < (dd°u)™ and | llim (v(2) —u(z)) = 0. Then one can solve the Monge-
Z|—00

Ampere equation (dd“w)™ = p for any measure p with (dd®v)” < p < (dd°u)"™.
Furthermore, the solution w is unique among functions satisfying v < w < v.
Our result in Section 5 is the following theorem.

Theorem 5.1. Let €2 be a bounded open subset in C" and u,v € D~ (Q),u <wv
and (dd“v)™ < (ddu)™ on Q. Assume that (dd°u)”({u = —o0}) = 0 and
(dd°v)™ is carried by a pluripolar subset in ©Q and Plu] = v. Then for every
positive Radon measure p on € satisfying the condition

(ddv)" < p < (ddu)"™,

there exists a function w € D(Q) with v < w < v on Q and NP(dd°w)"” =
on , Plw] = v. Moreover (dd°v)" < (ddw)™ < (ddu)™.

2. Preliminairies

Let 2 be an open subset of C". By PSH (Q2)(resp. PSH~(£2)) we denote the set
of plurisubharmonic functions on  (resp. the set of negative plurisubharmonic
functions on 2). Following [4] we recall the class D(Q2) defined as follows.

Definition 2.1. The class D(Y) consists of plurisubharmonic functions u on
Q such that for each u € D(Q), there exists a positive Radon measure pu on €2
satisfying the condition if U C Q is an open subset and (u;) C PSH NC*>(U)
is decreasing to u on U, the sequence of measures (dd°u;)"™ tends weakly to p
onU.

The measure p is denoted by (dd°u)™ and is called the Monge-Ampere measure
of u. Through the paper, by D~ () we denote the set of negative plurisubhar-
monic functions u € D(QQ).

Remark 2.1. (i) By [4] we note that if u € D(?) and v € PSH(Q)) then
max{u,v} € D(Q).

(ii) By using Definition 2.1 together with some subtle techniques from pluripo-
tential theory, in particular, those involving the Monge-Ampére operator, we
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observe that the class D()) possesses the local property. More precisely, if
u € PSH(Q), then v € D(Q) if and only if, for every a € , there exists a
neighborhood U of a such that v € D(U).

(iii) By [4] we note that if Q is a bounded hyperconvex domain in C™ and
u € D(Q)NPSH () then u € £(N) where £(Q) is the biggest class of nega-
tive plurisubharmonic functions on which the complex Monge-Ampere operator
(dde.)™ is well-defined. It is introduced and investigated in [8].

Because in this note we should use the plurifine topology on an open subset
Q of C™ then we recall this topology. The plurifine topology was investigated
by many authors such as Bedford-Taylor, El Marzguioui, El Kadiri, Fuglede
and Wiegerinck. For more details on results concerning to this topology and
its applications to pluripotential theory we refer readers to papers: [3], [13],
[14], [18]. This topology is defined as the coarsest topology on € such that
every plurisubharmonic functions on 2 are continuous in this topology. It
has a neighborhood basis consisting of sets of the form B N {¢ > 0}, where
B is an open ball in 2 and ¥ € PSH(B). An open set for this topology is
called a plurifinely open set. We recall some results on plurifinely open subset
concerning to the complex Monge-Ampeére measures.

Proposition 2.1. ([8], Corollary 4.3) Let u and v be two locally bounded
plurisubharmonic functions on an open 0 C C"™ and U a plurifinely open set
in Q. Ifu=wv on U, then (dd°u)"|y = (dd°v)™|y in the sense of measures.

In [15] El Kadiri extended the above result to the class D(2). Namely, Corollary
3.7 in [15] claims that if u,v € D(Q) and U is a plurifinely open subset of .
Let w = v on U then (dd“u)"|y = (dd°v)™|y in the sense of measures. Next, we
discuss the nonpolar part of a Monge-Ampeére measure of a plurisubharmonic
function v on an open set @ C C™ presented in [3].

Definition 2.2. Let Q be an open subset in C* and uw € PSH (). The nonpo-
lar part of (dd°u)™, denoted by N P(dd“u)™, is a positive Borel measure which
is zero on {u = —oo}, and for every Borel set E C {u > —oc}

/ (NP)(dd“u)" = lim / (dd® max{u, —j})".

J—00
E En{u>—j}

By Proposition 3.3 in [16] we note that if u € D(Q) then (NP)(dd°u)" =
L{u>—oo}(dd®u)™ where by 14 we denote the characteristic function of the set
A. Hence, (NP)(dd°u)™ is a positive Radon measure on . We need the
following definitions which are quoted from [11].
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Definition 2.3. Let uw € PSH(2). Set
Plu] = (Sup{v € PSH™(Q):v<u+0(1) on Q,

o inf(u(z) — v(2) 2 0,%60 € aﬂ}) ,

where N = {u = —oo}. A function w € PSH—(Q) is called model iff Plu] = u.

Remark 2.2. As in [11] we note that if Q is a bounded domain in C™ and
v € PSH™(Q) then v is model if and only if NP(dd°v)™ = 0.

3. Some results concerning to (NP)(dd“e)™

The purpose of this section is to present several results related to the measure
NP(dde-)"™ in the class D().

Proposition 3.1. Let Q be an open subset of C™ and u,v € D(QY). Then the
following equality holds
(3.1) (N P)(dd® max{u, v})" [{usey = (NP)(ddu)"|{u>0}-

Proof. Since u,v € D(2) then by [4] we get that max{u,v} € D(2). On the

other hand {u > v} = |J {u > r > v}, Q denotes the set of rational numbers,
reQ

then {u > v} is a plurifinely open subset in Q. By Proposition 3.3 in [16] we

have

(3.2) (NP)(dd® max{u,v})" = 1max{u,v}>—oc} (dd° max{u,v})",
in the sense of measures on ). This yields that

(33) (NP)(ddc max{uvv})n‘{u>v} = 1{max{u,v}>foo}(ddc max{uvv})n‘{u>v}~

We can rewrite the right-hand side of (3.3) in the form
(3.4)
1{max{u,v}>*oo} (ddc max{u, v})n|{u>v} = 1{max{u,v}>7oo}'1{u>v} (ddc max{uv U})n'

However, max{u, v}|{y>v} = t|{u>v} then by using Corollary 3.7 in [15] we get
that
Liuso) (dd® max{u, v})" = 1y (ddu)™.
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Hence, we get that

n

]-{mauc{u,v}>—oo}(ddC max{u, v})n|{u>1;} = 1{max{u,v}>—oo}1{u>v}(ddcu)
(35) = 1{u>v}ﬂ{max{u,v}>—oo} (ddcu)n

On the other hand, it is clear that {u > v} N {max{u,v} > —oco} = {u >
v}N{u > —oco}. Coupling (3.5), this equality and once more using Proposition
3.3 in [16] we infer that

1{u>v}ﬂ{max{u,v}>foo}(ddcu)n = 1{u>v}ﬂ{u>foo}(ddcu)n
= 1{u>v}1{u>—oo}(ddcu)n
(3.6) = liuso} (N P)(dd“u)" = (N P)(dd“u)"|{y>v}-

Combining (3.3) with (3.5) and (3.6) we arrive that

(N P)(dd® max{u, v})" [{u>v} = (NP)(dd°w)" | {us o},

and the proof is complete. |

As well-known in [5], Blocki proved the following inequality of Demailly for
locally bounded plurisubharmonic function on an open subset {2 C C". Namely,
let u,v € PSH(Q) N L (). Then

loc
(3.7) (dd® max{u,v})" > 1y>oy(ddu)™ + 1<y (ddv)".

Now, by virtue of (ii) in Remark 2.1 and Lemma 2.3 in [12], we extend the
above Demailly inequality to the non-pluripolar measures NP(dd¢.)"™ to the
class D(Q2). The precise statement is as follows.

Proposition 3.2. Let Q be an open subset in C™ and u,v € D(?). Then the
following inequality holds

(3.8) NP(dd® max{u,v})" > 11y NP(dd“u)™ + 1<y N P(ddv)"™.

Proof. Take an arbitrary ball B € €. It suffices to prove that (3.8) holds
on B. By (ii) of Remark 2.1 we may assume that u,v € D(B) and u,v €
PSH~(B). Applying Lemma 2.3 in [12] the desired conclusion follows. The
proof is complete. |

From Proposition 3.2 we get the following result.

Corollary 3.1. Let © be an open subset in C" and p be a positive Radon
measure on Q. Assume that u,v € D(Q). If (NP)(dd°u)"™ > p, (NP)(ddv)"™ >
1 then

(3.11) (NP)(dd° max{u,v})" > pu.
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Proof. By Proposition 3.2 we have

(NP)(dd® max{u,v})" > 1>y} (NP)(ddu)™ 4 1<y (N P)(ddv)"™
2 syt + Lucoy b = e

The proof is complete. |

Remark 3.1. In [11] the authors proved a similar result as Corollary 3.1 under
the assumptions that  is a bounded domain in C", u,v € PSH(Q), and y
is a positive Borel measure vanishing on pluripolar sets.

4. Weak convergence in the class D(2) and of the non-polar part

The purpose of this section is to establish the weak convergence of the Monge-
Ampere measures (dd°.)” and the non-pluripolar Monge-Ampeére measures
NP(dde.)"™ for functions in the class D(€2) under convergence in C,-capacity.
This is inspired by a recent result in [16] El Kadiri. In [16], the author inves-
tigated the weak convergence of (dd°u;)" to the non-polar part (NP)(dd®u)”
under the assumption that (u;) C D(Q), (u;) is decreasing to a plurisubhar-
monic v € PSH(Q) where u = liﬂm uj(see Theorem 4.2 in [16]). In this
J oo

section we give some results on the weak convergence of a sequence (dd®u;)"

to (dd‘u)”™ under the assumption that (u;) and v € D(Q) N PSH~ () and
u; is convergent to w in C,-capacity on 2. Similarly, we also consider when
the nonpolar part (NP)(ddu;)™ — (NP)(dd°u)™ weakly, assuming that
uj,u € D(Q)NPSH™ () and u; — u in C,-capacity.

First, we recall the following notion introduced and investigated in [2] (see Def-
inition 3.1 in [2]) which plays an important role in many problems of pluripo-
tential theory.

Definition 4.1. Let Q be an open subset of C* and E C Q) be a Borel subset.
We define

Co(E) = Co(E,Q) = sup{/(ddcu)” cue PSH(Q), 0<u< 1}.

E

Cn(F) is called a Monge-Ampére capacity, or Bedford-Taylor capacity of E
relative to §2.

Recently, in [16], El Kadiri gave an another form of the notion of Bedford-Taylor
capacity which we will use it in this note.
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Definition 4.2. (see p.5 in [16] ) Let Q be an open subset of C" and E C Q
be a Borel subset. The capacity of E to ) is defined by

Cn(E)=Ch(E,Q) = sup{/(ddcu)” cu€e PSH™(Q), ulg < —1}.
Q

In 1996, Xing in [19] gave the following definition.

Definition 4.3. Let Q be an open in C" and (u;);>1,u be functions defined
on . We say that u; — u in Cy-capacity if for all K € Q and 6 > 0

lim C, (K Ay (2) — ulz)] > 5}): 0.

Is is not difficult to see that if {u;} is a monotone sequence of plurisubharmonic
functions converging to a plurisubharmonic function u then u; — u in C),-
capacity (see Lemma 7.13 in [10]). The following result, inspired by Theorem
4.2 in [16], establishes the relationship between the weak convergence of a se-
quence of Monge-Ampere operators (dduy)™ to (dd°u)™, under the assumption
that ux, v € D(Q)NPSH () and ur, — u in C),-capacity.

Theorem 4.1. Let Q be an open subset in C™ and (ug) C D(Q) N PSH— (),
u € D(Q)N PSH (). Assume that up, > u > w, w € PSH™(Q) with

lim jC, ({w < fj}): 0 and ur, — u in C,-capacity. Then
J—00

lim (ddur)"” = 1> —oo} (ddu)",

k—o0
in the sense of currents in §Q.

Proof. First we claim that if uy — u in C),-capacity then for all j > 1, so
is max{ux, —j} — max{u,—j} as k — oco. Indeed, we have

) 1 . .
max{ug, —j} = 5 {Uk —J + |ug +J|}

(4.1) max{u, —j} = [u—j+|u+j|]

1
2
From (4.1) we have

1
(4.2) max{ug, —j} — max{u,—j} = 3 {uk —u+ |ug +j| — Ju+ ||

It follows that

(4.3) | max{ug, —j} — max{u, —j}| < |up — ul.
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Now given § > 0 and K € {, from (4.3) we have

Cy (K N {| max{ug, —j} — max{u, —j}| > 5})

(4.4) <c, (K A {Jug — ul > 5})—> 0,

as k — oo as we wanted. Therefore, the assertion is proven. Now take an
arbitrary ¢ € C§°(Q),p > 0, and j > 1. By applying Corollary 3.7 in [15] we
have

[etwuy = [ surs [ eldany

Q {urp>—75} {ur<-3j}
= / <,0(ddC max{ug, 7]}) + / o(ddug)”
{ur>-35} {ur<—-j}
(4.5) < /gp(ddc max{uk,—j}) + / o(ddug)™.
Q {ur<-3}

Now by applying the results of Xing in [19], the first term on the right-hand
side of (4.5) converges to [ ¢(dd® max{u, —j})" as k — co. On the other hand,
Q

by the hypothesis w < uy <0 for all £ > 1 then {uy < —j} C {w < —j}. Thus
it follows that C, ({uk < fj}) <C, ({w < fj}). We now proceed to estimate

the second term in (4.5). We have

-n cu n
0< / p(ddew)"™ < o]l / (dd°up)™ = | llood / (d0°%)
{ur<-j} {ur<—j} {ur<—j3}

(4.6)

< lelles™ | (A 2)" < Nl On (s < ~33) < llplloes™Con ({0 < =33,
Q

where ||¢|lcc = sup{|¢(z)|: x € Q}. Moreover, by the hypothesis we have u >

w on € and by the above mentioned arguments it follows that C,, ({u <-J })

s IN |

Cp ({w < —j}) . Next, we give estimations for the term [ cp(ddc max{u, —j})
Q
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as follows. We have

/ o (dde ma{u, —7})"

Q
< / <p(ddc max{u, fj}>n+ / @(ddc max{u, ,]})n
{u>—j} {u<—j}
< [ o(ddmax{u~)) " +leloes"Cn ({u < -5})
{u>—3}
an < [ (e maxu ) +Heled"Co(tw < -3)),
{u>—j}

Coupling (4.5), (4.6) and (4.7) we conclude that

@8) [otatny < [ (dd max{u~}) " 12lelwiCo({w < -5}).

Q {u>—3}

From (4.8) we get that
(4.9)
i [ pldaw) < [ p(dd max(u~3}) "2lelas"Co((w < -5}).

k—o0
Q {u>—3}

Tending 7 — oo, using the hypothesis and Definition 4.2, Proposition 3.3 in
[16] we obtain the following result

@10) T [ p(ddouy)" < / H(N P)(dd°w)" — / ooy (dd)™

k—o0
Q Q Q

From (4.10) we infer that

T c n < c, \n
kli}nolo(dd ug)" < 1jys—ocy (ddu)™,

in the sense of currents in 2. Now, by repeating arguments as in the proof
of Theorem 4.2 in [16] and using results in [19] as in the above arguments we
obtain

(4.11) lim [ @(ddu;)™ > /go(NP)(ddcu)” = /gol{u>_oo}(ddcu)”.
k—oo
Q Q

Hence, lim (dd°uz)"™ > 1{y>—oc}(ddu)™ in the sense of currents in . By
k—o0
combining the results obtained, we get the desired conclusion. The proof is

complete. ]
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By using Theorem 4.1, Proposition 3.3 in [16] we give a following result which
establishes weak convergence of non-polar parts of the Monge-Ampére measures
in the class D(9).

Theorem 4.2. Under the same hypotheses of Theorem 4.1 the following state-
ments hold.

(i) km (N P)(dduz,)™ < (NP)(dd®u)™.
— 00
(i) If an extra condition is added (dd®uy)™({ur, = —o0}) =0 for all k > 1 then

(NP)(dd°u,)™ = (N P)(ddu)",

lim
k—o0
in the sense of currents in Q.

Proof. (i) By Proposition 3.3 in [16] we have
(NP)(ddup)™ = 1{u,>—ooy (ddup)™ < (ddug)".
Hence, using Theorem 4.1 we get that
k@o(NP)(ddcuk)" < k@o(ddcuk)"

(4.12) < Ljus oy (dd°u)™ = (N P)(dd"u)".

Hence, (i) is proved.
(ii) We have also by Proposition 3.3 in [16] (N P)(dd®uy)™ = 1{yu, > oo} (ddug)” =
(dd°uy)™ because (dd°uy)™({ur = —oo}) = 0. By applying Theorem 4.1 we
arrive that
lim (NP)(dduy)" = lim (dduy)"™
k—o0 k—o0

= 1{u>—oo}(ddcu)n = (NP)(ddcu)n,

and the desired conclusion follows. The proof is complete. |

5. The solvability of the Monge-Ampeére equation for the non-polar
part in the class D(Q)

As discussed in the Introduction, in this section we investigate the existence of
weak solutions for non-polar parts NP(dd°.)" in the class D(Q2) where ) is a
bounded open subset in C™. Namely, we have the following result.
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Theorem 5.1. Let Q be a bounded open subset in C" and u,v € D~ (Q),u <wv
and (dd®v)™ < (dd°u)™ on Q. Assume that (dd“u)"({u = —oo}) = 0 and
(dd°v)™ s carried by a pluripolar subset in Q and Plu] = v. Then for every
positive Radon measure p on ) satisfying the condition

(dd°v)" < i < (dd°u)",

there exists a function w € D(Q) with u < w < v on Q and NP(dd°w)" = p
on Q, Plw] =v. Moreover (dd°v)™ < (dd°w)™ < (dd®u)™.

Proof. The proof of this theorem relies on one of the results in [11]. First, by
the hypothesis we may assume that (ddv)™ is carried by {v = —oo}. Hence,
we may write (dd°v)™ = 1{,—_o0}(dd“v)". By Proposition 3.3 in [16] we have
(dd°v)™ = N P(dd°v)" + 1{y=_s}(dd°v)™. Hence, it follows that N P(dd“v)" =
0. This yields that v is a model function. Set

(5.1) S = {h € PSH™(Q):h<v onQ,NP(dd°h)" > M}.

First we show that S # (). Indeed, we prove u € S. By the hypothesis u €
PSH~(92) and u < v on Q. Moreover, by the hypothesis and by Proposition
3.3 in [16] we have

f1 < (dd°u)™ = 15— 00y (dd°u)" + 1gye oy (dd°u)™ = N P(dd°u)™,

as we wanted. Next, set
w= (sup{h € S})

where g* denotes the upper semi-continuous regularization of g. It is obvious
u < w < wv. By [4] it follows that w € D(2). By using Theorem 1.2 in [11], we
obtain NP (dd‘w)™ = p and Plw] = v.

Moreover, we have (dd“v)" < u = NP(dd°w)" = 1> oo} (ddw)™ < (dd°w)™.
Next, we prove that (ddw)™ < (dd“w)™. Indeed, from u < w < v then we have
{w = -0} C {u = —c0}. Now, by using Proposition 3.3 in [16] we have

(Ad°w)™ = 1{uy> oo} (AA°W)™ + 1 oy (dd°w)"
= NP(ddw)" 4 1{y=—o0y (dd“w)"
= i+ L ooy (ddow)™ < (ddu)™ + 1y oy (ddw)"
(5.2) < (ddu)™ + 1= — ooy (ddw)™.

We will prove 1¢,—_ oo} (dd“w)™ = 0. Indeed, by Theorem 8.3 in [2] it is enough
to argue locally. More precisely, we work on a ball B € 2. Let B be a ball in
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Q. By (iii) of Remark 2.1 we may assume that u,w € £(B),u < w on B and
{u = —oc0} C B. Then using Lemma 4.1 in [1] we infer that

(5.3) / (dd°u)" > / (dd°w)™.

{u=—o0} {u=—o0}

By the hypothesis the left-hand side of (5.3) is equal to 0. Hence, it follows
that
l{u:,m}(ddcw)n =0

and the desired conclusion follows. Substituting the above identity into the
right-hand side of (5.2), we obtain (dd“w)™ < (dd°u)™. The proof is complete.
|

References

[1] P. Ahag, U. Cegrell, R. Czyz and Hiep, P. H., Monge-Ampére
measures on pluripolar sets, J. Math. Pures Appl., 92 (2009), 613—
627.

[2] E. Bedford and B. A. Taylor, A new capacity for plurisubharmonic
functions, Acta Math., 149(1982), no 1-2, 1-40.

[3] E. Bedford and B.A.Taylor, Fine topology, Silov boundary and
(dd®), J. Funct. Anal, 72(1987), no. 2, 225-251.

[4] Z. Blocki, The domain definition of the complex Monge-Ampere op-
erator, Amer. J. Math, 128 (2006), no. 2, 519-530.

[6] Z. Blocki, The complex Monge-Ampére operator in pluripoten-
tial theory. Lectures notes. 1998. Forthcoming. Available from:
http://www:/gamma.im.uj.edu.pl/~Blocki.

[6] U. Cegrell, Discontinuité de l'opératur de Monge-Ampere compleze,
C. R. Acad.Sci. Paris Sér.I Math, 296(1983), no. 21, 869-871.

[7] U. Cegrell, Convergence in Capacity, Isaac Newton Institute for
Math. Science P., 2001, reprint Series NI01046-NPD, also available at
arxiv.org: math. CV/0505218.



Weak convergence and solvability 15

8]

[12]

[16]

[17]

U. Cegrell, The general definition of the complex Monge-Ampére
operator, Ann. Inst. Fourier. 54(2004),159-179.

U. Cegrell, Convergence in Capacity, Canad. Math. Bull. Vol. 55(2)
(2012), 242-248.

R. Czyz, The complex Monge-Ampeére operator in the Cegrell classes,
Diss. Math. 466 (2009) 83pp.

Thai Duong Do, Hoang Son Do, Van Tu Le, Ngoc Thanh
Cong Pham, A Dirichlet Type Problem for Non-Pluripolar Complex
Monge-Ampére Equations, Acta Math. Vietnam. 50 (2025), no. 3,
305-328.

Thai Duong Do, Ngoc Thanh Cong Pham, An existence theo-
rem for non-pluripolar complexr Monge-Ampére type equations on hy-
perconvex domains, J. Math. Anal. Appl. 559 (2026), no. 1, Paper No.
130403.

M. El Kadiri, Fonctions plurisousharmoniques et topologie plurifine,
Rend. Acad. Naz. Sci. XL Mem. Mat. Appl, (5) 27(2003),77-88.

M. El Kadiri, B. Fuglede, J. Wiegerink, Plurifinely plurisubhar-
monic functions and holomorphic functions relative to the plurifine
topology, J. Math. Anal. Appl, 381(2011), no.2, 706-723.

M. El Kadiri, An equality on Monge-Ampeére measures, J. Math.
Anal. Appl, 519(2023), no.2, Paper No. 126826.

M. El Kadiri, Remarks on weak convergence of complexr Monge-
Ampére measures, Indag. Math. (N.S) 35(2024), no.1, 28-36.

S. Kolodziej, Ezistence and regularity of global solutions to the com-
plex Monge-Ampére equation, Preprint.

S. El Marzguioui and J. Wiegerinck, The plurifine topology is
locally connected, Potential Anal, 25(2006), 283—288.

Y. Xing, Continuity of the complex Monge- Ampere operator, Proc.
Amer. Math. Soc. 124(1996), 457-467.



16 Le Mau Hai, Nguyen Van Phu

Le Mau Hai

Department of Mathematics, Hanoi National University of Education
Hanoi

Vietnam

mauhai®hnue.edu.vn

Nguyen Van Phu

Department of Mathematics, Electric Power University
Hanoi

Vietnam

phunv@epu.edu.vn



	Introduction
	Preliminairies
	Some results concerning to (NP)(ddc)n
	Weak convergence in the class D() and of the non-polar part
	 The solvability of the Monge-Ampère equation for the non-polar part in the class D()

