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Abstract. We consider a real smooth hypersurface M C C2, which is of
D’Angelo infinite type at p € M. The purpose of this paper is to show
that the real vector space of tangential holomorphic vector field germs at
p vanishing at p is either trivial or of real dimension 1.

1. Introduction

Let (M,p) be a real Cl-smooth hypersurface germ at p € C®. A smooth
vector field germ (X,p) on M is called a real-analytic infinitesimal CR au-
tomorphism germ at p of M if there exists a holomorphic vector field germ
(H,p) in C™ such that H is tangent to M, i.e. Re H is tangent to M, and
X = Re H |p. We denote by holg(M, p) the real vector space of holomorphic
vector field germs (H, p) vanishing at p which are tangent to M.

For a real hypersurface in C™, the real-analytic infinitesimal CR auto-
morphism is not easy to describe explicitly; besides, it is unknown in most
cases. For instance, the study of holy(M,p) of various hypersurfaces is given
in [1, 3, 7, 10, 11]. However, these results are known for Levi nondegener-
ate hypersurfaces or more generally for Levi degenerate hypersurfaces of finite
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type. For various real C*°-smooth hypersurfaces of D’Angelo infinite type in
C?, explicit descriptions of holy(M,p) are given in [2, 8, 9].

In this paper we shall prove that holy(M,p) of a certain hypersurface of
D’Angelo infinite type in C? is either trivial or of real dimension 1. To state
the result explicitly, we need some notations and a definition. Taking the risk
of confusion we employ the notations

_opP af af

Pl(z) = Pz(z) = g(z)v fz(zvt) = a(z,t), ft(27t) = E(Z)t)

throughout the article. Also denote by A, = {z € C: |z| < r} for » > 0 and by
A = A;. A function f defined on A, (r > 0) is called to be flat at the origin
if f(z) = o(|z|™) for each n € N (cf. Definition 2.1).

The aim of this paper is to prove the following theorem.

Theorem 1.1. Let (M,0) be a real Ct-smooth hypersurface germ at 0 defined
by the equation p(z) = p(z1,22) = Re 21 + P(22) + Im 21Q(22,Im z1) = 0
satisfying the conditions:

(1) P,Q are C*-smooth with P(0) = Q(0,0) = 0,
(2) P(z3) >0 for any 2o # 0, and
(3) P(z2), P'(22) are flat at zo = 0.

Then dimg holy(M,p) < 1.

Remark 1.1. When P,Q are C*-smooth, the condition (3) simply says
that P vanishes to infinite order at 0 and moreover 0 is a point of D’Angelo
infinite type.

In the case M is radially symmetric in za, i.e. P(z3) = P(|z2]) and
Q(z2,t) = Q(|22|,t) for any z5 and ¢, it is well-known that izga—zz is tangent
to M (see cf. [2]). Therefore, by Theorem 1.1 one gets the following corollary,
which is a slight generalization of the main result in [2].

Corollary 1.1. Let (M,0) be a real C*-smooth hypersurface germ at 0 defined
by the equation p(z) = p(z1,22) = Re z1 + P(2z2) + Im 2z1Q(z2,Im 2;) = 0
satisfying the conditions:

(1) P,Q are C'-smooth with P(0) = Q(0,0) = 0,

(2) P(z2) = P(123]), Q(z2,1) = Q(|z2l, ) for any 25 and t,
(3) P(22) >0 for any 23 # 0, and

(4) P(z2),P'(z2) are flat at z = 0.
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Then holy(M, 0) = {ifz52-: B € R}.
Next, we shall give an explicit description for real-analytic infinitesimal CR

automorphisms of another class of real hypersurfaces in C2.

Let a(z) = >_°7 | an2" be a nonzero holomorphic function defined on A,
(€0 > 0) and let p, ¢ be C'-smooth functions defined respectively on (0, ¢y) and
[0,€0) satisfying that ¢(0) = 0 and that g(z),¢’'(z) are flat at 0, where g is a
C'-smooth function given by

(2) = ePU2D)if 0 < |2] < €0
== 0 it z=0.

Denote by M(a,a,p,q) the germ at (0,0) of a real hypersurface defined by
p(z1,22) := Re z1 + P(22) + f(22,Im 21) =0,

where f and P are respectively defined on A, x (—dp, dg) (0o > 0 small enough)
and A, by

cos ( R(z2)+at .
—é 10g % if 7é 0

tan(R(zg))t if a =0,

where R(z2) = q(|22|) — Re( Yo, %2%) for all 25 € A, and
P( é |:1+O(P12’2:| lfO[#O
29) ifa=0,

f(227t) =

where

Py(z2) = exp |p [ (|22]) + Re(i *Zz) — log ’ cos (R(Z?))‘]

for all z; € A} and P;(0) = 0.
It is easily checked that M (a, v, p, q) is C-smooth and moreover P(25), P'(22)

are flat at 0. Furthermore, we note that ¢,p can be chosen, e.g. ¢(t) = 0 and
p(t) = —7 (a>0) forall t > 0, so that P, R are C*°-smooth in A, and P is
flat at 0, and hence M (a, «,p, q) is C*°-smooth and of D’Angelo infinite type.
It follows from Theorem 4.1 in Appendix that the holomorphic vector field

0 0

H*(z1,29) := La(21)a(22)8721 + izza—@,
where
1 -1) fa#0
[o(s) =4 (exp(az1) — 1) 1 a#
21 if « =0,

is tangent to M (a, «, p, q). Hence, by Theorem 1.1 we obtain following corollary.
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Corollary 1.2. holy(M(a,a,p,q),0) = {BH**: 8 € R}.

This paper is organized as follows. In Section 2, we recall several definitions
and give several technical lemmas. Next, the proof of Theorem 1.1 is given in
Section 3. Finally, a theorem is pointed out in Appendix.

2. Preliminaries

In this section, we shall recall several definitions and introduce two technical
lemmas used in the proof of Theorem 1.1. In what follows, < and 2 denote
inequalities up to a positive constant. In addition, we use ~ for the combination
of < and 2.

Definition 2.1. A4 function f : A, = C (9 > 0) is called to be flat at z =10
if for each n € N there exist positive constants C,e > 0, depending only on n,
with 0 < € < €y such that

1f(2)] < CJ2"

forall z € A.

We note that in the above definition we do not need the smoothness of the
function f. For example, the following function

n+1

1 Ly e 1 1

+e =l if =< z| <+ ,n=1,2,...

flz) =" . =
0 if2z=0

is flat at z = 0 but not continuous on A. However, if f € C*(A,,) then it
follows from the Taylor’s theorem that f is flat at z = 0 if and only if
am—i—n
——F—f(0)=0
0zmoz" 1)
for every m,n € N, i.e., f vanishes to infinite order at 0. Consequently, if
feC>®(A,) is flat at 0 then % is also flat at O for each m,n € N.

Let F be a C'-smooth complex-valued function defined in a neighborhood
U of the origin in the complex plane. We consider the autonomous dynamical
system

(2.1) % _ F(2), 2(0) = 2 € U.

First of all, let us recall several definitions.
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Definition 2.2. A state 2 € U is called an equilibrium of (2.1) if F\(¢2) = 0.

Definition 2.3. An equilibrium, 2, of (2.1) is called locally asymptotically
stable if for all € > O there exists 6 > 0 such that |zo — 2| < § implies that
|z(t) — 2] < € for all t > 0 and lim;_, 4 2(t) = 0.

The following lemma is a generalization of Lemma 3 in [8] and plays a key
role in the proof of Theorem 1.1.

Lemma 2.1. Let P : A., — R be a Cl-smooth function satisfying that P(z) > 0
for any z € A} and that P is flat at 0. If a,b are complex numbers and if
90, 91, g2 are Ct-smooth functions defined on A., satisfying:

(A1) go(2) = O(|2]), g1(2) = O(|2[*), and ga(2) = o(|2[™), and

(A2) Re [azm + P%(Z) (bzé(l + g0(2)) ];((ZZ)) + gl(z)ﬂ = g2(2) for every z € A7,
for any nonnegative integers £, m and n except for the following two cases
(E1) £ =1 and Re b= 0, and

(E2) m =0 and Rea=0

then ab = 0.

Proof. We shall prove the lemma by contradiction. Suppose that there exist
non-zero complex numbers a,b € C* such that the identity in (A2) holds with
the smooth functions gg, g1, and go satisfying the growth conditions specified
in (Al).

1
Denote by F(z) := 3 log P(z) for all z € A? and by f(z) := bz*(1+ go(z))
for all z € A,.

Case 1. £ = 0:
Let 7 : [0,00) = A¢, (do > 0) be the solution of the initial-value problem
dry(t
DO _ b4 bgo(a(1)), (0) =0.

Let us denote by u(t) := F(y(t)), 0 <t < §p. By (A2), it follows that u'(t) is
bounded on the interval (0, dp). Integration shows that u(¢) is also bounded on
(0,80). But this is impossible since u(t) - —oo as t | 0.

Case 2. £ = 1:
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By (E1), we have b; := Re(b) # 0. Assume momentarily that b3 < 0. Let
7 : [to, +00) = Af (to > 0) be the solution of the initial-value problem

dy(t .
(22) DO _ by (1+ 00(1(0)) ). 2(t0) = 20 € A2,
Thanks to [4, Theorem 5], the system (2.2) is locally trajectory equivalent

at the origin to the system

dz

It is well-known that the origin is a locally asymptotically stable equilibrium
of the above diffenrential equation. Therefore, we have v(t) — 0 as t — +o0.
Moreover, we can assume that |y(¢)| < 1 for every to < t < +o0, where ry :=
1/2 if Im(b) = 0 and 7y := min{1/2,]b1|/(4|Im(d)|)} if otherwise. This implies
that Re (b(l + g0 (7(15)))) < b1 /4 < 0. Integration and a simple estimation tell
us that

(O] < [r(to)] exp (bit/4), VE > to.

Consequently, this in turn yields that ¢t < log W

Denote by u(t) := F(v(¢)) for ¢ > ty. Then, it follows from (A2) that u'(t)
is bounded on (tg, +00), and thus |u(t)| S ¢. Therefore, there exists a constant

1
A > 0 such that |u(t)] < Alog —— for all ¢ > t5. Hence we obtain, for all

()]

1
t > 1o, that log P(y(t)) = 2u(t) > —2Alog EOIk and thus
Y

P(y(1)) = y(8)]*4, t > to.

Hence we arrive at
P(y(t))

s [y AT~ 0

which is impossible since P is flat at 0. The case b; > 0 is similar, with
considering the side ¢ < 0 instead.

Case 3. L=k+12>2:
Let v : [to, +00) = Af (to > 0) be a solution of the initial-value problem

@3 D ) =0 (14 0000 ). o) = 20 € AL,

According to [4, Theorem 5], the system (2.3) is locally trajectory equivalent

at the origin to the system

dz
— =bM(t).
A U
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Hence, it follows from [12, Theorem 1] that v(¢) — 0 as t — +o00.
Now we shall estimate y(t). Indeed, integration shows that

1
2.4 —— = c—kbt(1+e€t)), Vt > to,
( ) ,}/k (t) c ( + 6( )) 0
where c is a constant depending only on the initial condition and
t
S go(x(s))ds

e(t) =

Choose § > 0 such that either arg (b(1 + z)) € (0,27) for all z € A;s (for
the case Im(b) # 0) or arg (b(1 + 2)) € (—n/2,37/2) for all z € A; (for the
case Im(b) = 0). Moreover, without loss of generality we can assume that
lgo(v(£))| < & for all ¢ > to and hence |e(t)| < § for all ¢ > t5. Therefore,
by changing the initial condition y(tg) = 2o if necessary, we may assume that
either ¢ — kbt(1 +€(t)),c — kbt € C\ [0, +00) for all ¢ € [tg, +00) or ¢ — kbt(1 +
e(t)),c— kbt € C\ (—o0i, 0] for all ¢ € [tg, +00). Without loss of generality, we
can assume that the first case occurs.

Notice that w;(t) := 777 /c—kbt, j = 0,...,k — 1, are solutions of the
equation

for every t > tg.
t—to Yy 0

dz
Z—p k+1
at
where 7 := ¢?2"/k Furthermore, for each j € {0,1,...,k — 1} let 6;(t) (t > to)
be the solution of the equation

05 (t) = flw;(t) +0;(t) — bw;?“(t)

satisfying 6,(to) = 0. Then v;(t) := w;(t) + 0;(¢) (t > to), 7 =0,1,...,k—1,

are solutions of
dz

i (2).
Moreover, again by changing the initial condition ~(ty) = zp if necessary we
can assume that |go(y;(t))] < 6 for every j = 0,1,...,k—1 and for every ¢t > ¢,.
In addition, integeration shows that

1
(2.5) 'y]’?(t)

g0 d
where €;(t) = ftogt(%io(s))s for every t > tg and for every j = 0,1,...,k — 1.
Hence, we obtain the following.

vty =177 *’\“/c — kbt (14 ¢€;(t))
— 7_7]' —1\c/|c — l{ibt(l ¥ €(t))|e—iarg (c—kbt(1+e(t)))/k
_ —V‘C — kbt(l n 6(t))|€7iarg (C*kbt(1+€(t)))/k*’b?ﬂ‘j/k’

=c—kbt(1+¢;(t)), Vt > to,
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where 0 < arg (¢ — kbt(1 +¢;(t))) /k < 2, for every j =0,1,...,k — 1. Conse-
1
quently, |v;(t)| ~ W for all t > tg and for all j =0,1,...,k — 1.

Let u;(t) := F(v;(t)) for j =0,1,...,k — 1. It follows from (A2) that

(26)  wi(t) = =P (3(8) (Re(ar] () + ol ()I™) ) + Ol (I*+)

forall t > tg and for all j =0,1,...,k— 1.

We now consider the following.

Subcase 3.1: n > 1.
Since P is flat at the origin, (2.6) and the discussion above imply
n m 1
lug(t)] < P (70(t) [0 (®)]™ + PRy

n 1
S P (v(t) + 1k

_P )1 1
o 2 I
1 1

~ 2 + t1+1/k

< 1

~ $1+1/k

for all ¢ > tg. This in turn yields

t
1
Juo(t)] < uo(to)| + /to BRI

1 1
S luo(to)| + k(ﬁ - m)
to
<1
for all ¢ > ty. This is a contradiction, because lim;_, o, ug(t) = —oc.

Subcase 3.2: n = 0.

We again divide the argument into 4 sub-subcases.
Subcase 3.2.1: m/k > 1.
It follows from (2.6) that

1 1
!
lup(H)] S ik T e

for all ¢ > tg. Hence, we get
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¢ 1 1
o) 5 uotto)l + [ (e + s )
k 1 1 1 1
< _ -
S luo(to)| + —— (tg@/kl tm/kfl) T k(t(l)/k tl/k)

<1

~

for all ¢ > ¢y, which contradicts lim;_, 1 oo ug(t) = —o0.

Subcase 3.2.2: m/k = 1.
Here, (2.6) again implies

1
!/
|U0(t)| S g + t1+1/k

for all ¢ > tg. Consequently,

t
1
|mmmmmﬂ+/;m

to

S |uo(to)] + (logt — log tg)

<logt
< log
170(2)]
for all ¢ > tg. Therefore there exists a constant A > 0 such that |ug(¢)| <
A10g| ol for all t > ¢y. Hence for all ¢ > tg, log P(yo(t)) = 2u(t) >
7o
—2Alog L , and thus
170 (2)]

P(y0(1)) = [o(t)[*4, ¥t > to.

This ensures
P(y(t))

150 [y (E)PAHT +00,

which is again impossible since P is flat at 0.

Subcase 3.2.3: m = 0.

Let h(t) := up(t) + Re(a)t. Recall that in this case we have (E2) which says
Re a # 0. Assume momentarily that Re(a) < 0. (The case that Re(a) > 0 will
follow by a similar argument.)
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By (2.6), there is a constant B > 0 such that

1

1
IR (t)] < 5\Re(a)| + Bt1+1/k'

Therefore,

1 to
Ih(6)] < [h(to)] + 5 [Re(@](t — o) + B / s

1 1 1
< |h(to)| + §|Re(a)|(t —to) + kB(th _ W)
0

for all t > ty. Thus

uo(t) = —Re(a)t — [h(t)]
1 1

> [Rea)t ~ [h(to)| ~ 5lRe(a)|(t ~t0) = kB( 7 ~ ;7)
0

>t
for all ¢ > to. It means that ug(t) — 400 as t — +00, and it is hence absurd.

Subcase 3.2.4: 0 < 7+ < 1. Assume for a moment that m and k are relatively
prime. (In the end, it will become obvious that this assumption can be taken
without loss of generality.) Then 77 is a primitive k-th root of unity. Therefore
there exist jo,j1 € {1, ,k — 1} such that 7/2 < arg(r™°) < m and —7 <
arg(t™1) < —m /2. Hence, it follows that there exists j € {0,--- ,k — 1} such
that cos (arg(a/b) + £ arg(—b) — 2rmj/k) > 0. Denote by

la|

A=

cos (arg(a/b) + il marg(—b) - 27ij/k) >0,

a positive constant. Now let

hy(t) = u;(t) + Re(r™™ (c = kbt)'~™/*).

—b(k —m)

Note that arg(c — kbt)) — arg(—b) as t — +oc and § > 0 can be chosen so
small that there exists t; > ¢y big enough such that

7= —1I<;bt)mm‘ e e +1 &))" (- ibi62(£3 )" |
< B2 g oy L

~ 8k|al tm/k
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for every t > t;. Hence it follows from (2.6) that there exist positive constants
B and ty (t2 > t1) such that

k—m 1 B
’ 1-m/k
)] < ST AGRIBl)

and

k—m

cos (arg(a/b) + arg(c — kbt) — 2mj7r/k:)

> %cos (arg(a/b) + m arg(—b) — 2mj7r/k>

for every t > to. Thus we have
k— t t
[y (8)] < [ (t2)] + Aklpl) '~/ F == / s"/*ds + B / sk s
to to

A —m - _
< Iy (t2)| + 3 (kI =R (e =R =) kB (MR 47

for t > t5. Hence

ar~™I m
> |a’| — kb 1-m/k b
> 7\b|(k—m))|c t| cos (arg(a/b)
k —m)arg(c — kbt) — 2mjm
¢ o mergles ) = Ih(e2)
A -m —m -m - —
= D) TR ™) kB (8 R
A
> Lo — kbt {1y (1)
A

. Z(k|b‘)lfm/k(tlfm/k N t;_m/k) _ kB(tQ_I/k _ t*l/k)
2 tlfm/k

for t > t5. This implies that u;(t) — 400 as ¢ — +oo, which is absurd since
log P(z) - —o0 as z — 0.
Hence all the cases are covered, and the proof of Lemma 2.1 is finally
complete. |
Following the proof of Lemma 2.1, we have the following lemma.
Lemma 2.2. Let P : A., — R be aCl-smooth function satisfying that P(z) > 0

for any z € A7 and that P is flat at 0. If b is a complex number and if g is a
Ct-smooth function defined on A, satisfying:
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(B1) g(z) = O(|2|**'), and
(B2) Re[(bzk + g(z))P’(z)} =0 for every z € A,

for some nonnegative integer k, except the case k = 1 and Re(b) = 0, then

b=0.
3. The vector space of tangential holomorphic vector fields

This section is devoted to the proof of Theorem 1.1. First of all, we need
the following theorem.

Theorem 3.1. If a holomorphic vector field germ (H,0) vanishing at the origin
which contains no nonzero term iﬁzg% (B € R*) and is tangent to a real C'-
smooth hypersurface germ (M,0) defined by the equation p(z) := p(z1,22) =
Re z1 + P(22) + Im 21Q(22,Im 21) = 0 satisfying the conditions:

(1) P,Q are C*-smooth with P(0) = Q(0,0) = 0,
(2) P(z) > 0 for any 25 # 0, and
(3) P(z2),P'(z2) are flat at zo =0,

then H = 0.

Proof. The CR hypersurface germ (M,0) at the origin in C? under consider-
ation is defined by the equation p(z1, 22) = 0, where

p(z1,22) = Re z1 + P(z2) + (Im z1) Q(z2,Im 2;) = 0,

where P, (Q are C'-smooth functions satisfying the three conditions specified in
the hypothesis of our lemma. Recall that P(zq), P'(22) are flat at zo = 0 in
particular.

Then we consider a holomorphic vector field H = hy (21, 22) 8%1—}—112(21, 29) 6%2
defined on a neighborhood of the origin satisfying that H(0) = 0 and that H
contains no nonzero term iﬂ@% (8 € R*). We only consider H that is tangent
to M, which means that they satisfy the identity

(3.1) (Re H)p(z) =0, Yz € M.

Expand h; and ho into the Taylor series at the origin so that

hi(z1,22) = g ajkzle and ha(z1, 29) E kazle,
7,k=0 7,k=0
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where a;i, bji, € C. We note that agg = bgop = 0 since h1(0,0) = ho(0,0) = 0.
By a simple computation, we have

1 z9,Im z
Pz (21,22) = 7t % + (Im 21)Q:, (22, Im 21),

Pz (21,22) = P'(22) + (Im 21)Q., (22, Im z1),
and the equation (3.1) can thus be re-written as

1 Q(ZQ,IHI Zl)
32) Re[(§ + —a + (Im 21)Q, (z2,Im 21)) hi(z1, 22)

+ (P/(Zg) + (Im 21)Qz, (22, Im 21))h2(21, Zz)} =0
for all (21, 22) € M.
Since (it — P(22) — tQ(22, 1), 22) € M for any t € R with ¢ small enough,

the above equation again admits a new form

Re[(% + % +1Q., (Z2,t)) > agi(it = Pzo) = 1Q(2,1)) 25
4,k=0
(3.3) -
+ (P(e2) + 1Qus(z2t)) Y brun (it = Pla2) = 1Q(z2,8)) 5] = 0

m,n=0

for all zo € C and for all ¢ € R with |23] < €y and || < &g, where ¢y > 0 and
do > 0 are small enough.

The goal is to show that H = 0. Indeed, striving for a contradiction,
suppose that H # 0. We notice that if hy = 0 then (3.2) shows that h; = 0.
So, we must have hy Z 0.

We now divide the argument into two cases as follows.
Case 1. hy # 0. In this case let us denote by jy the smallest integer such
that aj,i 7# 0 for some integer k. Then let ko be the smallest integer such that
@joke 7 0. Similarly, let mg be the smallest integer such that by,,, # 0 for

some integer n. Then denote by n the smallest integer such that b,,,n, 7# 0.
We can see that jo > 1if kg =0 and mg > 1 if ng = 0.

Since P(z2) = o(|22]”) for any j € N, inserting ¢t = aP(22) into (3.3), where
«a € R will be chosen later, one has

(3.4)
Re [ ajuko (i — 190 (P(22))7 (257 + 0(1221)) + bragmg (i — 1) (257 + (| |"™)

% (P(22))™ (P’(zz) + aP(22)Q., (22, aP(ZQ)))} —0
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for all zo € A.,. We note that in the case ky = 0 and Re(ajy0) = 0, o can
be chosen in such a way that Re((ic — 1)%ao0) # 0. Then (3.4) yields that
jo > mg by virtue of the fact that P’(z3), P(22) are flat at 2o = 0. Hence,
we conclude from Lemma 2.1 that mg = 0,n¢9 = 1, and by,; = 52 for some
B € R*. This is a contradiction with the assumption H contains no nonzero
term i522%~

Case 2. hy = 0. Let mg,ng be as in the Case 1. Since P(z2) = o(|z2|™),
letting t = 0 in (3.3) one obtains that

(3.5) Re [bmono (230 + o(|Z2\"o)P’(22)} ~0

for all zo € A.,. Therefore, Lemma 2.2 yields that mg = 0,n9 = 1, and
bo,1 = iBz2 for some B € R*, which is again impossible.
Altogether, the proof of our theorem is complete. |
Now we are ready to prove Theorem 1.1.

Proof. [Proof of Theorem 1.1] Let Hy, Hy € holy(M,p) be arbitrary. Then
by Theorem 3.1 we have that H; contains term 7:,6]‘22% (7 = 1,2) for some

51, B2 € R. Therefore, foHy — 1 H> does not contain a term i,BZQB%Z. Hence,
Theorem 3.1 again yields that f3H; — 81 Hy = 0, which proves the theorem. Bl

4. Appendix

We recall the following theorem that gives examples of holomorphic vector
fields and real hypersurfaces which are tangent.

Theorem 4.1 (see Theorem 3 in [9]). Let o € R and let a(z) = > 07 | a,2"

n=1
be a non-zero holomorphic function defined on a neighborhood of 0 € C, where
an € C for alln > 1. Then there exist positive numbers €y, 0y > 0 such that

the holomorphic vector field

0 .0
Ha,a(Zb 2’2) = La(zl)a(ZQ)aiZl + 712'26722,

where

21 ifCVZO,

Lo(z1) = {é(exp(azl) ~1) ifa#0

is tangent to the C'-smooth hypersurface M given by

M= {(2’1,2’2) € Asy X Aqy : p(21,22) :=Re 21 + P(22) + f(22,Im z1) = O},
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where f and P are respectively defined on A¢, x (—8p,d0) and A, by

1 cos (R(22)+o¢t) .
f(2;27 t) — ¢« 1Og cos(R(z2)) ‘ Zfa 7& 0
tan(R(z2))t if a =0,

where R(z2) = q(|z2]) — Re(Yonoy %28) for all 2 € A, and

P(z) = {élog {1 + OlPl(ZQ):| z:fa #0
Pi(22) ifa=0,

where

Pi(z3) = exp [p(|zg|) + Re( i ?—;zg‘) — log | cos (R(22)) H

n=1

for all zp € A} and P1(0) = 0, and q,p are reasonable functions defined on
[0,€0) and (0, €q) respectively with ¢(0) = 0 so that P, R are C'-smooth in A, .

Proof. First of all, it is easy to show that there is ¢y > 0 such that we can
choose a function ¢ so that the function R defined as in the theorem is C'-
smooth and |R(z2)] < 1 on A,,. Choose §y = ﬁ if « # 0 and dp = +o0
if otherwise. Then the function f(z2,t) given in the theorem is C'-smooth on
A, X (=00, 00). Moreover, f(z2,t) is real analytic in ¢ and %t,f is C'-smooth
on A, x (—8p,0¢) for each m € N.

Next, let P;, P, R be functions defined as in the theorem and let Qo(z2) :=
tan(R(z2)) for all zo € A,,. By a direct computation, we have the following
equations.

(i) Re :izzQOZQ(zz) + %(1 + Q%(zﬂ)ia(zz)} =0;
(ii) Re :i22P122(22) — (% + %?)Q(ZQ)PH(ZQ)} = 0;

exp (7041:’(,22)) -1

(iii) Re :iZQPZ2 (22) + (% + %)a(@)} =0 for « # 0;
(iv) (z + ft(Z2,t> exp (a(it — f(Zg,t))) =i+ Qo(z2);
(v) Re {2@'@22&2 (22,t) + <ft(227 t) — QO(ZQ))Z’G(ZQ)} =0

on A, for any t € (—dp, dp).
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We now prove that the holomorphic vector field H*® is tangent to the
hypersurface M. Indeed, by a calculation we get

ft(2271m Zl)

Pz (21,22) = = + —

1
2
Pz (21, 22) = Pry(22) + [f2,(22,Im 21).
We divide the proof into two cases.

a) o = 0. In this case, f(z2,t) = Qo(z2)t for all (z2,t) € A, X (—do, do)-
Therefore, by (i) and (ii) one obtains that

Re H%*(p(21, 7)) = Re ( : QO;ZQ))M(@) + (P122(Z2) + (Im 21)Qo,, (ZQ))izg}
:Re:(% + 2(2 ))( (Im 21) — Py(2) — (Im zl)Qo(zQ))a(ZQ)
+ (Plzz(zg) + (Tm 21)Qo,, (22 ) }

= Re[i P, (22) - (5 + QO(?Q))a(ZQ)Pl(zQ)}

21
+ (Im 21)ReiQ., (22) + %(1 + Qol=2))ial=2)] = 0

for every (z1,22) € M, which proves the theorem for o = 0.
b) a # 0. It follows from (iii), (iv), and (v) that

Re H**(p(z1, 22))

= Re[ (5 + 22 Y 1ot + (P o) + oo 1)) i)

(% + ft(z%imzl))é(exp (a(iIm z1 — P(22) — f(z2,Im zl))) — 1>a(22)
P, (22) + fz,(22,Im 21))i22]
= Re 1 % exp (a(ilm z1 — f(z2,Im 21))) exp(—aP(z2))a(zs)

«

(% + ft(2272715112:1)>a(22) + (Pz2 (22) + fz,(22,Im Zl))m}
14

«

=R

@

+

7 Sor

fi(z2,Im Zl))a(ZQ)

LQ(ZZ) exp(—aP(zq2))a(z) — é(% + 5

L 21
+ (Pzg (22) + fzy (22, Im Zl)>i22}

— RefizaPu(e) + (4 + Qo)) epCaP ) =L )

+Reiza oy (a1 20) + 5 (fulea, T 21) = Qo(z2) )ial=2)] =0
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for every (z1,22) € M, which ends the proof. |
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