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NONAUTONOMOUS ATTRACTORS FOR YOUNG
DIFFERENTIAL EQUATIONS DRIVEN BY
UNBOUNDED VARIATION PATHS
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Abstract. We prove the existence of the pullback attractor of the gen-
erated flow by a dissipative nonautonomous differential equations driven
by unbounded variation paths under the condition of smallness of nonlin-
ear term. In case perturbed term is linear we prove that the attractor is
singleton and also is forward one.

1. Introduction

This work extends the study on the long term behavior of the solution of the
dissipative Young equations driven by Holder paths in [10], [11] to the general
case where coefficient functions now depend on time. Namely, we consider
system

(11) dl‘t = [A(t).T + f(t, 'It)}dt =+ g(t, zt)dwt,

in which A, f, g are continuous functions, the driving path w is of bounded
p—variation for some p € (1,2). This equation is understood in the form

t t
(1.2) Ty = Xg —|—/ f(s,xs)ds +/ g(s,xs)dws,
0 0
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where the first integral is of Riemann type, meanwhile the second one is defined
in the Young sense.

The existence and uniqueness of the solution of (1.1) is proved in e.g. [17],
[2] and the references there in. It is proved in [2] that (1.1) generates a two-
parameter flow of homeomorphism on R?. This allow to study the asymptotic
behaviour of the solution of system in the frame work of dynamical system
theory. One interesting topic is pull back and forward attractors. They are
invariant sets those attract all the trajectories of the system. In this paper we
develop techniques from [11] which deal with autonomous equation, to prove
the existence of a nonautonomous attractor for the generated flow from (1.1).
In case g is linear the attractor is singleton and is also forward one. Since
the notation of nonautonomous attractor is understood as w—wise we keep the
presentation simple by deal with the problem for a deterministic system. The
results in this paper can be applied to a stochastic equation with Holder noises
where a random attractor is established.

2. Preliminaries and main results

Young integral

Let us first briefly make a survey on Young integrals. Let C([a,b],R"),
r > 1, denote the space of all continuous paths = : [a,b] — R" equipped with
supremum norm || - [ (a5 given by [|Z]/oo (a,b) = SUDse[q 5] |72, Where |- | is the
Euclidean norm of a vector in R”. For p > 1 and [a,b] C R, CP([a,b],R") C
C(Ja,b],R™) denotes the space of all continuous paths z : [a,b] — R” which is

of finite p—variation, i.e.
n 1/p
(2'1) |||$|||p,[a,b] = sup Z ||$ti+1 — T, b < o,
I(a,b) i—1

where the supremum is taken over the whole class of finite partitions of [a, b]
(see e.g. [12]). CP(]a,b],R") with the p—var norm

12l e = |Zal + 2l 00 5

is a nonseparable Banach space [12, Theorem 5.25, p. 92]. Also for each 0 <
a < 1, we denote by C*~H°l([a, b], R™) the space of Holder continuous functions
with exponent « on [a, b] equipped with the norm

|zt — 4]
T\ q— = ||Zg|| + SUu _—
H ”a Hol,[a,b] ” aH a§s<It)§b (t o S)a



Non autonomous attractors for Young differential equations 119

It is known that C~H!([a, b],R") C C%([a,b],RT).
Now, consider y € C4([a,b],R¥*™) and z € CP([a,b],R™) with % + % > 1,
the Young integral f; yrdzy can be defined as

b
ysdws = hm yu v~ Lu),
[, v = fm, 3 |

[ v]ell
where the limit is taken over all the finite partitions II of [a,b] with |II| :=
max_|v — u| (see [19]). This integral satisfies the additive property by con-

[u,v]ell
struction, and the so-called Young-Loeve estimate [12, Theorem 6.8, p. 116]

t
‘ / YudTy — ys[xt - xs] =

(2.2) Ki=(1-2"5"a)"1

t
/ Yudy| <

Assumptions
Now we introduce conditions on driving path w and coefficient functions A, f, g.

(Hyp) For p € (1,2)

, Vs, t] C [a, ],

q,[s,t] ”|£E”|p [s,t]

where

This implies

sy (194 (K + D) llyll o)

T Z [ v s < 00

(H;) A is continuous and bounded on R by ||A|. Moreover A satisfies the
uniform contraction condition, i.e. there exists C4 > 1,14 > 0 such that for
all s <t

(2.3) 1@ (2, 5)|| < Cae™ 20,

where ®(¢, s) is the Cauchy matrix of the equation dz; = A(t)zdt.

(Hs) f(t, ) is continuous and locally Lipchitz continuity w.r.t. z uniformly
on t and there exists C; > 0 and and b € L'(A,R?), for all closed interval
A C R such that the following properties hold:

{(i) If(t,2)| < Cfla| +b(t), VaeR?, VteR,

(ii) supgez [10/lL1 (k kg1) < 00
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(Hs) g(t,x) is differentiable in « with 0,¢ is locally ¢ - Holder continuous
w.r.t. « uniformly in t for some § > p — 1, and there exist some constants

0<Cy, 1— 1 < f <1, an increasing convex function k£ : Ry — R, vanish at
0
(@) lg(t,z) — g(t,y)| < Cylw —yl, Yo,y R, VLER,
(1) |g(t,x) = g(s,2)| + |029(t, x) — Dug(s. 2)|| < k(|t — s|)” = h*(|t - s])
Ve € RY,  Vs,t e R.

(i) Timy o0 252 = 0

Remark 2.1. (i) (Hy) is satisfied for almost all realizations of fractional
Brownian motion with Hurst index H > 1/2 ([15]). We introduce the notation

_ 1 n—1 _ 1 —1
(24) Fp = max {nll)ngo E Z |||w|”§7var,[k,k+l] 7nll>ngo E Z ‘”w‘”gfvar,[k,k#*l]
k=0 k=—n
which is finite under assumption (Hp).

(ii) Assumption (Hy) ensures that the semigroup ®(t) = et';t € R gener-

ated by A satisfies the following properties: for alla < b <t
(2'5) H(I)(tv ')”oo,[a,b] < CAe_AA(t_b)a

(2.6) It My 0y < CalAle 400 —a).

We recall here the theorem on existence and unqueness of solution from [2].
Under these conditions, system (1.1) possesses a unique solution on whole R
which starts at an arbitrary time ¢y and generates a stochastic two-parameter
flow of homeomorphismW (¢, s), t > s in which ¥(¢, s)x¢ is the solution to (1.1)
at time ¢ with initial value x¢ at time s. Moreover, we have the following
estimate for the growth of the solution.

Proposition 2.1. The solution x of (1.1) is of bounded p—wvariation on each
[u,v] C R and satisfies

2lp,fue) - < [lxul + D[1+ 27 (ful V[o] V |u = v])](1 + [lw

”p,[u)v])N[u,’U] X

p—1
2L (v—u)+KNpy » P
w 2L (v—u) [,JN[UPU’

)

where k = log %ﬁ, L = ||Al| + Cy, and D is a generic constant and Ny, ,) is
estimated as
(2.7) Niuw) <1+ 2(K + DG wlly 07
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Proof. By computation we have for s,¢ € [u,v], s <t

t
21
o=l < A0+ Cp [ Lo+ Cy ol g (Joel + K Dl ).

where

p

A= [ )+ Fely oy (900,001 + B (ul v o) + K — )|

The rest follows step by step in [11, Theorem 2.4].

From now on, we always denote by D a generic constant.
3. Nonautonomous attractors

In what follows we recall the notion of the (global) pullback attractor of a
two-parameter flow (see more for instance in [8], [14], [9]).

Definition 3.1. (/7]) For a given two-parameter flow V(t, s), a family of sets
A; of R%, t € R is called the pullback (forward) attractor of ¥ if

(1) is compact set for t € R,
(%) is invariant, i.e U(t,s)As = As for all s <t in R,

(ii1) globally pullback (forward) attracting, i.e for every t € R and every D
bounded

lim d(¥(t,s)D]A;) =0, (tiiinood(\I!(LS)DMt) =0),

S——00
in which d is Hausdorff semi-distance between nonempty closed subsets E, F of
R? is defined as d(E|F) = sup{inf{d(z,y)|ly € F}|z € E}.

In general, one may consider the attracting on a family of nonempty sets
(Dy) instead of a single set as in Definition 3.1. Below, we consider the family
D of tempered set Dt, i.e. D, is a subset of the closed ball B(O7 r4) where the
radius 7 is tempered, i.e.

1
lim n max{logry, 0} = 0.

t—+oo
The pullback attracting property now can be written as

lim d(¥(t, s)Ds|As) =0,
s——00
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It is known that the existence of a nonautonomous pullback attractor is
ensured by the existence of the pullback absorbing set. A family of set B; is
said to be nonautonomous pullback absorbing if for almost all w, for each ¢
there exists T'= T'(t, D) such that

\If(t, S)DS c B

fot all s <t —T(¢, 25) Assume that there exists a family of compact pullback
absorbing sets B;. Then there is a pullback attractor A; given by ([7])

(3.1) A= U ¥(t 9)B..

T7<ts<T
3.1. Existence

We consider

t t
se=aot [ flsnds+ [ oo,z
0 0

with (Hg) — (Hy4). Thanks to the ”variation of constants” formula for Young
differential equations (see e.g. [20] or [10]), x; satisfies

t t
(3.2) x = D(t,to)xy, +/ D(t,s)f(s,xs)ds —|—/ D(t,8)g(s,zs)dws, t > to.

to to

In the Lemma below we are going to estimate the solution base on (3.2).

Lemma 3.1. The following estimate holds for any a <b <t

‘/ab O(t, 5)g(s, zs)dws

X [09”33”1),[(1717] + (h*([al v [b[) + A" ([b = a])) + |9(0,0)] |-

< KCA(1+Cal A0~ )) ol oy e 0 x

Proof. Firstly by assumption, we choose 2 > ¢ < p such that g8 < 1, then

Cylz| + h*([t]) +19(0,0)], Vi,
Cyllell, o + (It = s]), Vs <t

lg(t, )|

<
lgCsa)llgon <
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Using (2.5) and (2.6) we have

’ /b D(t, 8)g(s, zs)dws

< lelly v gopy (120 @9, 20)| + K I g2l o)
< el s [19€ )19, 2a)| + KDl gy 190 2) oo i
o+ KNDGE ) o ot 190 2 0
< el oy [Cae™ 40 (Cylal + A7 (Jal) + 19(0,0)1)
+ECH AP (b = a) (Cy o go) + (B (lal V 7 (15]) + 1900, 0)]) +
KCae™ 4D (Cy fall o + (10— al))|
< KCa [1 + CallAll(b - a)} ol a0 el x

% [Callell o + (1 (al v [bl) + B*(1b = al)) + lg(0, )]
]

Next we denote by Ay, the inteval [k, k+1], k € Z and prove that the solution
at time ¢ can be estimates via its norm on consecutive Ay that cover [to, t].

Lemma 3.2. Assume that A := Ay — CaCy > 0. The following estimate hold
t
eA(t_t°)|xt| < Calze,| +/ C’Ae)‘(s_tO)b(s)dS
to

(33 MY lell,a, 0 [Cyllela, + DA (K +1)] € A,
k=|to]

where M := KCae* (1 + CallAl]).

Proof. Firstly note that A > 0 by (Hy). Using (H;) and (Hs) we have

|ze| < |D(E,to)xe, | + |Q>(t s)f(s,xs)|ds + ’/ (t,9)g(s, xs)dws

to

< Caedal=10) |3, |+/ Cae™ 2 Oyl + b(s) )+

’/ (t,5)g(s,ys)dws
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t t
SC«Ae—)\A(t—to)|xt0|+/ CAe_)‘A(t_S)b(S)dS—f—ﬂt—‘rLf/ e_)‘A(t_s)|xS|d8
to

to

where f3; := ‘f:o D(t,8)g(s, 1s)dws

, Ly := C4Cy. This implies,

¢
rat=t0) |4 | < Cplay,| + [ Cae*aGt0b(s)ds + Mt g, 4
to

t
Ly / erals=to) |3 |ds.

to

By applying the continuous Gronwall Lemma we obtain

t
eralt=t0) 3| < Cplay,| —|—/ Caer10)p(s5)ds + a1l g 4

/ Lyebst=s {CA|xt0|+/ Caeta=0)p(y)dy + er4 Gt B | ds

to to

< CAeLf(t_t0)|$t0| + CAeLf(t—s)—i-)\A(s—to)b(s)dS + eAA(t—to)Bt+
to

t
+ / LfeLf(t_SH_)‘A(S_tO)ﬁst

to

and then
(3.4) ) )
A1) | < Calay, | +/ Caer=10)p(s5)ds + M40 g, +/ Lyers7t0) 3 ds.

to to
Now we use Lemma 3.1 to estimate [5s. Assume tg = ng € Z,

ek(s—to)ﬁs
= P / 05, u)g(u, 2, )d,
ng

< M) Z ’/ (s,u)g(u, xy)dw, +’/ (s, u)g(u, 4 )dw,,
Ap Ls]
LSJ
< A0 N KO+ Call Al ol o, €MD
k‘:TLO
x| Cyllellp.an + 7 (1K + 1) +19(0,0)]
(35) < M Z ol o, €520 Cy ], + DR (1K +1)].

k}’I’Lo
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Replacing (3.5) into (3.4) and considering ¢ € [n,n + 1) we obtain

6/\(t_to)|xt|

t
< Calzg, | + CAG)‘(SftO)b(s)ds
to

MY ol a, F TR [Cy ], + D (k] 4 1)]
k‘:n()
t Ls
+LiM Z |”W|||p,Ak eMEk—no)—=L;(s—k) o

to k=ng

% [Cyllallp.an + D (k| +1)]ds

t n
< Caley|+ / Cac®e=b(s)ds + M 3 Jull, , M)

to k=ng

(3.6) x [cg||x

lp.aw + DR*(IK] +1)].

The continuity of = at t = (n+ 1) implies that (3.6) holds for all ¢ € [n,n + 1].
Now for tg € (ng — 1,n9), similar to (3.5) and (3.6) we have

Ls]
MG <MY ull, a, A BR[O ol a, + DR (K] + 1)),

k:nofl
and by replacing to in the final term of (3.4) by (ng — 1) then

t
AME=to) || < Calag |+ | Cae*C1)b(s)ds

e
to
MY el a, 6 [Collella, + DA* (K + 1))
k::’n(]fl
This proves (3.3). |
Proposition 3.1. Define
(3.7) Ap = 2K+ 1G] wll, A, »
(3.8) Gr = lwll,a, (1 +Ag*1)eﬁ<1+Ai>+2L7

(39) H = (L fwll, o) (14 A JererDer,
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where K, L in Proposition 2.1 and

[e's) k
(3.10) C= > e (k| + DH- [ ] (1 + MCgG_j)

k=1 j=1

(which can be infinity), where A\, M is defined in Lemma 3.2.
Assume further that

(3.11) A> G = C’Ae/\A+2L(1+CA||A”){ [2(K+1)Cgfpr+ {2(K+1)Cng] }
where Ty, is defined in (2.4). Then ((w) is finite.

Proof.
Due to the inequality log(1 4 ae®) < a + b for a,b > 0, we have

log (14 MC,Gy, ) <| M+ 42| [2(K + 1)1 Jwll) 5, +
M+ Cy Jwll, a, -

It follows that

T — logkl;[l (1 + Mch,k) = m — kZ:l log (1 + Mch,k)

IN

[Me%z(gﬁ)z el o s e ]+ e s e, )

< OaertL(1 4 OA||A\|){ [Q(K v 1)cgrp]p + [2(1( v 1)Cgrp] } e
Meanwhile, (3.7) and (3.9) yield
logHy < D [1+[wll,a, +Ilfa,]
where we use the inequalities log(1 + a + b) < log(1 + a) + log(1 +b),Va,b > 0
and log(1 4 ab) <log(1+ a) + logb,Va > 0,b > 1. As a result,

— logH_,,
lim ———% =
m— oo m

and then by assumption on h*

I log h*(|m|+ 1)H_, _

m—o0 m

0.
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Hence, there exists for each 0 < 26 < A — G an mo = mo(d,w) such that for
all m > my,

o(—0+G)m < H [1 +G—k} < o(3+G)m
k=1

and
™ < B (Im] + 1) Hop <
Consequently,
mo—1 k - A
¢< > ek + )H- ] (1 +MCgG_j) I O el
=t j=1 k=no
which is finite. =

We are now in position to state the first main result of this paper.

Theorem 3.2. Assume that (Ho) — (Hy4) are satisfied. Then under the con-
dition (3.11) the flow generated by system (1.1) possesses a pullback attractor
Ay

Proof. We first consider tg = ng € Z~,ng <t =n € Z. From Lemma 3.2 we
have

n n—1
|zn]eX 700 < Cylag, | + / Caert=b(s)|ds + M D rF0) w5, X
no

k:’no

X [Cg”x

lp.a + DR ([k[ + 1)]
Using (Hg)(ii4), f:ﬂ Cpe==10)|b(s)|ds < D ZZ;}W e*k=10)  Then dominating
each ||z|/p,a, by estimation in Proppsition 2.1 with the observation that

2p—1

Ny < 1+APTH NP <24 A7

we obtain
n—1 n—1

|7, 710) < Oyl |[+MC, Z A0 Gy || +D Z AF=nO) ¥ (1| +1) Hy,.
k=no k=ng

Fix ng, put m = n —ng and z; = e**|z4n,|- We have

m—1 m—1

zm < Cazo+ MC, Z Grano2k + D Z e (|k + n0| + 1) Hy g
k=0 k=0
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holds for all m € Z*. Thank to Lemma 4.1

m—1 m—1
zm < Cazo H (1 + MCgGk+n0) +D Z e)‘kh*(|k: + nol + 1) Hypng X

k=0 k=0
m—1
L ()
j=kt1
or
|x(n’ nO’zno)|
n—mo—1
< CAlxno |e—)\(n—n0) H (1 + MC!]Gk-i-no)
k=0
n—mnmgo—1 n—nmgo—1
+D Z ef)\(nfnofk)h*(|k;—|—no| + I)Hk+n0 H (1 —|—MCng+n0>
k=0 j=k+1

SCA|IHO|67)\(n7n0) ﬁ) (lJrMOgG_k) +
k=1—-n
—n k
+De " Z ekl + DH-, [T (1+MC,65).
j=1—

k=1-n J n

We consider two cases:
Ifn>1,

(1,10, T )| <

—ng

Cae ﬁ (14 MCy G )lwn e TT (14 MC,G-i )+

n k=1

E

0 k
De—>n Z e MR* (k| + 1)H_y, H <1+MCgG_j>+
j=1—

k=1-n J n
0 —-n k
pe IT (1+MC,G-y) Z e h* (k| + 1) H H (1+8mC,G-;).
j=1l-n k=1 j=1
Ifn <0,
—\n —n
|‘r(nvn07xnn)| < 1_n Cac |xn0|€/\n0 1—[() (1 + MCQG*’C)—’_

(1+mC,G-,) k=1

k=

—
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_An —-n k
_ De> 2’ e Mn* (K + D H- [ ] (1 + Mch,j).
I1 (1 —&—MC’QG,;C) k=1 i=1
k=1

Hence in both cases,

—ng

|2(n, 10, Ty )| < ad|ap, e H (1 +MCgG_k)
k=1

-

+al _zn: e Mhr(|k| + 1) H_y, (1 + MCgG,j) +a

k=1 j=1
—no
< a}l|xno|6)‘”0 H (1 + MCQG*k)
k=1
[e'S) k
Z (k) + D)H- [T (14 MG ) +a
k=1 j=1
—no
< amwnole)\no H [1 + MCgG,k:| + a}lC + ai
k=1

where ((w) is given in (3.10)

[14+MC,G], itz

n

[1 n Mch_kDA, if n <0,

C
al = Def)\n % k::llfn
—-n

and

0 k
Dy 3 skl + DH o [ [14MC,G], iz,
@ = k=1-n j=1-n
0, if n <0.
Hence, for fixed n, if x,,, lies in a tempered set,
|x<n7n07xno)‘ <1+ a}zc + ai = Pn

when —ng large enough. It is easy to see that lim,,_, mg% =0.

Using Proposition 2.1 again to estimate |z(¢,to, 2y, )| with arbitrary t,to €
R, by computation we have a tempered function p; is tempered such that

(312) |1‘(t7t0,$t0)| < ﬁt
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when —tg large enough.

Therefore, there exists a family of sets B, = B(0, ;) which absorbs D. This
ensures the existence of the pullback attractor A; for system (1.1) which is
given by (3.1). [ |

Remark 3.1. In [11] we prove that under (3.11) the RDS generated by the
autonomous equation possesses a random pullback attractor. Thus, the criteria
still holds for the nonautonomous case.

4. Special case: g linear

In this part, we consider (1.1) where g(¢, ) is linear in z. For convenience we
assume path x valued in R instead of R™. Then ¢ has the form g(¢,z) = C(t)z
where C is a R?%-valued, continuous functions. Then, (1.1) becomes

(4.1) dry = [A(t)zs + f(t,2)]dt + O(t)zpdws, t € R, x(tg) = 4, € RE.
We need the following assumption for C.

(He) C is continuous and €' := sup ||C|,.a, < c0.
k

Note that in this situation, (Hg) is not fulfilled. However, as proved in [3],
(4.1) possesses a unique solution (-, tg, o) start at to from zy € R? which is
of bounded p—variation on any compact subset of R. Using the estimate

(42) 1€l g < IClso o 2l gy + oot IC

|p.[s.t pils.t]

we can treat (4.1) as the general equation in previous section by considering
Cy = C and omitting (Hsz)(4¢), (44¢). Then one obtains the similar results that
the equation generates a two-parameter flow of homeomophism on R?.

This case is treated in [4] using a kind of Lyapunov function. Here we revise
the problem on the existence of the random pullback attractor of the system
in such a case by using semi group method as in previous section.

Theorem 4.1. Assume that (HO), (H1), (H2), (Hc) are satisfied. Then there
exists € > 0 such that if C' < € the flow generated by the system (4.1) possesses
a pullback attractor A;.

Proof. The proof is followed step by step of Theorem 3.2. |
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In what follow we impose a stronger condition on f to study the difference
between two solutions of the system which facilitates the proof of singleton
attractor.

(Hs): f is global Lipchitz continuous with Lipchitz constant C; (here we
use an abuse notation for simplicity).

We use the linearity of g to obtain a further result that the pullback attrac-
tor in Theorem 4.1 is singleton and moreover forward attractor.

Theorem 4.2. Under the assumption in Theorem 4.1 and (Hs), the pullback
attractor Ay is singleton for each t and moreover is forward attractor.

Proof. We fix £ and consider A;. Take a'(f),a?(f) € Az, by the invariance of
Ag, for each to < t there exist b' := b(ty),b* := b?(t9) € Ay, such that

al(a = I(ﬂ tOvbi)a i = 1a2
Put 2% := 2%(-,t,b") and 2. := 2! — 22 then

dzy = d(z; —x?)

[A()z; + f(t,27) — A} — f(ta)]dt + [C(H)z; — C(t)x]]dw,
= [AM)z + f(t,21) = f(t,27))dt + C(t)zedwr
= [A(t)Zf + F(t, Zt)]dt + C(t)thwt, t Z to,

Zto = bl - b2,

in which by the definition |F'(¢, z¢)| < C¢|z|, F(¢,0) = 0.

Note that using the estimate in (4.2) one obtains a similar result to that
in Proposition 3.1. Then repeat the arguments in Lemma 3.2 with for short
to =ng €7Z

n
|2/eX07") < Calzng| +DC Y Nl a, 7 Nzlp,an, Ve € An,
k?:no

in which the norm ||z||, A, can be estimated similar to = in Proposition 2.1,
namely

(4.3) 12llp.a, < |zle?CFC 05,

Hence

n
[26leX7) < Calzng |+ DC Y ol a, 1P X001z i€ A,

k}:no
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This leads to
n—1
2] < Calzngle™ =) T [14 DC ol 5, €”11721 ]

k}:’I’LQ
Since b, 0% € Ay, |2ny| < 2pn,. Note that

log 5
lim 08 Png

no——00 no

=0.

For t = i € Z, follow the arguments in Theorem 3.2 for C small enough,
lat(t) — a®()| = |2] = 0 as ng — oo or al(#) = a?(t). Using (4.3) to estimate
2 via 2z, which [n,n + 1] contain ¢, this holds for arbitrary ¢ € R. Therefore,
A; is one point set.

Finally, the above arguments show that the difference of two solutions of
the system tends to zero in the forward direction, the attractor is then the
forward one. The proof is completed. |

Appendix

The proof of following Lemmas can be seen in [11]

Lemma 4.1 (Discrete Gronwall Lemma). Let a be a non negative constant
and Uy, ay, By be nonnegative sequences satisfying

n—1 n—1
un <a+ Y ogup+ Y B, ¥n>1

k=0 k=0

then
n—1 n—1 n—1

uy, < max{a,ug} H(l + ag) + Z Bk H 1+ «y)

k=0 k=0  j=k+1

for alln > 1.

Lemma 4.2 (Gronwall-type Lemma). If y satisfies the following condition

t
1
(4.4) M*MSA$+M/MMM+@MMWMM+%MM%WN

for all s,t, where ay,as,as are positive real constants, then

p—1

7 fur) (@)

(45) gy < Iyl + 241N ] 227N N
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with Kk = log Ziﬁ, and
Npuw) < 1+ [2a2(as + D] lwlly 4 -
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